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Abstract

Chaff are thin strips of either metal or metal coated fibres used as countermeasures
against radar. When deployed from an airplane, the turbulence and wing-tip
vortices from the airplane disperse the chaff into a chaff cloud, which may appear
as a false target and jam the radar. A Doppler radar is able to discriminate
between chaff and targets by using the Doppler spectra. Such signal processing
methods already exist, and are evaluated with real data from flight tests. However,
flight tests are expensive and a way to simulate a chaff cloud would therefore be
preferred.

This master thesis was a pilot study which investigated the current knowledge
of chaff modelling with wing-tip vortices. Two models were created, an individual
chaff model and a Gaussian model. The individual chaff model was based on
physical phenomena and simulated the effect of the wing-tip vortices on a chaff
cloud. The Gaussian model was based on distributions and trends, and should
be adjusted to real data. Due to confidentiality, real data could not be used.
Instead, two flight scenarios were used to evaluate the individual chaff model. The
Gaussian model was then adapted to these results.

The individual chaff model was able to simulate two separate flight scenarios
with distinguishable results. Moreover, the model also showed some promising
results when compared to RCS trends from previous published models. Statistical
characteristics of the RCS values agreed with Swerling models. The RCS values
were however low, due to insufficient diffusion simulation. This also resulted in
inaccurately simulated cloud sizes. The Gaussian model was able to mimic the
behaviour of the individual chaff model with reduced run-time.

More work is necessary to fully understand the behaviour of wing-tip vortices,
as well as the ability to use real data for evaluation. Theoretical work and more
advanced simulation methods are required to understand and model the behaviour
properly.
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Chapter 1
Introduction

1.1 Background and Motivation

Modern fighter airplanes are equipped with radars, and countermeasure systems
used to jam enemy radar. The main objective of the radar is to search for new
targets and keep track of known targets, and then transfer the target data to a
radar-guided missile. There are two types of radar countermeasures, active and
passive jamming. Active jamming includes radiating high power noise or other
forms of electromagnetic waves which actively disrupt the enemy radar. Passive
jamming uses devices to reflect radar energy and create false targets.

A common passive radar countermeasure is chaff. Chaff are very thin strips of
metal or metal coated fibres, as seen in figure 1.1. The length of chaff are adapted
to radar wavelengths and one package usually contains many different lengths to
counteract multiple radar frequencies. When chaff are deployed, they create a
cloud which may be perceived as a real target and jam enemy radar. Chaff are
usually distributed pyrotechnically, or by the aerodynamic turbulence from the
airplane [1].

Figure 1.1: Chaff in container [2].
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2 Introduction

Chaff should not be confused with flares, which might be the more well known,
and visually impressive, countermeasure. Flares are countermeasures used against
heat-seeking missiles and not against radar. In comparison, chaff are barely visible
when deployed [3].

Figure 1.2: Flares deployed from a C-130 Hercules [4].

The wing-tip vortices help disperse the chaff behind the airplane and create a
cloud with a large surface area and volume. This cloud reflects radar waves and
can be mistaken for a real target by enemy radar and radar-guided missiles, see
figure 1.3.

Airplane

Chaff cloud

Deceived missile

Figure 1.3: Chaff clouds create a fake target which radar and radar-
guided missiles may mistake for a real target.

In a modern pulse-Doppler radar, there are several different signal processing
methods to distinguish real targets from chaff. One method is to analyse the
Doppler spectra. When the chaff are affected by turbulence and wing-tip vortices,
the resulting chaff cloud have a larger variation of velocities than the airplane. The
chaff velocities will quickly decrease and converge to the wind velocities. Therefore,
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the chaff Doppler spectrum will be different from the airplane’s. Flight tests are
usually conducted to try such methods, which require a lot of time and resources.
It would therefore be better to simulate the distribution of chaff in the presence
of wing-tip vortices.

1.2 Project Goals

The goals for this master thesis project are:

• Conduct a literature study to investigate existing chaff models including the
effect of wing-tip vortices.

• Create a model in MATLAB simulating the aerodynamic and spectral char-
acteristics of a chaff cloud.

• The model should generate input to existing signal processing methods that
analyse Doppler spectra of chaff clouds.

1.3 Outline

The outline of this thesis is as follows: Chapter 1 introduces the subject and
project goals. Chapter 2 explains relevant radar and aerodynamic concepts useful
for the thesis. The literature study in chapter 3 investigates previous work on
chaff models and the known physical understanding of wing-tip vortices. With
this knowledge in mind, chapter 4 describes the simulation process for the models.
Chapter 5 presents the results from conducted simulation tests as well as the
discussion. Proposed improvements for the models are presented in future work
in chapter 6. Lastly, conclusions are drawn in chapter 7.
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Chapter 2
Theory

This chapter covers many of the radar concepts used throughout the rest of the
thesis, such as the radar equation, radar cross section and range-Doppler plots.
Moreover, this section also covers some theory on chaff and aerodynamics. The
chaff section introduces some known chaff characteristics and modelling approaches
while the aerodynamics focuses on the drag equation and wing-tip vortices.

2.1 Radar

Radar (Radio Detection And Ranging) is a system that uses electromagnetic waves,
specifically radio waves, to detect objects. A basic radar consists of a transmitter,
a receiver, two antennas and a display. The transmitter uses one of the antennas
to emit radio waves. These waves are then reflected by the target, creating radar
echoes, which can be detected by the receiver antenna. It is common that the
receiver and the transmitter share the same antenna and take turns using it to
avoid interference. Such a radar is called a pulsed radar and emits pulses of radio
waves with a specific transmit time and a specific pulse repetition frequency (PRF).
The PRF is the inverse of the time between transmitted pulses, which is called
the pulse repetition interval (PRI). In-between pulses, the radar listens for pulse
echoes. This time is called listening time. The return time is the time between
the transmitted pulse and the pulse echo, see figure 2.1 [5, ch. 1].

5
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First transmitted pulse Second transmitted pulse

Pulse echo

Transmit time Listening time

Pulse repetition interval

Return time

Power

Time

Figure 2.1: Definition of pulse width, listening time, pulse repetition
interval and return time.

The distance to a target can be determined by measuring the return time using
[5, ch. 12],

R = c · td
2
, (2.1)

where
R = distance to target [m]
c = speed of light [m/s]
td = return time [s].

If the pulse echo in figure 2.1 appears after the second transmitted pulse it is
not certain which pulse the echo belongs to, thus the range cannot be uniquely
determined. This is called range ambiguity and is related to the choice of PRF.
The relationship between the PRF and the maximum unambiguous range is given
by [5, ch. 12],

Maximum unambiguous range =
c

2 · PRF
. (2.2)

The range-rate (radial velocity relative to the radar) of the target can be
determined by examining the frequency shift fD of the pulse echo caused by the
Doppler effect [5, ch. 15],

fD = −2
Ṙ

λ
, (2.3)

where
fD = Doppler shift in frequency [Hz]
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Ṙ = range-rate [m/s]
λ = radar transmitted wavelength [m].

2.1.1 Radar Equation

The received signal power returned from a target can be calculated with the radar
equation [6, ch. 1],

Pr =
PtGtGrσλ

2

(4π)3R4
, (2.4)

where
Pr = received signal power [W]
Pt = peak transmitted power [W]
Gt, Gr = transmitted and received antenna gain [-]
σ = target radar cross-section [m2]
λ = radar wavelength [m]
R = distance to target [m].

The radar cross-section (RCS) is a measure determining how detectable an
object is by radar. It is determined by three factors; the geometric cross-section,
the reflectivity and the directivity. The geometric cross-section is defined as the
cross-sectional area viewed by the radar. Reflectivity determines how much of the
transmitted radar energy is scattered by the object, i.e. re-radiated. Lastly, the
directivity decides how much of the scattered power reaches the radar. The RCS,
denoted σ, is given by [5, ch. 10],

σ = Geometric Cross-Section× Reflectivity×Directivity. (2.5)

The returned signal from a point target can be described as [7, 8],

x(t) ∼
√
Pr · s(t− td)e−j2πfDtejψ (2.6)

where
x(t) = received signal [V]
Pr = received signal power [W]
s(t) = transmitted pulse, normalised with peak amplitude [-]
td = time delay from transmission to reception [s]
fD = Doppler frequency shift [Hz]
ψ = random phase due to interaction with target [-].

(2.6) includes a time delay, td, described in (2.1), a Doppler shift, fD, from
(2.3) and an amplitude proportional to the square root of the received power Pr
from (2.4).

The pulses are often sent in bursts consisting of a couple of hundred pulses.
An entire burst is described by,

xtot(t) =

Npri−1∑
k=0

x(t− ktpri), (2.7)
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where
xtot(t) = echo of a burst [V]
Npri = number of pulses in the burst [-]
tpri = pulse repetition interval [s].

The received data from a burst echo is often stored in a matrix, where each
column consists of a single sampled pulse, and the number of columns represents
the number of pulses in the burst. This can be visualized by a burst plot, as
seen in figure 2.2. The y-axis is called fast time and shows the sampled time in
a pulse whereas the x-axis is called slow time and shows the pulse number. The
time between each pulse is the PRI of the radar. The PRI used in the figure is
984 · 10−7 s, which gives a maximum unambiguous range of roughly 14.75 km.

Figure 2.2: Burst plot of a point target at range 50 km with a range-
rate of 520 m/s. Due to range ambiguity, the target appears to
be at roughly 6 km. The fast time has been converted to range
using (2.1).
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From (2.6) and (2.7), each pulse will experience a phase shift originating from
the term e−j2πfDktpri , where k is the pulse number. Since the x-axis is sampled at
times ktpri, this can be seen as a frequency of fD along this axis. This frequency
can be found by using discrete FFT on each row in the matrix, and since fD is
the Doppler frequency of the target, this also gives the velocity components of the
target, as given by (2.3). The result is often shown in a range-Doppler plot, which
can be seen for a point target in figure 2.3 [8].

Figure 2.3: Range-Doppler plot of a point target at range 50 km
with a range-rate of 520 m/s. The PRI is 984 · 10−7 s.

