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A brief summary on convex optimization

Main ref: S. Boyd and L. Vandenberghe. Convex Optimization.
Cambridge University Press, 2004.

Convex sets: A set S C R" is convex if
X1,X9 € 5 = (1 —t)Xl +txg € S,

for all 0 < ¢t < 1. Geometrically this means that the straight line
between any two points in a convex set remains in the set.

a) A convex set in R? b) A non-convex set in R?
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A brief summary on convex optimization

Convex combinations: Let S C R" be an arbitrary set. A convex
combination of the elements x; € S is a positive linear combination

m m
VAR Ztixi where ti > 0 and Zti =1.

i=1 i=1
If S is a convex set, it can be shown (by induction) that any convex
combination of elements of S belongs to S.
Proof: Suppose that x1, X2 and x3 belong to the convex set S.
Let

zZ = t1X1 + toxg + 13X3,

where t1 + to +t3 =1 and t3 # 1 (otherwise z = x3 € S). Then

t t
z=(1—t3) ( Loxi+—2 xQ) +t3x3 € S.

X
1-1t3 1-1t;3

. ty to
€ S since =1
1—t3+1—t3
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A brief summary on convex optimization

Intersection of convex sets(*):

The intersection N, S, of convex sets S, is a convex set.

Convex hull(*):

Let S C R™ be an arbitrary set. The convex hull conv(S) of S is
the set of all convex combinations of elements in S. It can be
shown that conv(S) is the smallest convex set containing S, i.e.,

conv(S) = Ny T4

where the intersection is taken over all convex sets T, containing
S, e, ScCT,.
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A brief summary on convex optimization

Convex functions: Let f be a function defined on the convex set
S C R™. The function f is said to be a convex function if

X1,X2 € S = f((l — t)Xl + tXQ) < (1 — t)f(Xl) + tf(XQ), (1)

for all 0 < ¢t < 1. If the function f satisfies a strict inequality in
(1), it is said to be a strictly convex function. A function f is said
to be concave if —f is convex.

a) A convex function on R b) A non-convex function on R

f(x) A f(x) A

Y

N
>
X1 X2 x X1 X2
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A brief summary on convex optimization

Linear functions(*):

A linear (or affine) function f is both convex and concave (but it is
not strictly convex). In particular, if f is linear (or affine), both f
and —f are convex.

Positive linear combinations of convex functions(*):

Let f1 and f9 be convex functions defined on a convex set S. Then
the positive linear combination

f=a1fi+afs

(with oy > 0 and g > 0) is a convex function. If any one of f;
and fs is strictly convex, then the function f is strictly convex.
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A brief summary on convex optimization

Differentiable convex functions(**):

Let f be a two times differentiable continuous function defined on
the open convex set S C R™ (f € C?(S)). It can then be shown
that f is a convex function if and only if the Hessian
H;j(x) = 0,,0., f(x) is a positively semidefinite matrix for all
xeS, e,

H(x) >0Vx € S & f convex.

If the Hessian H(x) is positively definite for all x € S then f is
strictly convex, i.e.,

H(x) > 0Vx € S = f strictly convex,

but the converse is not true (take e.g., f(x) = z%).
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A brief summary on convex optimization

Quadratic forms(**):

Let

f(x) = %XTAX +btx +ec

be a quadratic form where A is an n X n matrix, x and baren x 1
vectors, ¢ a constant and (-)* denotes the transpose. The function
f is convex if and only if the Hessian matrix A is positively
semidefinite, i.e.,

A >0 < f convex.

The function f is strictly convex if and only if the Hessian matrix
A is positively definite, i.e.,

A > 0 & f strictly convex.
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A brief summary on convex optimization

Level set(*):

Let g be a convex function defined on the convex set S € R™ and
« an arbitrary real number. Then the level set

Sa = {x € Slg(x) < a}

is a convex set.

