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Content:

Our lectures are divided into four sections:

1.

Review of complex analysis in one variable
and introduction to complex analysis in several variales.

. Introduction to the theory of measure and integration.

Lebesgue measure and integral on the real line.
Complex measures and the Riesz representation formula.
Weak convergence of measures.

Application of measure theory in complex analysis,
representation formulas and Herglotz functions.

A few concepts from distribution theory.



1. Review of complex analysis in one variable and
introduction to several variables

Contents:

1.1 Differentiable maps

1.2 Analytic (holomorphic) functions

1.3 The Cauchy formula

1.4 The Cauchy-formula in a polydisc

1.5 Domains of holomorphy

1.6 Integral representation formulas in several variables
1.7 Complex analysis and potential theory

1.8 Existence theory for the Cauchy Riemann system



1.1 Differentiable maps

Let X € RN be open, a€ X, and f : X — RM be a map.
Definition: The function f is said to be differentiable at a if there
exists a linear map L : RV — RM such that

[f(a+ V) —f(a) = LV

—0 vV — 0.
V]

The linear map L is unique. It is called the differential of f at a

and is denoted by
d.f or Df(a).



The differential

Denote the variables by s = (s1,...,sn), V = (V4,..., Vn) and
write f = (fi,..., fum).

The map f is differentiable if and only if each of the real valued
functions f; is differentiable.

Then all the partial derivatives 0k f;(a) exist and the differential
d.f;(V) acting on the vector V is given as

N
ifi(a) Z
k=1

Observe that the value of the differential d,f (V) of the map f is a
vector in RM. We can view it as a function of the point a and the
vector V. For fixed a it is linear in V.
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Differentials of the coordinate functions

The coordinate functions s — s, have the differential
dasi(V) = Vi at very point a in RV,
Since they are independent of a we denote them by dsy.

Hence the coordinates of the linear map d,f are

We write
dof = (dafa, ..., dafm).

Definition The map f is said to be continuously differentiable if it
is differentiable and the partial derivatives 0f;/Jsy are continuous
functions on X.

We let C1(X,RM) denote the set of all continuously differentiable
maps on X with values in RM,

We write C1(X) in the special case M = 2 and view the elements
as the complex valued functions.



Differentiable functions of two variables

Now we identify R? with the complex numbers C.

Let X C R? =C, a € X, denote the real coordinates by (x, y) and
introduce the complex coordinates z = x + iy, Z = x — iy.

We view a function f : X = Casamap f =u+iv: X — R2

d;f = dyu+ idyv

- (gy o+ 51(a )dy) " (g (s)a+ 5 )dy>

_ (g)‘:(a) + ,'g:(a)> dx + <g;(a) + ig‘;(a)) dy



We have dz = dx + idy, dz = dx — idy, which implies that
dx = 3(dz + dz) and  dy = 3 (dz — dz)

We continue our calculation

of of
daf aX( )d +@( )dy
of of 1
8x( a)= (dz+d )—i—af( )2—(dz—dz)
of 10f 1/0f 10f _
3 (5@ + 15 @) et 5 (G - Tga) ez



Wirtinger derivatives

The Wirtinger derivatives of the function f are defined as

of of (9f of 1/0of .Of

— — =i and —=—-—+4+i—|,

0z Ox 8y 0z 2\0x Oy
The Wirtinger operators are the corresponding partial differential
operators.

We conclude that

( )dx ay(a)dy = g(a)dz + E(a)d?.



Generalization to higher dimensions

Assume now that X is an open subset of C”. Every function of n
complex variables z = (z1, ..., z,), where z; = x; + iyj, can be
considered as a function of N = 2n variables

s = (x1,¥1,.-.,Xn, ¥n) and the differential is

L of
dof = Z axj yj(a)c/yj
" of of , | _
2 afzj(a)dzj' + afzj(a)dzj'
= 0,f + 0,f
- Of - N Of
0.f = Z 6—J(a)dzj- and 0.f = oz, (a)dz
J=1 Jj=1



1.2 Analytic (holomorphic) functions

C-differentiable functions:

Let X be a subset of C and f = u + iv be a function.
Definition: The function f is said to be C differentiable at the
point a € X if the limit

im f(a+ h)—f(a)
C>h—0 h

exists. The limit is denoted by f'(a) and is called the
C derivative of the function f at the point a.

Observe that

im f(a+ h)—f(a) —f'(a)h

C3h—0 h =0

This shows that if f is C differentiable at a then f is differentiable
and d,f(h) = f'(a)h.

Conversely, if f is differentiable at a and d,f(h) = Ah for some
complex number A, then f is C differentiable and f/(a) = A.



Cauchy-Riemann equation

If fis C differentiable at a, then

f(a+h)—f(a) Of

/ —
Fla) = lim h = x?
and fla+ih)— f(a) _ 10f
, o a+ih)—
fila) = Rgiﬂo ih i 8y(a)

Hence we conclude that f satisfies the Cauchy-Riemann equation

0 =3 (50 5@) o



f
Conversely, if f is differentiable at a and %(a) =0,
z
then for h€ C

of
Lf(h h,
dof (h) = 5~ (a)
which implies
f(a+h)—f~f(a) Of B f(a+ h) —f(a) — daf (h)
h ~ 0.9 = h -0
as h — 0 and we conclude that f is C differentiable at a with
of
f‘/
(a) = 5_(a)



Cauchy-Riemann equations

If we write f(z) = u(x,y) + iv(x,y), then

2@ =3 (5@ o)

3 (G5r@-5/@) + 5 (Go@+ 5@

Hence the Cauchy-Riemann equation is equivalent to the system of
equations

ou ov ou ov
IRORE ORI OB O]

They are called Cauchy-Riemann equations.