Similar to range ambiguity, there is also a Doppler ambiguity caused by alias-
ing. The sampling frequency is in this case the radar PRF which represents a
maximum unambiguous range-rate of roughly 150 m/s. This can be seen in figure
2.3, where the actual range-rate of the target is 520 m/s but the signal has folded
three times and appears to be at 520−3·150 = 70 m/s. This problem can be solved
by using a PRF high enough to cover the target range-rate. This would however
cause the range to be ambiguous. Due to this dilemma, the types of PRF used
in radars are often categorized as either low (LPRF), medium (MPRF) or high
(HPRF). LPRF denotes a PRF for which the maximum range the radar is sup-
posed to handle is unambiguous, HPRF denotes the PRF for which the expected
Doppler shifts are unambiguous and MPRF denotes the PRF that are neither high
nor low. The simulated radar in figure 2.3 uses an MPRF.
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2.2 Chaff

Chaff as a radar countermeasure has been used ever since the Second World War.
They were first used as a countermeasure by the British during a bombing raid
on Hamburg in 1943. Metal foil was cut into strips with dimensions of 15mm x
300mm and divided into packages of about 1000 strips each. They turned out to
be very effective against the German radars Wurzburg (570 MHz) and Lichtenstein
(490 MHz) [9].

Nowadays, chaff are usually made of dielectric fibres, like nylon or glass, with a
metal coating of typically silver or aluminium. It is still a common countermeasure
even though other countermeasures have been developed, mainly because of its
simplicity. When the radar waves interact with the chaff, they resonate and the
waves are reflected back to the radar. The ideal length of a strip is half the
length of the enemy radar wavelength, as this gives maximum resonance. Since
the frequency used by the enemy radar is unknown, a batch of chaff often contains
different lengths to counter a larger range of radars using different wavelengths.
Chaff are released from containers usually located under the wings of an airplane,
and are dispersed by the turbulence and wing-tip vortices. Due to their tiny weight
(≈ 27.5 · 10−9 kg [10, p. 7]), the chaff quickly react to the turbulent winds and
create a large cloud. This cloud can then act as a false target to cover the airplane
and jam the enemy radar, and potentially break the lock of a radar-guided missile
[5, ch. 34].

2.2.1 RCS of Chaff Clouds

Due to the incoherence of the waves reflected from each individual chaff, the av-
erage RCS of a chaff cloud can be calculated as the average RCS of a single chaff
times the number of operational chaff in the cloud [1, ch. 5],

σ̄cloud = µNσ̄chaff, (2.8)

where
σ̄cloud = average RCS of a chaff cloud [m2]
µ = percentage of operational chaff [-]
N = total number of chaff [-]
σ̄chaff = average RCS of a single chaff [m2].

The number of operational chaff is usually about 50% to 65% of the total
number due to them sticking together and breaking [6, p. 262]. Another phe-
nomenon affecting the RCS of a cloud is mutual coupling. Mutual coupling is
an often undesirable electromagnetic interaction which can occur between closely
spaced antennas. The energy transmitted from an antenna is partly absorbed by
the other antennas, reducing the total antenna efficiency. A similar effect also
occurs in a chaff cloud between different scattering chaff particles which reduces
the RCS [11]. This effect is negligible if the average spacing between chaff is larger
than two wavelengths, and is often ignored in chaff models [12].

Due to the chaotic nature of the aerodynamics behind an airplane, it is hard to
determine the directions of chaff in a cloud and it is therefore common to assume
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a uniform distribution of orientations. The average RCS of a single chaff with a
length equal to half the radar wavelength is then given by [1, ch. 5],

σ̄chaff = 0.17λ2, (2.9)

where
λ = wavelength of the radar [m].

The measured RCS values will however fluctuate around the average due to
the interference between different chaff echoes. The effective RCS as seen by the
radar at a specific point in time can be written as [13],

σeffective =

∣∣∣∣∣
N∑
k=1

√
σke

−j4πRk/λ

∣∣∣∣∣
2

, (2.10)

where
N = the number of chaff in the cloud [-]
σk = RCS of chaff k [m2]
Rk = range to chaff k [m].

The statistical properties of the effective RCS for different complex targets can
be described with Swerling target models. Swerling 1 and Swerling 2 are based on
a target consisting of many similar individual scatterers, such as in a chaff cloud,
and describe the RCS as an exponential distribution [13],

P (σ) =
1

σavg
e
(− σ

σavg
)
, σ > 0, (2.11)

where
σavg = average RCS of the cloud [m2].

The difference between Swerling 1 and Swerling 2 is whether the measured
RCS value varies from scan to scan or from pulse to pulse.

2.2.2 Chaff Cloud Dynamics

The stages of chaff dispersion after drop can be categorised into three phases:
the blooming phase, the mature phase and the decay phase. The blooming phase
involves the release of chaff and their quick dispersion by the turbulence and wing-
tip vortices, and lasts for a few seconds. During the mature phase, the chaff cloud
reaches its maximum RCS which remains more or less constant and the velocities
in the cloud are determined mostly by the weather conditions. The chaff then
slowly moves towards the ground during the decaying phase [14]. Typical sizes of
chaff clouds at different times can be seen in table 2.1 [15]:
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Time Width Height
50 ms 3-5 m 1-2 m
100 ms 4-6 m 3-4 m
60 s 10-20 m 20-40 m

Table 2.1: Typical chaff cloud sizes at specific times after drop.

The dynamics of a chaff cloud can be described as chaff particles drifting
randomly in three dimensions. This results in a convection-diffusion equation
describing the probability density for the chaff cloud. In one dimension, this can
be written as [1, ch. 5],

∂p

∂t
= −Ax

∂p

∂x
+

1

2
Bx

∂2p

∂x2
, (2.12)

where
p(x, t) = probability density at position x at time t [1/m]
Ax = drift coefficient [m/s]
Bx = diffusion coefficient [m2/s].

Assuming the concentration is initially focused in a point x0, i.e. using the
initial condition p(x, 0) = δ(x−x0), and assuming that the coefficients are constant,
the solution can be written as a Gaussian distribution [1, ch. 5],

p(x, t) =
1√

2πBxt
exp

(
− (x−Axt)2

2Bxt

)
. (2.13)

In three dimensions, the convection-diffusion equation can be written as [16],

∂p

∂t
= −Ax

∂p

∂x
−Ay

∂p

∂y
−Az

∂p

∂z
+

∂

∂x

(
Dx

∂p

∂x

)
+

∂

∂y

(
Dy

∂p

∂y

)
+

∂

∂z

(
Dz

∂p

∂z

)
,

(2.14)
where

Ax, Ay, Az = velocities along the x-, y- and z-axis [m/s]
Dx, Dy, Dz = diffusion coefficients along the x-, y- and z-axis [m2/s].

Note that (2.12) and (2.14) are taken from different sources and use different
conventions for the diffusion coefficients, Dx is the same as 1

2Bx.

2.2.3 Chaff Doppler Spectrum

In the horizontal plane, chaff move with the wind similar to precipitation. The
Doppler spectrum depends primarily on four different factors: wind shear, beam
broadening, turbulence and different chaff falling velocities. The spectrum is often
assumed to be normally distributed with a variance given by the sum of each factor
[6, ch. 6],

σ2 = σ2
shear + σ2

beam + σ2
turb + σ2

fall, (2.15)
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where
σshear = standard deviation from wind shear [m/s]
σbeam = standard deviation from beam broadening [m/s]
σturb = standard deviation from turbulence [m/s]
σfall = standard deviation from different falling velocities [m/s].

Wind shear is a variation in wind speed with altitude. This effect is dependent
on the beam width of the radar and is typically larger for ground-based radars. If
the wind speed is assumed to increase linearly along the vertical axis with a con-
stant gradient k, the contribution to the standard deviation can be approximated
as [6, ch. 6],

σshear = 0.42kRφ2, (2.16)

where
k = velocity gradient [m/s/km]
R = slant range to the cloud [km]
φ2 = two-way, half power antenna elevation beamwidth [rad].

Beam broadening is the velocity spread coming from transforming wind veloc-
ities to radial components as seen by the radar. A velocity perpendicular to the
beam center will have small radial components at the edges of the beam due to a
difference in angles from the center. The standard deviation from this is given by
[6, ch. 6],

σbeam = 0.42V0θ2 sinβ, (2.17)

where
V0 = range-rate at beam centre [m/s]
θ2 = two-way, half power beamwidth of the antenna in azimuth [rad]
β = azimuth angle relative to wind direction at beam centre [rad].

The chaff are affected both by jet turbulence, caused by the airplane releasing
the chaff, as well as atmospheric turbulence. The standard deviation component
from atmospheric turbulence has been measured to be about 0.7 m/s on average
above 12000 ft and 1.0 m/s below [6, ch. 6].

The final component is due to different falling velocities of chaff. There have
been several studies measuring these velocities, and the standard deviation can in
general be approximated as [6, ch. 6],

σfall = sin Ψ, (2.18)

where
Ψ = elevation angle of the beam [rad].
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2.3 Aerodynamics and Wing-Tip Vortices

The main forces acting on an airplane are thrust, lift, weight and drag, see figure
2.4.

Figure 2.4: Forces acting on an airplane [17].

To be able to fly, an airplane needs to generate enough lift to overcome the
weight. Lift is generated by the thrust and the shape of the wings, which are
designed to create a pressure under the wings when the airplane is in motion,
thus lifting it from the ground. Thrust is the force generated by the engines to
overcome the drag and produce lift. Weight is the force acting on the plane due to
its mass. When the airplane is moving, the drag force resists the motion, similar
to friction. The overall drag force is a summary of different drag forces caused by
multiple factors and is highly dependent on the airframe of the airplane. Similarly,
the lift force also depends on the airframe, especially the design of the wings [18].

2.3.1 Calculating Lift

The force L required to lift an airplane is given by [19],

L = nmg, (2.19)
where

n = load factor [-]
m = mass of the airplane [kg]
g = gravitational acceleration [m/s2].