Continuity(**):

Let f be a convex function defined on the convex set S C R".
Then f is a continuous function on the interior of S.
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A brief summary on convex optimization

Convex optimization:

A convex optimization problem in general is a problem of the form

minimize  f(x)

(2)

subject to x € .5,

where f is a convex function defined on the convex set S.
It is common that the convex set S is given in the form
S ={xeR"gi(x) <0}

where {g;(x)}, is a set of convex functions representing the
convex constraints.
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A brief summary on convex optimization

A local minimum is also a global minimum:
Below are given some definitions and a proof.

Consider the convex optimization problem (2) where f is a convex
function defined on the convex set S.

» If x € S itis called a feasible point.

» The function f has a global minimum at x if

fx) < f(€), vE€es
» The function f has a local minimum at x if
fx) < f(§), VEeS ={esS|§—x| <7}

for some r-neighbourhood S, with radius > 0, and where
| - || is a suitable norm.
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A brief summary on convex optimization

Proof: Let x € S be a local minimum and S, a corresponding
r-neighbourhood. Suppose now that x is not a global minimum,
then there is a feasible y € S with minimum value f(y) < f(x).
Since x is a local minimum it follows that y ¢ S, and hence

ly — x|| > r. Define the point

1
z=(1—t)x+ty where tzigﬁ,

so that
|z — x| =ty —x[| = 5

and hence z € S,.. On the other hand, it follows by the convexity of
f that

f(z) = f(A=t)x+ty) < (1 -1)f(x) +1f(y) < f(x),

which contradicts the assumption that x is a local minimum.
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A brief summary on convex optimization

If f is strictly convex then a minimum is also a unique
minimum:

Proof: Let x € S be a minimum so that f(x) < f(&) for all

£ € S. Suppose that y € S where y # x is also a minimum so that
fly) = f(x). Let z= (1 —t)x + ty where 0 < ¢ < 1 and hence

z € S. Then by the strict convexity

f(z) = f(A=t)x+ty) <A =) f(x) +1f(y) = f(x),

which contradicts the assumption that x is a minimum.
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A brief summary on convex optimization

The norm:

Any norm f(x) = ||x|| is a convex function on R" since by the
triangle inequality

fIA=t)x1 +tx2) = [[(1 = t)x1 + tx2|| < (1= t)||x1] + tlIx2|
= (1—1t)f(x1) +tf(x2),

where 0 < t < 1.

Comments: It follows from the properties of the norm that the
minimum of f(x) = ||x]| is the unique vector x = 0. Note however
that f(x) = ||x]| is not a strictly convex function. To see this,
choose e.g., xo = ax; where o > 1 and verify that

F((I—=t)x1 +tx2) = (1 —t)f(x1) +tf(x2) for all 0 < ¢ < 1. Note
however that the function f(x) = ||x||2 = xTx is strictly convex.
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A brief summary on convex optimization

Norm of a linear (or affine) form:

The norm of a linear (or affine) form is a convex function on R™.
Consider e.g., the function f(x) = ||[Ax — b|| where A is an m xn
matrix, x an n X 1 vector and b an m x 1 vector. The function
f(x) is convex since by the triangle inequality

F((1=t)x; +tx2) = ||A((1 — t)x1 + tx2) — b
|(1-t)(Ax1 —b)+t(Ax2—Db)|| < (1-1)[|Ax1—b||+t|Ax2—bl|
= (1 —1)f(x1) +tf(x2),

where 0 < t < 1.
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A brief summary on convex optimization

Norm of a linear (or affine) form:

Comments: Note that if the Euclidean norm || - ||2 is used, if

m > n and if the rank of the matrix A is rank{A} = n, then the
minimum of f (the least squares solution) is unique (even though
the function f is not strictly convex).