Increasing the load factor will require more lift. When an airplane turns, the
load factor increases as well as the angular displacement, called bank, see section
2.3.2. A typical turn for a fighter airplane is a 3g turn, which corresponds to a
load factor n of 3. The relationship between the load factor and the banking angle
φ is [20, p. 407],

n =
1

cosφ
. (2.20)
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2.3.2 Flight Dynamics

x

y

Yaw angle

x

z

Pitch angle

Angle of attack
Wind direction

x

z

Bank angle

Figure 2.5: Definitions of yaw, pitch and bank angle as well as angle
of attack.

Figure 2.5 shows the definitions of the yaw, pitch and bank angle of an airplane, and
angle of attack. The pitch and bank angle are defined as the angular displacements
around the horizontal and vertical axis, respectively. The angular displacement
around the axis orthogonal to both these axes is called the yaw angle. Lastly, the
angle of attack is defined as the angle between the direction of the airplane and
the wind direction [20, ch. 16.6] [21].

2.3.3 Drag and the Drag Equation

Drag is a force acting on objects moving in a fluid, counteracting the forward
motion, similar to friction. Every part of an airplane contributes to the total drag
force. Drag is divided into multiple categories, for example skin-friction drag,
which is generated by the friction between the surface and the fluid, wave drag
due to shock waves in high-speed flight, induced drag due to wing-tip vortices, and
more [22]. The drag for an object is given by the drag equation [23],

FD =
1

2
ρv2CDA, (2.21)

where
ρ = mass density of the fluid [kg/m3]
v = speed of the object relative to the fluid [m/s]
CD = drag coefficient [-]
A = cross-sectional area [m2].

CD incorporates different complex dependencies for the specific object into a
single variable. For a chaff strip it is assumed to be the same as for a horizontally
oriented infinite cylinder [10, p. 9],

CD = 10.5 ·R−0.63, 0.5 ≤ R ≤ 10. (2.22)

The Reynolds number R is given by,

R =
WTDρair

µ
, (2.23)
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where
WT = terminal velocity [m/s]
D = chaff diameter [m]
ρair = air density [kg/m3]
µ = dynamic viscosity of air [kg/m/s].

2.3.4 Wing-Tip Vortices

Airplane wings are shaped to create a higher pressure below than above, which
generates lift. The pressure is equalised at the end of the wings, resulting in wing-
tip vortices, sometimes called wake vortices, as seen in figure 2.6. The strength
of the wake turbulence, and consequently the wing-tip vortices, depends primarily
on the speed, weight and wingspan of the airplane. The flight configuration and
design of the airplane has a lesser impact [24].

Figure 2.6: The shape of wings results in a higher pressure below
than above. The pressure is equalised at the wing-tips, resulting
in wing-tip vortices.

The vortices result in trailing tip vortices behind the airplane. They can linger
for several minutes in the air, causing problems for other airplanes and at airports.
Smaller airplanes in particular may lose control if caught in vortices from a larger
airplane. Multiple smaller vortices are created from a wing and vortices with the
same direction of circulation combine into larger vortices, conserving the total
vorticity. The result is two large vortices, one from each wing. This happens
during the so called roll-up phase, see figure 2.7. Vortices may also be created
from other parts of the airplane, depending on the shape of the airframe and the
wing design [24].
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Figure 2.7: Small vortices roll up into two large vortices, one from
each wing, during the roll-up phase [25].
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Chapter 3
Literature Study

The following chapter investigates previous work on chaff models and the known
physical understanding of wing-tip vortices. It starts by introducing some chaff
models without any interaction with wing-tip vortices. The aerodynamics section
then describes how the wing-tip vortices are created and some of their character-
istics. Lastly, previous work done at SAAB as well as existing models where chaff
clouds are combined with wing-tip vortices are presented.

3.1 Chaff models

3.1.1 P. Puoliguen

In [26], Puoliguen et al. describe a software called SILEM developed for the French
Ministry of Defence in order to simulate chaff clouds dropped from battleships in
naval situations. The software uses a model where the chaff concentration at all
times is given by a three-dimensional Gaussian distribution with time varying
means and standard deviations,

ci(x, y, z) =
mi

(2π)3/2σxσyσz
e
−
[

(x−µx)2

2σ2x
+

(y−µy)2

2σ2y
+

(z−µz)2

2σ2z

]
, (3.1)

where
mi = total mass for chaff cloud i [kg]
µx, µy, µz = the cloud centre coordinates [m]
σx, σy, σz = standard deviations along x, y, z coordinates [m].

During simulation, the cloud centre is updated based on wind velocity. The
standard deviations are updated differently depending on two phases; during the
forced initial conditions right after ejection and during weather conditions.

The scattering characteristics of the cloud are simulated by dividing the cloud
into 3D segments in a spherical grid originating from the radar position. The
grid is used to construct an impulse response of the chaff cloud but also to take
antenna gain in different directions into account. Furthermore, the orientations of
the chaff are assumed to be distributed in two preferential groups, close to vertical
and horizontal orientations. Based on these assumptions, the average RCS of a
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chaff strip is calculated and the total RCS of the entire cloud is approximated as
the mean RCS multiplied with the number of chaff in the cloud.

3.1.2 D. D. Ducata

Another approach is presented in [27], where D. D. Ducata suggests a model de-
scribing the kinematic, statistical and non-stationary behaviour of chaff. The
model is based on a trend to simulate the RCS growth over time f(t) in three
different phases, described in (3.2). The trend uses an exponential function dur-
ing the first phase, a constant value during the second phase and an arctangent
function during the third phase,

f(t) =


1− exp(−t/τc), t ≤ τ
1, τ < t ≤ τIF
1
2 −

1
π arctan(t− τIF −∆), τIF < t ≤ τEF,

(3.2)

where
τc = exponential constant [s]
τ = end time for exponential phase [s]
τIF = end time for second phase [s]
∆ = trend constant for the arctangent phase [s]
τEF = end time for arctangent phase [s].

The trend is then multiplied with the average cloud RCS calculated similarly
to (2.8) and (2.9) with µ = 1. Furthermore, the RCS is assumed to follow an expo-
nential distribution, similar to the Swerling target models in (2.11). The spectral
density in the model is assumed to be normally distributed with a standard dis-
tribution dependent on various components such as wind shear, beam broadening,
wind turbulence and fall velocities, as described in section 2.2.3. The purpose of
the model is to be useful in both avionic and naval scenarios, and can also account
for bistatic radars by weighting the RCS values. A plot of the trend in (3.2) can
be seen in figure 3.1.

3.1.3 U. Kaydok

U. Kaydok proposes a model similar to the one by D. D. Ducata in [28], where
the same RCS trend, Swerling model and spectral density distribution are used.
The model further assumes the shape of the cloud to be an oblate spheroid, with
a volume described by,

V =
4

3
πr2arc, (3.3)

where
ra = radius in horizontal plane [m]
rc = vertical radius [m].

The horizontal radius ra is assumed to be related to the RCS of the cloud and
follow the square root of the trend in (3.2), multiplied with the maximum cloud
radius rmax, while the vertical radius is assumed to remain constant.
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Figure 3.1: Plot of the trend in 3.2 where τC = 2 s, τ = 10 s, τIF
= 50 s, ∆ = 25 s and τEF = 100 s.

3.1.4 M. Bendayan

M. Bendayan and A. Garcia describe a different model in [29], where the chaff cloud
is represented by a smaller number of point reflectors, called virtual scatterers.
These virtual scatterers are assumed to be uniformly distributed in the cloud and
are characterised by their RCS, positions and velocities. The RCS of a single
scatterer is given by the total RCS of the cloud divided by the number of virtual
scatterers. The cloud centre is updated based on the wind velocity and the chaff fall
velocity, while the radius RC(t) of the cloud is assumed to increase exponentially
to a maximum value during the blooming phase, and then remain constant,

RC(t) =

{
Rmax · (1− e

t−tB
τ ), t < tmax

Rmax, t ≥ tmax,
(3.4)

where
Rmax = the maximum radius of the cloud [m]
tB = chaff rocket explosion time [s]
τ = time constant for the blooming cloud (usually a few seconds) [s]
tmax = cloud maximum radius time [s].

The motion of each virtual scatterer consists of two parts, a deterministic one
and a random one. During the deterministic part, the position of each scatterer
is updated to evenly fill the cloud. During the random part, each scatterer is
assigned a normally distributed random velocity to simulate turbulent motion.
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The chaff cloud signal is then simulated as the sum of the echoes from each virtual
scatterer, given individually as point targets similar to (2.6). In the report, it is
shown that with as few as seven virtual scatterers, the power of the generated
signal is exponentially distributed, similar to the Swerling 1 model described in
section 2.2.1.
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3.2 Wing-tip Vortices

The process of wing-tip vortices has been described by the U.S. Department of
Transportation in [30] and for NASA by Jim Chow et al. in [31]. The former
report focuses mainly on describing the effects in the far-field and the latter in
the near-field. The far-field of a vortex system is the area where the vortices
have rolled up and started to decay. The near-field describes the process just
behind the wings, before the vortices have rolled-up, as seen in figure 2.7. Both
reports mention the difficulties with properly describing the processes in detail,
and contain several assumptions and simplifications.

3.2.1 Near-Field Vortex Behaviour

Jim Chow et al. have conducted measurements on turbulence in the near-field in
[31]. They mention the difficulties in properly describing the near-field due to high
turbulent flow, as well as due to large gradients occurring near a curved solid body.
According to their own literature study, the majority of articles have focused on
describing the far-field. Their findings suggest that initial friction between the air
and the wing-tip induces crossflow velocities, resulting in an acceleration of the
vortex core to 1.77 times the freestream velocity. The experiment was conducted
with an angle of attack of 10 degrees, which is a relatively high angle. Since
a higher angle of attack results in an increased lift, and therefore greater wake
turbulence, the acceleration of the vortex core increases with increased angle of
attack and lift. Furthermore, viscosity seems to play a small role in the velocity
of the core. The chaotic nature and large velocities of the near-field vortices make
them difficult to simulate. The radius of the core was estimated to be 2-4 cm.
This small size made it difficult to use probes to investigate the vortex structures.