It is evident that the well-posedness of the minimization of

f(x) = ||Ax — b|| depends on the properties of the matrix (or
operator) A. If the matrix A is not full rank and has a non-trivial
null space, then the optimization problem can be regularized by
adding a strictly convex penalty term as e.g.,

f(x) = ||Ax — b||2 + a|x||3 where a > 0 (cf., Tikhonov
regularization). Now the new function f is strictly convex, and if «
is sufficiently small the optimal solution will coincide with the
pseudo-inverse.
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A brief summary on convex optimization

Disciplined convex programming in Matlab:

As an example, consider the following convex optimization problem
related to the normed error

minimize ||Ax — b||,
subject to Bx <c¢ (3)
Cx =d,

where the n x 1 vector x is the unknown optimization variable and
A, B and C are given matrices and b, ¢ and d are given vectors of
suitable dimensions. Here, || - ||, denotes that a p-norm is used
where p > 1. The max-norm is denoted || - ||oo-

Sven Nordebo, Department of Physics and Electrical Engineering, Linnzeus University, Sweden. 18(37)



A brief summary on convex optimization

Disciplined convex programming in Matlab:

Once formulated on a standard form the problem (3) can be solved
efficiently by using the CVX Matlab software for disciplined convex
programming which is available via the link http://cvxr.com/cvx/.
Here, the following lines in Matlab may be used
cvx begin
variable x(n)

minimize(norm(A *x x — b,p))

subject to
Bxx<=c
Cxx ==

cvx_end

where n, p (p > 1 or p = Inf), A, B, C, b, ¢ and d have been
defined in the preamble.
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Herglotz functions

Analytic functions with the property

Imh(w) >0 for weCi ={weCClIlmw >0}

Integral representation

h(w):b1w+a+/oo <§iw—1f§2)dﬁ(£)

Here, b1 > 0, a € R

dB(€) is a positive Borel measure with [, dB3(£)/(1 + &%) < oo

Notation: dB(&) = B/(€) dé = L Tm h(¢ +i0) d¢ < L Tm h(¢) d¢
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Symmetric Herglotz functions

Conjugate symmetry and symmetric measure

Imh(—¢) =Imh(€)

* * _f
h(w) = —h*(—w") Re h(—¢) = — Re h(€)

Integral representation for w € C.

h(w) = b + % /OO {Siwlmh(g) de

Distributional limit on the real line w € R

1 1
O — I N
Ry +imd0(§ —w) as Imw — 0+

Re h(w) = biw + 1][00 L mmne)de

T) & —w

where the integral is a Cauchy principal value integral
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Symmetric Herglotz functions and related sum rules

Suppose that the following asymptotic properties are valid

hw) { a_1w t+aiw+ ...+ aan,— 1w 4 o(wNo ) as w30
w) =

biw+b_jw by oy w! T Ne 4 o(wlT2Ve)  as w0

then the following integral identities (sum rules) hold

df = aop—1—ban_1

2 [ Imh(E) der .. . 2 [YTImh(E+iy)
R

forn=1— Ng,..., Ny
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A general approximation problem

minimize  [|h(£) — f(€)]|a

subject to  f(&) continuous on
h(§) = o h(& +10)3 continuous on 2

Approximation domain €2 is a closed and bounded subset of R

h(w) is a symmetric Herglotz function regular in a neighbourhood
of CtUQ

A non-trivial example

—f(§) can be continued to a Herglotz function hg(w) which is
analytic in a neighbourhood of C* U Q

Large argument asymptotics: ho(w) = b{w + o(w) as w00
Then supgcq [h(€) — f(£)] > 6759

[1] M. Gustafsson and D. Sjéberg. Sum rules and physical bounds on passive
metamaterials. New Journal of Physics, 12, 043046, 2010.
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Derivation of sum rule and non-trivial bound

Following [1] above, employ the auxiliary Herglotz function

A _
hA(z):l/ L geo 22

s

i+o(1) asz>0

=\ —2A
N T oz+A —— +o(z7") aszdoo
=

where Im ha(z) > 3 for [2| < A and Imz > 0

Composite Herglotz function h(w) = ha (h(w) + ho(w))
where h(w) + ho(w) = (b1 + b)w + o(w) as w300

o(w™) as w30

h(W) - —2A 1 —1 -~
mw + O(W ) as Ww—o0
Sum rule for n =0
2 [~ 2A
— Imh()déE=a_qy —b_1 = ———
7['/0 mA(§) ds = a- ! m(by +bY)
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Derivation of sum rule and non-trivial bound