Even though simulating the near-field is difficult due to its turbulent nature,
some modelling approaches do exist. Mengda Lin et al. describe one such method
in [32]. Instead of just modelling two vortices in the far-field, the roll-up phase is
also taken into consideration using Large eddy simulation. The model is divided
into two parts, a vortex sheet from the trailing edge of the wing and an axial
movement from the flight drag. The results were compared with a model only
modelling counter-rotating cylindrical vortices. The new model appeared to agree
better with recorded data. Furthermore, the results suggest that the roll-up phase
plays an important role in far-field decay, so it should be taken into consideration
when modelling.

3.2.2 Far-Field Vortex Behaviour and Transport

The US Department of Transportation describes the vortex transport process in
[30]. After the vortices have rolled up into two large vortices, they start to descend
and move out of the flight corridor, either due to wind effects or by eventually
interacting with the ground. Moreover, the vortices age and break up due to
viscous decay. The decay is very slow initially, but accelerates after 30-60 seconds.

Depending on the behaviour of the airplane producing vortices, the vortices
may behave differently from each other. The effect from wind shear on the vortices
is not completely understood, as it varies on multiple variables and is difficult to
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compute properly. In certain instances, one of the vortices may tilt differently than
the other, causing them to propagate towards the ground with different velocities.
One vortex may also decay faster than the other, resulting in just one vortex
remaining for a considerably longer time. Wind may cause the vortices to shift
sideways relative to the airplane, drifting them to a certain direction, see figure
3.2. This process is not entirely understood either.

Figure 3.2: Wake vortices may travel both horizontally and vertically.

The rate of decay depends on several factors, such as the weight, speed and
wing configuration of the airplane. The wind velocity also contributes to the
decaying process. Light winds delay decay, while strong winds will advance decay.
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3.3 Aerodynamics Combined with Chaff Clouds

Only a few instances where airplane aerodynamics was combined with chaff were
found. Tomasz Jasinski and Mark Cooke have implemented a chaff model com-
bined with aerodynamics in TRIREME [33]. TRIREME is a simulation environ-
ment in Simulink for military engagement models. TRIREME does not seem to be
available to the public, so using it has not been possible for this thesis. Further-
more, the article explaining the work is simply a presentation and does not give
a deep insight into the work process. However, it seems to be based on theories
similar to those in section 2.2.2, where the chaff probability density is described
by a convection-diffusion equation as in (2.12), with the solution (2.13).

The authors also propose using a Lamb-Oseen vortex for describing the vortex
caused by the airplane. It models a vortex decaying by viscosity, and is defined
as,

Vθ(r, t) =
Γ

2πr

(
− exp

(
− r2

r2c (t)

))
, (3.5)

where
Γ = circulation in the vortex [m2/s]
r = radius [m]
rc(t) =

√
4νt+ rc(0)2 is the core radius [m]

ν = kinematic viscosity [m2/s]
rc(0) = initial core radius [m].

The TRIREME approach had not been tested with trial data, as this was
proposed for future work. It is therefore not known how well this approach actually
works.

3.3.1 Previous Work at SAAB

Some work on the subject of wake turbulence and chaff dispersion has already
been conducted at SAAB. Y. C-J. Sedin et al. have simulated how an airplane is
affected by the vortex wake behind an airplane in the far-field with encouraging
results [34]. This report also used (3.5) with some modifications. Compared to
flight tests, the dynamic response of the airplane in the simulation was found to
be realistic.

A. Näsvall has investigated the distribution of chaff and evolution of RCS in
the blooming phase in [35]. According to A. Näsvall, the vortices in the near-field
contribute to the dispersion during the blooming phase [15]. In [35], the aerody-
namics were modelled with vortices both from an airplane and chaff distributors.
Chaff distributors are located close to where the chaff cartridges are emptied and
give the chaff an initial spread by concentrating air flow. These distributors help
push the chaff into the vortices.
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The circulation from the vortices of the distributors are modelled as,

Γ =
V · c · CL

4
, (3.6)

CL =
2 ·AE · α
2 +AE

, (3.7)

where
V = speed of the airplane [m/s]
c = root chord [m]
AE = aspect ratio [-]
α = angle of attack [deg].

If the lift L of the airplane is known, the circulation from the wing-tip vortices
is calculated as,

Γ =
L

ρaV
, (3.8)

where
ρ = air density [kg/m3]
a = wingspan [m]
V = speed of the airplane [m/s].

The velocity vector field behind the airplane is a result of different V velocities
at different ẑ coordinates,

V =
1

2π

N∑
j=1

Γj
ẑ − ẑj

, (3.9)

where
N = number of vortices [-]
ẑj = position of vortex j [m].

To simulate a 2D plane the velocities are modelled in the complex plane. The
vortices from the distributors are combined with the vortices from the wing-tips.
The starting positions and strengths of the vortices depend on the airplane speed
and geometry of the distributors. The chaff are modelled as spherical particles with
equal speed of descent. The chaff positions as a function of time are calculated
using numerical integration.

The calculations are conducted in two steps. Initially, the vortex trajectories
are calculated as a function of time. They can be altered to describe the distribu-
tion from different starting positions. They are then stored in a matrix and used
as input to calculate the trajectories of the chaff using numerical integration. The
result is finally stored in vectors. All the calculations at a certain time are in the
same geometric plane as the flight direction. Since the positions of the vortices are
stored in a matrix, it is possible to calculate the chaff trajectories even if the chaff
are not in the same plane. If the chaff are in-between two planes, interpolation is
used.
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This model is hence completely deterministic. Changing the speed of descent
for different chaff create a simulated dispersion. The initial conditions are impor-
tant for the total of six chaff the model is able to simulate. The RCS is calculated
as the area spanned by the chaff positions as viewed by the radar. A complete
description, with FORTRAN code and results, can be found in [35].

3.3.2 Video Generator

SAAB has previously developed software capable of simulating radar echoes from
one or more airplanes, commonly referred to as targets. This data is used to test
signal processing algorithms. The software is based on the theory described in
section 2.1.1, with point targets representing airplanes, but also contains more
advanced concepts including pulse modulation and some signal processing. With
the software, it is possible to define a large range of parameters, for example
simulation time, radar PRF, target RCS and flight scenarios. The flight scenarios
define a flight path for the radar recording the targets, which is attached to an
airplane, and for the targets themselves. The outputs of the simulation are radar
signal data which can be plotted in range-Doppler plots, as seen in figure 2.3.
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Chapter 4
Modelling

Based on the information provided in the literature study, two models were created.
As the thesis is a pilot study, a choice was made to start as simple as possible. Some
promising work where chaff were combined with wing-tip vortices had already been
conducted by A. Näsvall [35]. The first model, the individual chaff model, was
therefore heavily based on this work. It uses the same modelling approach for
the wing-tip vortices as well as for the drag effect on chaff in the flight direction.
More advanced aerodynamic approaches, also described in the literature study,
were not used. The individual chaff model thus attempts to physically simulate
the wing-tip vortices created by the airplane and how they affect chaff.

The second model, the Gaussian model, uses a statistical approach. No phys-
ical simulation is attempted. Instead, this model is based on the theory described
in section 3.1 and uses trends from the models by Ducata et al. in [27] and U. Kay-
dok in [28]. The concentration as well as the velocities in the cloud are assumed
to be normally distributed with time varying means and standard deviations.

Two models were created to test two different approaches. The individual
chaff model investigates the possibility to physically simulate the behaviour of the
vortices without any consideration to real data. In contrast, the Gaussian model
relies on theories from articles and is more suitable to adapt to real data.

Both models were implemented in the video generator, see section 3.3.2, which
allowed the creation of range-Doppler plots from the chaff clouds.

An attempt was also made to create a convection-diffusion model. This model
proved to be more computer heavy than the others and was not finished. How-
ever, it did show promising initial results. Since one aspect of the thesis was to
investigate possible modelling approaches it is described in section 4.4.

4.1 Coordinate System for the Chaff Cloud

The coordinate system used for the chaff are based on the directions of the airplane
when the chaff are dropped, see figure 4.1. The chaff coordinate system is created
once the first chaff are dropped and remains stationary thereafter. The origin of
the cloud is the same as the position of the airplane when it started dropping the
chaff. As soon as the first chaff have been dropped, the same origin is used for
the entire cloud. The vortices affecting the chaff are modelled in the yz plane
behind the airplane. A different coordinate system is used by the radar in the
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video generator, so the chaff positions are updated in the two different models,
and the coordinates are then transformed to the radar coordinate system.
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Figure 4.1: Coordinate system used for the target dropping the chaff
cloud.
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4.2 Individual Chaff Model

The individual chaff model is heavily based on the model described in section 3.3.1.
In the model, each chaff is simulated individually and any interaction between the
chaff are neglected. The total amount of chaff simulated can be chosen as well
as the time-step, allowing for different resolutions. The number of chaff dropped
each time-step is then adapted so that all chaff are dropped within 50 ms [36]. A
total of two cartridges are emptied, one for each wing-tip, each containing half the
total amount of chaff simulated.

4.2.1 Vortex Modelling

The vortices are modelled in the near-field, since these are the vortices which
mainly contribute to the blooming phase. Two vortices are modelled in total, one
for each wing-tip. The physical representation of the vortices is based on (3.9).
To prevent the velocities from diverging to infinity when r reaches 0, they are
assumed to be linear within the core. The core radius rcore was chosen as 0.05 m
since the diameter of a vortex in the near-field is about 0.1 m [15].

One vortex was thus modelled as,

Vvortex(r) =
Γ

2πr
, |r| > rcore (4.1)

Vvortex(r) =
Vvortex(rcore)

rcore
r, |r| ≤ rcore,

where
Γ = circulation along the wing [m2/s]
r = radius from centre of vortex core [m]
rcore = radius of the vortex core [m].

The circulation Γ was calculated using (3.8) and the lift L using (2.19). Since
the lift acts on the entire airplane the value of Γ was divided by the amount of
vortices, in this case by two. The distance between the vortices affects the strength
of the induced vector field. This distance was set as the wing-span of the airplane.
Figure 4.2 shows the velocity as a function of radial distance from the core, and
the resulting vortex vector field can be seen in figure 4.3.
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Figure 4.2: Velocity as a function of radial distance from the core.
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Figure 4.3: Resulting vector field for the two vortices.
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4.2.2 Calculating Velocities

The velocities of the chaff perpendicular to the flight direction are directly related
to the velocities in the vector field from the vortices. A chaff with position zS
and y will have the same velocities U and V as that position in the vector field
seen in figure 4.3. In the flight direction, the velocity is initially the same as the
airplane and will rapidly decrease due to drag friction with air. It is calculated by
substituting FD with −mdv

dt in (2.21),

−mdv

dt
=

1

2
ρv2CDA, (4.2)

with the solution,

V (t) =
1

Kt+ C
, (4.3)

where
K = ρCDA/2m [1/m]
C = 1/V (0) is an integration constant [s/m].

The values of m were chosen differently for each chaff from a normal distribu-
tion around the mass of one chaff strip. The cross-section A was calculated from a
uniform distribution of the total cross-section, the width multiplied with the height
of a chaff strip. The trend over how the velocities in the flight direction decrease
due to drag friction, i.e. (4.3), where m = 27.5 ·10−9 kg and A = 25 ·10−6 ·15 ·10−3

m2, can be seen in figure 4.4.



34 Modelling

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05

Time [s]

0

20

40

60

80

100

120

140

160

180

200

V
e

lo
c
it
y
 [

m
/s

]

Figure 4.4: Flight direction velocity of a chaff as a function of time.
Note that the velocities will be slightly different depending on
the m and A values of the individual chaff.

4.2.3 Calculating Positions

The positions were updated by adding the current position with the current veloc-
ity multiplied by the simulation time-step. The initial positions in z and y were
randomized inside a circle with a diameter of 0.1 m with the dropping point in
the centre. The dropping points are the positions of the chaff drop cartridges, one
for each wing-tip. They can be changed to investigate the distribution at different
positions relative to the wing-tips and the rest of the wing. Instead of simulating
the vortices from the distributors, the dropping points were chosen to be very close
to the vortex cores. In the flight direction x, the initial positions are updated as
the velocity of the airplane times the total time since the start of the simulation,
i.e. the current position of the airplane.

The model can thus track the behaviour of chaff affected by wing-tip vortices
and friction drag. It is also possible to get the current positions and velocities of
each chaff for every time-step. An example plot of a resulting distribution can be
seen in figure 4.5.



Modelling 35

1

0.5

20

0

-0.5

Z
-a

x
is

 [
m

]

-1

X-axis [m]

10

Y-axis [m]

60 420-2-4-6

Figure 4.5: Vortex evolution after 10 s. The red arrow indicates the
direction of the radar used for calculating RCS.

4.2.4 Calculating RCS

To calculate the RCS, the chaff positions are projected on a 2D plane orthogonal
to the radar direction, see figures 4.5, 4.6. The reflectivity and directivity in (2.5)
are assumed to be 1, i.e. the RCS is the same as the geometric cross-section.
This approach was used in the model proposed by A. Näsvall in [35]. The RCS is
calculated as the area enclosed by the boundary points using the built-in MATLAB
function boundary(), see figure 4.7. Note that the space between the boundary
point is included in the RCS calculation, even though no chaff are present there.
This is due to only a few chaff being simulated.

4.2.5 Calculating Radar Signal

The radar signals from the chaff in the cloud are calculated using (2.6). The
calculated RCS is divided with the current amount of simulated chaff. The signal
is then calculated as the sum of each individual chaff, with different time delays
and phases.
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Figure 4.7: RCS calculated from the projection using the MATLAB
function boundary().
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4.3 Gaussian Model

The philosophy behind the Gaussian model is to have a simple statistical model
that is easily adapted to real data or trends based on theory. The positions and
velocities in the cloud are represented by different Gaussian distributions. When
generating a signal, the velocities and positions for a number of virtual scatterers
nchaff are chosen at random from these distributions and the signal is then con-
structed as the sum of point targets, according to (2.6). It was not possible to
use real data due to confidentiality. Instead, this model was adjusted to simulated
data from the individual chaff model, during straight flight with 1g.

4.3.1 Calculating Velocities

The velocities of the chaff particles are assumed to be normally distributed around
the mean of the cloud centre velocity along each coordinate axis. It is common
to assume a normally distributed Doppler spectrum, see section 2.2.3, but the
directions of the cloud are rarely taken into consideration. Using separate dis-
tributions for each coordinate axis allows the model to simulate the cloud from
different aspect angles. The cloud centre velocity is assumed to be equal to the
airplane velocity at the dropping time and decrease due to air friction, similar to
(4.3). The standard deviations in each direction, σvx, σvy, and σvz, are assumed
to be related to the RCS trend (3.2) used in [27] and [28]. Since the simulations
in this project focus on the initial phase of the cloud, only the exponential part
during the blooming phase is considered,

σvel = −A1e
−A2·t +A3, (4.4)

where
A1 = adjustable constant [m/s]
A2 = adjustable constant [1/s]
A3 = adjustable constant [m/s].

4.3.2 Calculating Positions

Similar to the model by Puolinguen in [26], the chaff probability density at all
times is given by a multivariate normal distribution in three dimensions,

c(x, y, z) = ke
−
[

(x−µx)2

2σ2x
+

(y−µy)2

2σ2y
+

(z−µz)2

2σ2z

]
, (4.5)

where
k = normalising constant [kg/m3]
µx, µy, µz = cloud centre position [m]
σx, σy, σz = standard deviations along x, y, z coordinates [m].
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The cloud centre position is updated based on the cloud centre velocity. Inte-
grating (4.3) yields,

x(t) =
ln(Kt+ C)

K
+D, (4.6)

where
K = ρCDA/2m [1/m]
C = 1/V (0) is an integration constant [s/m]
D = x(0)− log(C)/K is an integration constant [m].

The standard deviations are again given by exponential functions, as in the
model proposed by M. Bendayan in [29],

σpos = −B1e
−B2·t +B3, (4.7)

where
B1 = adjustable constant [m]
B2 = adjustable constant [1/s]
B3 = adjustable constant [m].

4.3.3 Calculating RCS

For simplicity, the RCS of the cloud is assumed to be independent of radar record-
ing direction. The RCS is assumed to follow a general form of the trend proposed
by U. Kaydok and D. Ducata in [28] and [27],

RCS = −C1e
−C2·t + C3, (4.8)

where
C1 = adjustable constant [m2]
C2 = adjustable constant [1/s]
C3 = adjustable constant [m2].

4.3.4 Calculating Radar Signal

The signal is generated as the sum of point target echoes from a number of virtual
scatterers, similar to the model described in section 3.1.4. Each echo is calculated
using (2.7) and (2.6) in the video generator. The velocities and positions of each
scatterer are chosen at random from the distributions described above. New values
are chosen at each time step. The RCS of each virtual scatterer is given by the
cloud RCS divided by the total number of virtual scatterers nchaff.
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4.4 Convection-Diffusion Model

The convection-diffusion model is a numeric model based on the convection-diffusion
equation described in (2.14). It models the concentration p(x, y, z, t) of chaff in
three dimensions when affected by the vortices. The model uses a symmetric three
dimensional Cartesian grid with a uniform grid spacing h and assumes the diffu-
sion coefficients to be the same in all directions, D = Dx = Dy = Dz, and constant
in time and space. The numerical scheme is described as,

∂p

∂t
=
p(x, y, z, t+ ∆t)− p(x, y, z, t)

∆t
(4.9)

∂p

∂x
=
p(x+ h, y, z, t)− p(x− h, y, z, t)

2h
(4.10)

∂2p

∂x2
=
p(x+ h, y, z, t)− 2p(x, y, z, t) + p(x− h, y, z, t)

h2
, (4.11)

where
∆t = time step [s]
h = grid spacing [m].

The velocities perpendicular to the flight direction, Ay and Az, were assumed
to be constant along the x-axis and taken from the vortex model in (4.1) and the
velocity along the flight direction, Ax, was modelled similar to the individual chaff
model using (4.3).

The model calculates the concentration distribution in space at each time step.
As previously mentioned, the model was never completed and properly tested as
the other models. The main reason was due to it being too computer heavy since
it required a small time step and grid spacing for stability. Initial testing of the
model did show promising results however and it should be further investigated,
especially since it was able to account for diffusion effects which the other models
are not.
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4.5 Test Scenarios

To evaluate the models, it would be preferable to use real recorded data. However,
this was not possible since the data is classified. The individual chaff model was
therefore evaluated by simulating two simple flight scenarios. Since the philosophy
behind the Gaussian model was to make it adaptable to data, it was adapted to
the results from the individual chaff model instead of real data.

4.5.1 Straight-Flight Test

The conditions for the straight-flight test can be seen in figure 4.8. The airplane
with the tracking radar has a velocity of 210 m/s along the x-axis. The target
airplane, which drops the chaff cloud, has a velocity of -200 m/s along the x-axis.
The y and z coordinates for both the radar and the target remain the same.

4.5.2 Zero-Doppler Flight Test

The second scenario can be seen in figure 4.9. The initial conditions are the same
as in the straight-flight test. In a zero-Doppler scenario a target will be observed
as a stationary target, as it is flying perpendicular to the radar [6, ch. 8.3]. The
airplane with the tracking radar has again a velocity of 210 m/s along the x-axis.
The target airplane which drops the chaff cloud has a velocity of -200 m/s along
the y-axis. The z coordinates for both the radar and the target remain the same.

4.5.3 Cloud Size Evaluation

To evaluate if the model was able to simulate RCS values properly, the simulation
was run separately outside of the video generator with a load factor of three to
produce the same type of figures as figure 4.5. The width and height were then
compared with the values in table 2.1 at the corresponding times.
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Figure 4.8: Initial conditions for the straight-flight test scenario.
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200 m/s
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Figure 4.9: Initial conditions for the zero-Doppler flight test scenario.
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4.6 Parameters Used for Simulation

4.6.1 Video Generator Settings

The models were implemented in the video generator created at SAAB. The two
flight tests were simulated with different setup conditions depending on model.
The settings for generating the signals for the two flight tests were:

Setting: Value:
Number of PRI [-] 116
Target RCS [m2] 10
PRI duration [s] 984 · 10−7

Duty factor [-] 0.1
Noise amplitude [dB] -50

Table 4.1: Settings for video generator.