Sum rule for n =0

2 /Ooo Imh($)dé =a_; —b_y

™

I
n 7T(b1 + b(l))

Let A = supgcq [h(§) + ho(€)], the following integral inequalities hold

1 2 ~ 2 [ ~ 2

—1Ql < — 1 < - 1 = ——""

s <2 [ miae< 2 [ mi a = 2 sup ) +ho(o)

£eq
>

Nl

or

sup () + ha(€)] = (b +B)510] where [9] = [ ¢
£eq Q

Permittivity functions: If h(w) = we(w) and hp(w) = —f(w) = —we
with €, < 0, then by = e, and b = —¢; and

(eoo—et)%B
sup |e(€) — &| > ———22—
supl(©) el 2 =2

where Q = wp[l — g, 1+ %] and where wy is the center frequency and
0 < B < 2, see also [1].
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Discretization

Discretization of positive measure on Q; = [wi,ws], Aw = %=

N-1
Im h(w Z Zn, [p(w — (n +n1)Aw) + p(w + (n +n1)Aw)], =, >0
n=0
Triangular basis functions
jwl
1-—— <A
p(w) = A =8
0 |w] > Aw

Hilbert transform on approximation domain Q = [ws, w3] C O
Reh(w) = bjw + Z plw — (n+n1)Aw) + plw + (n + n1) Aw)]

pe) = [ T e

T ) & —w
=Q2uwhn|w| — (w—Aw)In|w — Aw| — (w + Aw) In |w + Aw|) /(TAw)
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Convex optimization

Approximation problem

minimize  ||h(§) — f(§)]la

subject to  f(§) continuous on
)

h(¢ o h(& +10)3 continuous on

Disciplined convex programming in MATLAB [2]

A=H+1ixI

cvx_begin
variable x(N)
minimize(norm(A * x — f, Inf))
subject to
x>=0

cvx_end

[2] M. Grant and S. Boyd. CVX: A system for disciplined convex programming,
release 2.0, ©2012 CVX Research, Inc., Austin, TX.
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Approximation of tan(w)

S
def . . ™
h(€) = h(€ +10) = tan(&) +im Y 8(¢ — o +1m)
l=—00
a) Approximating measure Im h(w)

300 = T T T T T T T
200 - 1
100 |- 1

N R S

0 1 2 3 4 5 6 10
Frequency w (rad/s)
b) Approximation of Herglotz function tan(w)
10 T T T T T
! — tan(w)
51 1 -+- Reh(w) on
E ---Reh(w) on

0 | )
—5F
—10 | | | 1

0 1 2 3 4

5
Frequency w (rad/s)
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Approximation of tan(—1/w)

h(€) © R(E +10) = tan(—1/¢) +ir > ﬁé(g_l 1 |

jun T— I
l=—00 2

a) Approximating measure Im h(w)

10 T T T T
8 .
6 .
4 .
2 .
O 1 Il L Il L
0 0.2 0.4 0.6 0.8 1 1.2
Frequency w (rad/s)
b) Approximation of Herglotz function tan(—1/w)
10 7 T
| —tan(—1/w)
51 ‘r' -+~ Reh(w) on Q ||
Y --- Reh(w) on
0 - ]
-5 } i
_1 \‘ Il Il Il Il
UO 0.2 0.4 0.6 0.8 1 1.2

Frequency w (rad/s)'
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Approximation of metamaterial

Herglotz function h(w) = we(w) with €5, =1 (and €5 e €(0))
Metamaterial f(w) = we; for w € Q and where ¢, = —1

Convex optimization problem

minimize  sup ~|h(€) — £(€)|

ten §
2 [ Imh
subject to / m 2(6) d€ < '™ — e
7 Jo §
Discretization of sum rule
N-1