4.6.2 Individual Chaff Model Parameters

The following equation parameters were used for the individual chaff model:

Parameter: Value:
Airplane mass [kg] 6622
ρair [kg/m3] 1.225
Wingspan [m] 8.4
Dropping point1 [m] ±4.1
rcore [m] 0.05
Number of simulated chaff [-] 500
Mean chaff mass [kg] 27.5 · 10−9

Mean chaff height [m] 15 · 10−3

Chaff width [m] 25 · 10−6

Chaff drag coefficient (CD) [-] 0.1503

Table 4.2: Individual chaff model parameters.

The banking angle was changed according (2.20) depending on the load factor
used during the specific scenario.

4.6.3 Gaussian Model Parameters

The following physical parameters were used in the Gaussian model:

1From airplane centre.
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Parameter: Value:
ρair [kg/m3] 1.225
Number of simulated chaff [-] 50
Mean chaff mass [kg] 27.5 · 10−9

Mean chaff height [m] 15 · 10−3

Chaff width [m] 25 · 10−6

Chaff drag coefficient (CD) [-] 0.1503

Table 4.3: Gaussian model parameters.

The parameter values used in (4.4), (4.7) and (4.8) can be seen in table 4.4.
They were derived using a curve fitting algorithm in MATLAB. The algorithm
minimized the norm of the residual between the function values and the simulated
data from the individual chaff model during straight flight, by using the MATLAB
function fminsearch(). The simulated data as well as the fitted curves can be seen
in appendix A.

Parameter: Value:
Ax1, Ax2, Ax3 -90.8, 26.4, 0.00809.
Ay1, Ay2, Ay3 -4.53, 1.41, 3.92
Az1, Az2, Az3 -4.53, 1.41, 3.92
Bx1, Bx2, Bx3 3.15, 29.8, 2.91
By1, By2, By3 5.14, 33.0, 4.25
Bz1, Bz2, Bz3 0.193, 0.676, 0.343
C1, C2, C3 4.31, 0.677, 7.87

Table 4.4: Gaussian model trend parameters.
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Chapter 5
Results and Discussion

The following section contains the results from the two test scenarios for the indi-
vidual chaff model. The Gaussian model was adapted to these results, and since
its results are very similar to the results from the individual chaff model, they can
be seen in appendix A. A major part of the results are range-Doppler plots for
different times during the simulation. The range-Doppler plots show the signal
power in dB of the echo from the target and the chaff cloud. From these plots, one
column of ranges at a specific range-rate in the chaff cloud was chosen. Similarly,
one row of range-rates at a specific range was also chosen, as described using red
lines in figure 5.1a. These are then plotted to give a better overview of the signal
strengths as well as the range and range-rate distributions, see figures 5.1b and
5.1c.

In this example, the range distribution was chosen at range-rate 78.88 m/s,
seen in figure 5.1b, and the range-rate distribution was chosen at range 5876 m,
seen in figure 5.1c. The red lines in figure 5.1a corresponds to the range column
and range-rate row, which were chosen manually as the approximate centre of the
cloud in the range-Doppler figures. Their distributions are shown in figure 5.1b
and figure 5.1c. The highest peak in figure 5.1c corresponds to the target. The red
lines in figure 5.1b and figure 5.1c are arbitrarily chosen thresholds to differentiate
noise from the signals.
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(a) Range-Doppler plot with a specific column and row selected.
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(b) Range distribution at range-
rate 78.88 m/s.
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(c) Range-rate distribution at
range 5876 m.

Figure 5.1: Method for selecting column and row to analyse range
and range-rate distributions.

The same procedure was repeated for the range-Doppler plots in figures 5.2
and 5.9. The range-Doppler figures are shown together for six different times, then
the range distributions and finally the velocity distributions. This allows for easier
comparison at different times. Note that different ranges and range-rates have been
chosen for different figures, to analyse the signal from the chaff cloud at different
times. The first range-Doppler plot, 5.2a and 5.9a, are the first figures where any
signal can be seen and were chosen 13.2 ms after drop. Figures 5.2b-5.2d and
5.9b-5.9d, were chosen at times when the entire cloud had been dropped, with an
interval of roughly 12 ms in-between each figure. Figures 5.2e and 5.9e were chosen
about one second after drop. Lastly, figures 5.2f and 5.9f were chosen almost four
seconds after drop. The corresponding range and range-rate distributions for the
range-Doppler plots can be seen in figures 5.3 and 5.4 for straight flight, and in
figures 5.10 and 5.11 for zero-Doppler flight.
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5.1 Individual Chaff Model

5.1.1 Straight Flight
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(a) 13.2 ms after drop.
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(b) 58.9 ms after drop.

0 50 100 150

Range-rate [m/s]

2

4

6

8

10

12

14

R
a

n
g

e
 [

k
m

]

-120

-100

-80

-60

-40

-20

0

S
ig

n
a
l 
p
o

w
e

r 
[d

B
]

(c) 70.3 ms after drop.
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(d) 81.7 ms after drop.
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(e) 1017.7 ms after drop.
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(f) 3894.1 ms after drop.

Figure 5.2: Range-Doppler spectra at different times.
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Range Distributions
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(a) Range distribution at 48.79
m/s, 13.2 ms after drop.
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(b) Range distribution at 78.55
m/s, 58.9 ms after drop.
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(c) Range distribution at 71.41
m/s, 70.3 ms after drop.
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(d) Range distribution at 66.65
m/s, 81.7 ms after drop.
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(e) Range distribution at 57.13
m/s, 1017.7 ms after drop.
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(f) Range distribution at 57.13
m/s, 3894.1 ms after drop.

Figure 5.3: Range distributions at different range-rates and times
for straight-flight.
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Range-Rate Distributions
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(a) Range-rate distribution at 5876
m, 13.2 ms after drop.

0 20 40 60 80 100 120 140 160

Range-rate [m/s]

-100

-90

-80

-70

-60

-50

-40

-30

-20

S
ig

n
a

l 
p

o
w

e
r 

[d
B

]

(b) Range-rate distribution at 5876
m, 58.9 ms after drop.
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(c) Range-rate distribution at 5876
m, 70.3 ms after drop.

0 20 40 60 80 100 120 140 160

Range-rate [m/s]

-100

-90

-80

-70

-60

-50

-40

-30

-20

S
ig

n
a

l 
p

o
w

e
r 

[d
B

]

(d) Range-rate distribution at 5876
m, 81.7 ms after drop.
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(e) Range-rate distribution at 5636
m, 1017.7 ms after drop.
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(f) Range-rate distribution at 5037
m, 3894.1 ms after drop.

Figure 5.4: Velocity distributions at different ranges and times for
straight-flight.
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In the range-Doppler and range-rate distribution figures, the range-rates are rela-
tive to the radar. A stationary object relative to the ground would have a range-
rate of 210 m/s which is the same as the velocity of the radar, and is shown as
roughly 50 m/s in these figures due to folding, see section 2.1.1. Similarly, since
the maximum unambiguous range of the radar is 14 km, the ranges of the target
and the chaff cloud are ambiguous and appear at lower values. Figure 5.2a is the
first range-Doppler plot where a signal from the cloud can be seen. Although the
signal strength is low, the figure indicates a large spread in range-rate. Since not
all chaff have been simulated yet, and due to the large spread, the result is a low
signal strength. This behaviour can also be seen in the corresponding range-rate
distribution seen in figure 5.4a. Due to the low signal strength most of the signal
is beneath the noise level. Note that the peak in this figure is the peak from the
target.

In comparison, figure 5.2b shows a higher signal strength. In this figure 58.9
ms have passed since drop which means all simulated chaff have been dropped, as
they are dropped within 50 ms. Since more time has passed, the spread is lower
and more chaff are simulated, resulting in a higher signal strength. Figures 5.2c
and 5.2d show the succeeding times, and the spread is reduced further, indicating a
rapidly decreasing range-rate spread. The same phenomena for all three figures can
also be seen in their corresponding range-rate distribution figures, 5.4b, 5.4c and
5.4d, respectively. It can be seen that the range-rate of the chaff cloud converges to
53.4 m/s, which is close to 0 m/s relative to the ground. The range distributions in
figure 5.3 show an increase in signal strength over time as well as gradually lower
range values. This is due to the fact that the radar moves closer to the cloud,
which results in an overall stronger signal.
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Figure 5.5: Standard deviation of range-rates at different times for
straight-flight.
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Figure 5.5 shows how the standard deviation of the range-rate of the chaff
cloud changes with time. The initial peak at 0.1 s indicates the moment the chaff
cloud was dropped. The figure shows a similar trend as the range-Doppler and
range-rate figures above. At first, the range-rate has a large spread which quickly
decreases due to drag friction with air. However, it is not reasonable that the
range-rates converges this quickly to 0. In reality, atmospheric turbulence and
local winds will affect the chaff when the dropping airplane has left the area, see
section 2.2.3.
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RCS Evaluation

Figure 5.6 shows the mean RCS of the chaff cloud in straight-flight as a function
of time. The RCS follows a similar exponential trend as the first part of (3.2),
shown in figure 3.1. Due to the small simulation time, the cloud never reaches the
mature phase. The RCS converges towards a value of approximately 8 m2. It can
be compared to (2.8) and (2.9). A cloud of 106 chaff in which 50% are operational
and with a radar wavelength of 0.03 m would give a RCS value of 38.25 m2. Thus,
the model is not able to simulate accurate RCS values. This is most likely due to
an insufficient diffusion simulation.

Figure 5.7 shows the effective RCS values recorded by the radar in straight-
flight. The same values in a histogram can be seen in figure 5.8. The red line in
the histogram shows a probability density function of an exponential distribution
fitted to the data. Thus the data seems to correspond with a Swerling model since
it follows an exponential distribution, as explained in 2.2.1.
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Figure 5.6: Mean RCS as a function of time.
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Figure 5.7: Effective RCS as a function of time.
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Figure 5.8: Histogram of effective RCS values.
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5.1.2 Zero-Doppler Flight

Range-Doppler Plots
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(a) 13.2 ms after drop.
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(b) 58.9 ms after drop.
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(c) 70.3 ms after drop.
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(d) 81.7 ms after drop.
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(e) 1017.7 ms after drop.
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(f) 3894.1 ms after drop.

Figure 5.9: Range-Doppler spectra from zero-Doppler flight at dif-
ferent times.



Results and Discussion 55

Range Distributions
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(a) Range distribution at 47.6 m/s,
13.2 ms after drop.
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(b) Range distribution at 47.6 m/s,
58.9 ms after drop.
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(c) Range distribution at 49.98
m/s, 70.3 ms after drop.
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(d) Range distribution at 44.03
m/s, 81.7 ms after drop.
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(e) Range distribution at 58.32
m/s, 1017.7 ms after drop.
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(f) Range distribution at 55.93 m/s
3894.1 ms after drop.

Figure 5.10: Range distributions at different range-rates and times
for zero-Doppler flight.
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Range-Rate Distributions
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(a) Range-rate distribution at 5876
m, 13.2 ms after drop.
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(b) Range-rate distribution at 5876
m, 58.9 ms after drop.
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(c) Range-rate distribution at 5876
m, 70.3 ms after drop.
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(d) Range-rate distribution at 5876
m, 81.7 ms after drop.
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(e) Range-rate distribution at 5636
m, 1017.7 ms after drop.
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(f) Range-rate distribution at 5037
m 3894.1 ms after drop.

Figure 5.11: Velocity distributions at different ranges and times for
zero-Doppler flight.
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Figure 5.9a shows a higher signal strength value if compared to 5.2a, even
though the same amount of chaff are simulated. This is a result of a lower spread
in range-rate for the zero-Doppler case, which also can be seen in the figure 5.11a.
Figures 5.9b, 5.9c and 5.9d show a high initial spread in range-rate. Compared
to the straight-flight scenario, the range-rate spread remains for a longer period
of time, even after one second since drop as seen in figures 5.9e and 5.11e. This
is a result of the chaff still being affected by the vortices which is recorded by the
radar since it is perpendicular to the cloud. The same behaviour can be seen in
the range-rate distributions in figure 5.11. Observing the range distributions in
figure 5.10, it can again be seen that the signal strengths increase and that the
range values decrease. Just as for the straight-flight scenario, this is a result of
the radar moving closer to the chaff cloud.
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Figure 5.12: Standard deviation of range-rates at different times for
zero-Doppler flight.

Figure 5.12 shows how the range-rate spread of the chaff cloud changes over
time. Just as in figure 5.5, the range-rate increases rapidly when the cloud is
dropped. The peak is not as large since the velocities from the vortices are lower
than the velocity of the target airplane. Furthermore, the range-rates do not
decrease as quickly or converge to 0. Instead, the range-rate converges to around
7 m/s. This indicates that the chaff remain within the vortices well after drop.
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Figure 5.13: Standard deviations of range-rates at 13.2 ms after
drop for different load factors.

Figure 5.13 shows how the initial range-rate spread increases with the load
factor. The figure indicates that the larger g-force the airplane is exposed to, the
higher the standard deviation of the range-rate will be when the cloud is dropped.
This is reasonable since it is known from the literature study that a higher load
on the airplane will result in stronger wing-tip vortices.
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RCS Evaluation
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Figure 5.14: Mean RCS as a function of time.

Figure 5.14 shows, just as figure 5.6, the mean of the RCS over time, but now for
the zero-Doppler flight. Again, the trend of the RCS corresponds with (3.2) and
figure 3.1, and does not converge to a realistic value. The value is still a bit better
than the straight flight scenario.
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Figure 5.15: Effective RCS as a function of time.
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Figure 5.16: Histogram of effective RCS values.

Figures 5.15 and 5.16 show, just as figures 5.7 and 5.8, that the data again is
exponentially distributed, similar to a Swerling model.
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Time Width Height
50 ms 1.942 m 0.6747 m
100 ms 5.219 m 0.6541 m
60 s 6.627 m 3.266 m

Table 5.1: Chaff cloud sizes at specific times after drop for zero-
Doppler flight.

The size of the chaff cloud at different times for the zero-Doppler scenario can
be seen in table 5.1. Note that these values are taken from each individual cylinder.
Comparing these to table 2.1, it can be seen that the size of the simulated chaff
cloud does not correspond with real values, especially after a long time. This is
due to the fact that the diffusion has not been properly simulated, even though
the dropping point was set close to the vortex cores. The chaff do not disperse
properly but remain within the vortex trajectories, see figure 5.17. Since the chaff
remain in the cylinders and do not create a cloud it is not possible to perform a
proper comparison. Moreover, as mentioned in section 4.2.4, there are no chaff
present in-between the boundary points. This is a result of only a few chaff being
simulated but also due to insufficient diffusion simulation. In reality, there would
be chaff present inside both cylinders, which is why the entirety of the cross-section
is used to calculate the RCS, as seen in figure 4.7.
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Figure 5.17: Chaff distribution after 60 s at zero-Doppler flight.
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5.1.3 General Discussion

Comparing the figures from the straight-flight scenario with the zero-Doppler sce-
nario, both flight scenarios result in a high initial spread in range-rate. For the
straight flight, this is due to the fact that the chaff velocities are the same as for
the airplane when dropped and then rapidly decrease due to drag friction with
air. Since the chaff are dropped during a period of 50 ms, and have different
masses and cross-sectional areas, they will have different velocities, resulting in a
spread in range-rate. In contrast, the range-rate spread for the zero-Doppler flight
remains for a longer period. The spread in range-rate in this case is a result of
the vortices interacting with the chaff cloud, which is observed due to the different
aspect angle. The velocities of the chaff are initially high since they are located
closer to the vortex cores, but are reduced when moved further from the cores, see
figure 4.2. Common for both scenarios is the fact that the RCS values are lower
than real values. Both scenarios show a similar trend to the one proposed in (3.2),
and has a behaviour similar to a Swerling model. However, both scenarios give a
low overall RCS value which is likely due to insufficient diffusion modelling.

Another problem with the individual chaff model is slow run-time. Simulating
fours seconds in the video generator takes an estimated 2-3 hours, which is not
ideal. However, running the model outside of the video generator results in a much
lower run-time. Simulating one minute outside the video generator takes a little
more than a minute. Since the video generator also generates signal data it is
much slower. Currently, not much effort has been made to optimize the model
code.

5.2 Gaussian Model

Since it was not possible to adapt the Gaussian model to real recorded data due
to confidentiality, the results from the individual chaff model were used instead.
The results can be seen in appendix A, since they are very similar to the results
from the individual chaff model. When compared, the Gaussian model follows the
same type of trends as the individual chaff model. Hence, the model seems to be
able to follow data successfully.

The Gaussian model run-time is much lower than the individual chaff model.
Simulating four seconds takes around 30 minutes. This is due to the fact that the
Gaussian model uses trends and pre-adapted values, which requires fewer simulated
chaff. Hence, the video generator can generate signals faster.



Chapter 6
Future Work

In this thesis, two chaff models were created. The natural next step would be
to compare the models with recorded data from actual flight tests. Due to the
confidential nature of this subject, there is a lack of both public articles and data.
There were data available at SAAB but due to confidentiality, no such comparison
could be made.

For the individual chaff model, it would be interesting to know how the range-
Doppler plots differ depending on flight scenario and how much the wing-tip vor-
tices actually contribute to the spread in range-rate. For the Gaussian model,
one could investigate whether the exponential trends used for RCS, positions and
velocities correspond to a real situation. Currently, the Gaussian model has not
been validated properly since there was no access to real data. The idea was
to create a statistical model based on recorded data. Such a model would be
sufficient in simulating already known behaviour and be useful for testing signal
processing algorithms. The model would however not be able to investigate new,
previously unknown, behaviour. A vision for a future chaff model is the possibil-
ity to pre-define flight manoeuvrers and to be able to investigate how the airplane
movement affects the behaviour of the chaff cloud. This was the philosophy behind
the individual chaff model.

In the individual chaff model there are quite a few simplifications and thus
room for improvement. One of the biggest flaws with the simulation is the lack
of diffusion and turbulence. This heavily affects the dispersion of the cloud and
resulted in low RCS values, small cloud sizes and a small range spread. A simple
way of introducing turbulence to the model would be to add random velocities,
as described in section 3.1.4. The convection-diffusion model attempted to simu-
late the diffusion aspects of the chaff cloud, but proved to be too computer heavy
and was not proceeded further. However, the model showed interesting prelim-
inary results. Continued work could include an attempt at only modelling the
convection-diffusion radially in 2D, thus reducing the computing time.

Regardless of modelling approach, more theoretical work is needed to better
understand the diffusion effects and the turbulence causing the dispersion. Since
the near-field is heavily affected by turbulence, properly modelling it is difficult
since turbulence is a notoriously difficult phenomena to simulate [37]. In the in-
dividual chaff model, only two vortices were simulated with the assumption that
the entire circulation Γ was conserved. The fact that there are multiple small vor-
tices from an airplane body which combine into larger vortices during the roll-up
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process has not been taken into account. Continued and more thorough investi-
gations of the aerodynamics and the wake vortices in the near-field are required,
which would also require more advanced simulating software. Several such soft-
ware exist, such as TORNADO written in MATLAB by Thomas Melin [38], which
uses a text based interface for linear aerodynamic wing design applications. Dif-
ferent wing types and airframes can be modelled. Afterwards, a flight state can
be defined, changing for example the angle of attack, wind speed and altitude of
the airplane. When the state has been defined, TORNADO solves aerodynamic
equations and the results are presented, such as the positions of the vortices and
their Γ values. However, TORNADO does not model the wake or the Γ values
of the wing-tip vortices. Attempts at using TORNADO were made during the
thesis. Unfortunately, it proved more difficult than originally thought to apply the
values from the simulation with the simplified model created. Properly using the
Γ values produced by the TORNADO and implementing them in the current, or
more advanced models, would be interesting.

TORNADO or more advanced aerodynamics software such as EDGE, which is
the aerodynamics software used at SAAB, would preferably be used to improve the
simulation of the wake turbulence and the wing-tip vortices. Using such software
would also allow simulating the airplane at specific flight states and changing
parameters such as the angle of attack, which has a large impact on the strengths
in the wing-tip vortices. In the individual chaff model, it is possible to change a
few parameters, such as mass of the airplane, wing-span and position of the chaff
cartridges. In the future, the cloud behaviour could be investigated by changing
these parameters as well. The load factor was the only parameter change which
was investigated, as seen in figure 5.13.