2 (™I 2 2

/ mf;(f) ¢ = Z 2, In (n+n1)

T Jo £ TAw (n+ny—1)(n+n;+1)

assuming that n; > 1 where w; = n1Aw (ImA(§) = 0(€))
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Approximation of metamaterial

Disciplined convex programming in MATLAB [2]

Omega; % Approximation domain

A=H+1i*T; % Representation of Herglotz function
B; % Representation of sum rule

b = epss — epsinf; % Static and optical responses

cvx begin
variable x(N)

minimize(norm((epsinf * Omega + A * x — f)./Omega, Inf))

subject to
x>=0
Bxx<=b

cvx_end

[2] M. Grant and S. Boyd. CVX: A system for disciplined convex programming,
release 2.0, (©2012 CVX Research, Inc., Austin, TX.
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Approximation of metamaterial

Herglotz function h(w) = we(w) with €5 =1

Metamaterial f(w) = we; for w € Q and where ¢, = —1
a) Approximating measure Im h(w)
0.4 i
0.2 i
U Il Il Il Il Il
0 0.5 1 1.5 2 2.5 3
Frequency w (rad/s)
b) Approximation of metamaterial
T T —
____J-* Reh(w) on Q
0 ; --- Reh(w) on Q [

710 Il Il Il Il Il
0 0.5 1 1.5 2 2.5 3
Frequency w (rad/s)
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Approximation of metamaterial (permittivity)

a) Permittivity function Im e(w)

T T T
0.4 |+ i
0.2F b
0 Il Il Il Il Il
0 0.5 1 1.5 2 2.5 3
Frequency w (rad/s)
b) Permittivity function Re e(w)
T T T
O -
-5+
710 Il Il Il Il Il
0 0.5 1 15 2 2.5 3

Frequency w (rad/s)

Note that we(w) = =11 +if(w) =w (-1 L —i0/(w))
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Convergence of approximation (metamaterial)

Approxlmatmn error

fOptlmlzatlon maxg \e(w) — €
--- Sum rule (eoo — €¢)(1/2)B/(1 + B/2)

0.8

0.2 4

Il Il Il Il Il Il
OO 100 200 300 400 500 600 700 800 900 1,000
Number of variables N

Here, the relative bandwidth is B = 0.4
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Approximation of metamaterial with static permittivity

Herglotz function h(w) = we(w) with €50 = 1 and € =5

Metamaterial f(w) = we; for w € Q and where ¢, = —1
a) Approximating measure Im h(w)
0.6 ‘ b
04 b
02 b
O() 015 i 115 é 2}5 3

Frequency w (rad/s)

b) Approximation of metamaterial
T T

T

; —weg 1

__-4-+- Reh(w) on

0p= ; s ---Reh(w) on Q [

/

.
'
—5F ) 4
I
I
'
I

710 Il : " Il Il Il Il
0 0.5 1 1.5 2 2.5 3
Frequency w (rad/s)
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Approximation of metamaterial (permittivity)

a) Permittivity function Im e(w)

0.6 - b
04+ b
0.2+ b
O Il Il Il Il Il
0 0.5 1 1.5 2 2.5 3
Frequency w (rad/s)
b) Permittivity function Re e(w)
10 T T T
—Ree(w)
= &
bl
0 -
—5F
— Il Il Il Il Il
100 0.5 1 1.5 2 2.5 3
Frequency w (rad/s)
= 21 4 i — _ i
Note that we(w) = w ( =) e i 20w —wo) — S-6(w + w0)>
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Summary and future work

» A general approximation problem has been formulated based
on the class of symmetric Herglotz functions.

» The approximation problem can be discretized and solved by
using a disciplined convex programming in MATLAB which
facilitates a straightforward addition of auxiliary convex
constraints.

» Future work aims at

o Rigorous mathematical formulation and proof of convergence

o Further applications of dispersion analysis and optimization of
passive materials and structures

< Optimization of matrix valued Herglotz functions for complex
materials
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