Another method is using Large eddy simulation proposed by Mengda Lin et al.
in [32]. Combining this with an investigation on more advanced particle models,
to simulate the chaff interaction with the turbulence and vortices, could be done.
This would likely require a large amount of computer time due to the advanced
computations. Another issue with such a model would be that since the radar has
a limited resolution, there may not be an advantage in actually performing such
calculations. If the range resolution of the radar is 1 m, there would perhaps be
no need in simulating every individual chaff, which are only a few centimetres in
size. Furthermore, it may not be necessary to simulate the cloud for a longer time
than the signal processing algorithms need to distinguish a real target from a chaff
cloud. Since the processing time is usually only a few milliseconds, there may not
be a need to simulate the cloud for four seconds as done in this thesis.

The radar echoes are calculated as a sum of point targets or so called virtual
scatterers. This is highly time consuming method of generating a signal as it
requires roughly 50 scatterers to achieve realistic results. It would be interesting
to investigate different signal generation methods such as using the convolution
of the transmitted signal with the impulse response of the cloud, as described in
[39]. Similarly, the RCS is calculated by only using the geometric cross-section.
Without any proper diffusion, an increase in the amount of simulated chaff do not
result in a higher RCS value. Investigating whether the reflectivity and directivity
have an impact would also be necessary.



Chapter 7
Summary and Conclusions

This master thesis was a pilot study on how chaff interact with wing-tip vortices
in the near-field to create chaff clouds. The aims for the project were:

• Conduct a literature study to investigate existing chaff models including the
effect of wing-tip vortices.

• Create a model in MATLAB simulating the aerodynamic and spectral char-
acteristics of a chaff cloud.

• The model should generate input to existing signal processing methods that
analyse Doppler spectra of chaff clouds.

A literature study was conducted to investigate the current open publications
on chaff cloud simulations with wing-tip vortices, but findings were scarce. The
majority of the articles had focused on modelling chaff clouds without the inter-
action of any aerodynamics from an airplane. Furthermore, the articles did not
include any thorough comparisons with recorded data. Some success was found
internally at SAAB however, where a basic model had been previously created
which simulated six chaff strips affected by wing-tip vortices.

Based on these findings, two simple models are created, the individual chaff
model and the Gaussian model. They have two separate approaches. The individ-
ual chaff model is heavily based on the model previously created at SAAB. It has
a physical approach and tries to simulate wing-tip vortices created by an airplane
in the near-field. The vector field created by the vortices is used to model the
trajectories of individual chaff over time, creating a basic simulation of how chaff
are dispersed in the wake of an airplane. The second model, the Gaussian model,
has a statistical approach. It is based on many of the previous models found in
publicly available articles. Instead of modelling physical behaviours, this model is
meant to be adapted to existing data by using trends and standard deviations of
the chaff velocities, positions and RCS. They were both implemented in a program
used for signal processing at SAAB, and can thus be used to produce test data.
However, the models are currently very slow, especially the individual chaff model.

Unfortunately, it was not possible to compare the results with real data, due
to confidentiality. Instead, two flight scenarios were tested for the individual chaff
model and compared to trends found in articles. One where the radar recorded
the chaff cloud from straight flight, and the other in zero-Doppler, perpendicular
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to the flight direction. To test the Gaussian model, its parameters were adapted
to the results from the individual chaff model. Both models showed promising
results. The individual chaff model was able to simulate two separate scenarios
with distinguishable results. This behaviour was also mimicked by the Gaussian
model when adapted to the data. However, since no comparison could be made
with real data, it is not known if these behaviours represent real life situations.
Comparing with articles, both the RCS trends as well as the statistical behaviour
agreed quite well. The RCS values were low, likely due to the individual chaff
model not being able to model diffusion satisfactory.

Even though the models were successfully implemented, much more work is
needed. Comparing with real data is the next natural step, since without it no
real conclusions can be drawn whether the models are realistic or not. More work
is also needed to understand the underlying phenomena which contribute to the
chaff cloud diffusion. At this moment, exactly how the chaff clouds are created is
not known. Advanced aerodynamics software could be used to better simulate the
creation of wing-tip vortices and wake turbulence, in an effort to create a more
realistic chaff cloud.
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Appendix A
Gaussian Model Results

A.1 Gassian Model Curve Fitting

Figures A.1-A.6 show data generated from the individual chaff model in the
straight flight scenario as well as fitted curves based on (4.4), (4.7) and (4.8).
The variable values are shown in the captions and are used to generate the data
in figures A.7-A.12.
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Figure A.1: Measured RCS values and an exponential fit based on
(4.8). The equation of the exponential fit is f(t) = −4.31 ·
exp(−0.677 · t) + 7.87.
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Figure A.2: Measured standard deviation in position along the x-
axis and an exponential fit based (4.7). The equation of the
exponential fit is f(t) = −3.15 · exp(−29.8 · t) + 2.91.
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Figure A.3: Measured standard deviation in position along the y-
axis and an exponential fit based on (4.7). The equation of the
exponential fit is f(t) = −5.14 · exp(−33.0 · t) + 4.25.
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Figure A.4: Measured standard deviation in position along the z-
axis and an exponential fit based on (4.7). The equation of the
exponential fit is f(t) = −0.193 · exp(−0.676 · t) + 0.343.
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Figure A.5: Measured standard deviation in velocity along the x-
axis and an exponential fit based on (4.4). The equation of the
exponential fit is f(t) = 90.8 · exp(−26.4 · t) + 0.00809.
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Figure A.6: Measured standard deviation in velocity along the y-
axis and an exponential fit based on (4.4). The equation of the
exponential fit is f(t) = 4.53 · exp(−1.41 · t) + 3.92. The same
curve was also used for the standard deviation in velocity along
the z-axis.
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A.2 Straight flight

Range-Doppler Plots
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(a) 13.2 ms after drop.
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(b) 58.9 ms after drop.
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(c) 70.3 ms after drop.
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(d) 81.7 ms after drop.
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(e) 1017.7 ms after drop.
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(f) 3894.1 ms after drop.

Figure A.7: Range-Doppler spectra from straight flight at different
times.
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Range Distributions
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(a) Range distribution at 63.08
m/s, 13.2 ms after drop.
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(b) Range distribution at 63.08
m/s, 58.9 ms after drop.
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(c) Range distribution at 60.7 m/s,
70.3 ms after drop.
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(d) Range distribution at 55.93
m/s, 81.7 ms after drop.
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(e) Range distribution at 58.32
m/s, 1017.7 ms after drop.

0 5 10 15

Range [km]

-100

-90

-80

-70

-60

-50

-40

-30

-20

S
ig

n
a

l 
p

o
w

e
r 

[d
B

]

(f) Range distribution at 57.13
m/s, 3894.1 ms after drop.

Figure A.8: Range distributions at different range-rates and times
for straight-flight.
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Range-Rate Distributions
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(a) Range-rate distribution at 5876
m, 13.2 ms after drop.
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(b) Range-rate distribution at 5876
m, 58.9 ms after drop.
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(c) Range-rate distribution at 5876
m, 70.3 ms after drop.

0 20 40 60 80 100 120 140 160

Range-rate [m/s]

-100

-90

-80

-70

-60

-50

-40

-30

-20

S
ig

n
a

l 
p

o
w

e
r 

[d
B

]

(d) Range-rate distribution at 5876
m, 81.7 ms after drop.
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(e) Range-rate distribution at 5636
m, 1017.7 ms after drop.
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(f) Range-rate distribution at 5037
m, 3894.1 ms after drop.

Figure A.9: Range-rate distributions at different ranges and times
for straight-flight.
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A.3 Zero-Doppler Flight

Range-Doppler Plots
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(a) 13.2 ms after drop.
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(b) 58.9 ms after drop.
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(c) 70.3 ms after drop.
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(d) 81.7 ms after drop.

0 50 100 150

Range-rate [m/s]

2

4

6

8

10

12

14

R
a

n
g

e
 [

k
m

]

-120

-100

-80

-60

-40

-20

0

S
ig

n
a
l 
p

o
w

e
r 

[d
B

]

(e) 1017.7 ms after drop.
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(f) 3894.1 ms after drop.

Figure A.10: Range-Doppler spectra from zero-Doppler flight at
different times.
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Range Distributions

0 5 10 15

Range [km]

-100

-90

-80

-70

-60

-50

-40

-30

-20

S
ig

n
a

l 
p

o
w

e
r 

[d
B

]

(a) Range distribution at 52.36
m/s, 13.2 ms after drop.
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(b) Range distribution at 47.6 m/s,
58.9 ms after drop.
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(c) Range distribution at 57.13
m/s, 70.3 ms after drop.
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(d) Range distribution at 51.17
m/s, 81.7 ms after drop.
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(e) Range distribution at 57.13
m/s, 1017.7 ms after drop.
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(f) Range distribution at 51.17
m/s, 3894.1 ms after drop.

Figure A.11: Range distributions at different range-rates and times
for zero-Doppler flight.



80 Gaussian Model Results

Range-Rate Distributions
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(a) Range-rate distribution at 5876
m, 13.2 ms after drop.

0 20 40 60 80 100 120 140 160

Range-rate [m/s]

-100

-90

-80

-70

-60

-50

-40

-30

-20

S
ig

n
a

l 
p

o
w

e
r 

[d
B

]

(b) Range-rate distribution at 5876
m, 58.9 ms after drop.
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(c) Range-rate distribution at 5876
m, 70.3 ms after drop.
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(d) Range-rate distribution at 5876
m, 81.7 ms after drop.

0 20 40 60 80 100 120 140 160

Range-rate [m/s]

-100

-90

-80

-70

-60

-50

-40

-30

-20

S
ig

n
a

l 
p

o
w

e
r 

[d
B

]

(e) Range-rate distribution at 5636
m, 1017.7 ms after drop.
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(f) Range-rate distribution at 5037
m, 3894.1 ms after drop.

Figure A.12: Range-rate distributions at different ranges and times
for zero-Doppler flight.
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