Analytic (holomorphic) functions

Let X be an open subset of C" (where of course C! = C).

Definition:
A function f € C(X) is said to be is analytic if the
Cauchy-Riemann-equations are satisfied:

of

— =0, j=1,...,n.
0z; J

The set of all analytic functions on X is denoted by O(X).



Hartogs theorem

It is actually possible to give a weaker definition:

Theorem (Hartogs 1906): Let X be an open subset of C"” and
f : X — C be a function, and assume that for every point a € X
and every j the function

C'—) f(al,...,aj,l,C,ajJrl,...,a,,)

is analytic in a neighbourhood of a;, then f € O(X)

Observe: There are no a priori regularity conditions on the function
f, like differentiability or continuity.



1.3 The Cauchy formula

Path integrals

Let X be a domain in C and f € C1(X) and v : [a, b] — X,
v(t) = a(t) + iS(t) be a piecewise smooth path in X.

We define four types of path integrals

/fdx:/b F(4(£))0(t) dt
/fdy / B'(t) dt,

 Ho () (1) :/fdx+l/ dy:[yf o + idy),

bf( t))y(t) d /fdx—//fdy /f dx — idy).

fdz

fd
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Boundary integrals

Let X be a domain in C and f,g € C}(X).

Let Q C X be a bounded domain with boundary 9Q C X which
can be parametrized by a number of simple piecewise smooth
curves v; = o + ifj : [aj, bj] = X, j=1,..., N with positive
orientation.

Then we define the boundary integral

N

/ fdx—l—gdy:Z/ fdx+gdy
o2

j=1""

We allow the functions to be complex valued, so in general the
values of the integrals are complex numbers.



The Green theorem

Theorem (Green):

/ fdx+gdy://(8xg—8yf)dxdy.
o0 Q

It is usually proved for real valued functions, but if we apply it for
real and imaginary parts separately, then we conclude that it even
holds for complex valued functions.



The Cauchy theorem follows from the Green theorem
The Green theorem gives

/fdz:/ f (dx + idy)
o o

:/ f dx + if dy
o0

— //Q (i0f — B, F) dxdy

= 1// (Oxf—i— iﬁyf) dxdy
Q

= 2i// Oz dxdy.
Q
Theorem (Cauchy):

For every f € O(X) we have

/ fdz=0.
o0



Theorem (Cauchy-Pompeiu formula):
For every f € C}(X) and every z € Q that

f(z):%ﬂ' aQC—Z //Q

where the complex variable in the second integral is { = & + in.

Theorem(Cauchy formula):
If f € O(X), then
oo L[

27Ti 8QC_Z

dc.



The Cauchy formula for derivatives

Assume now that OS2 is parametrized by the paths
vt laj, bjl = C, j=1,...,N. If we apply the Cauchy formula and
parametrize the integrals, we get

N b; )
f(x—l—iy):% / m%(t)dt f e O(X).

j=1"4

We may differentiate f by taking derivatives under the integral
sign,

F(z) = Oxf(2) zmz/ e f(jjx_ly)271'(t)dt.




We see that f’ is an analytic function in X and with the same
argument we may differentiate under the integral sign again and
get

N b; )
F'(z) = 02f(z) = % 3y / o (t';(jfff)_) A
j=1 aj J

Continuing in this way we see that f is infinitely differentiable and
each derivative is analytic.

By induction we define higher C derivatives f(") of f by
£(0) — f, F(n) — (f(”*l))'j n>1.

and arrive at:

Theorem (Cauchy formula for derivatives):

T 2mi

n! f



Power series expansions
Let f € O(X), r > 0 and assume that the closed disc D(a, r) C X.
Then the Cauchy formula gives

27 Jop(an ¢ — 2

dc¢, z € D(a,r).

Observe that
1 1 1 1

(—z ((-a)—(z—a) (—a 1—(z—a)/(C—a)
1 <>O(z—a)”_Oo (z—a)"
_c—az(c—a)"_Z(c—a)"+1

n=0 n=0

We put the series into the Cauchy formula and interchange the
order of the sum and the integral

v (L ERIONINA VNI o § A0(C P

n=0 n=0




1.4 The Cauchy-formula in a polydisc

Multi-index notation
Let N={0,1,2,...} be the set of natural numbers including 0.

A multi-index is an element
a=(aq,...,an) € N".
For each multi-index o we define the length of a by
ol =a1+ -+ ap,

the factorial of « by,

al =aq!l- - ap!,
for z = (z1,...,2,) € C" the monomial

a _ o a

zZ =z 02,0,

and the differential operator 9% by



Polydics

A set of the form
D = D(a,r) = D(a1,r) x -+ x D(an, rn)

where a = (a1,...,a,) €C"and r = (r,...,ry) € (R} )" is called
a polydisc with center a and multi-radius r.

The distinguished boundary of D is the product of the boundaries
of the discs

80D = BD(al, r1) X oo X 8D(a,,, r,,).



A Cauchy formula in a polydisc

Let f € O(X) be an analytic function on an open subset X of C”,
for n > 2, and assume that D C X. By the Cauchy formula in the
first variable gives

. 1 f(Cl,ZQ,...,Zn) .
"#) = (2ni /amal,n) G-m) o 2=loomleD

We iterate this formula and get the Cauchy formula

1 F(CL- s Cn)
&)= Gy /aoD G —2) (Co—zg) Ot W 2D



A Cauchy formula for partial derivatives in a polydisc

From the Cauchy formula we see that f is infinitely differentiable
each partial derivative is analytic, and by differentiating with
respect to the variables z; we get:

Theorem (Cauchy formula for partial derivatives):

o _ al f(Clw--an)
012 = iy /aoD (G =2yt (Gy — 2yt 91 dm



Power series expansion:

In the Cauchy formula each of the factors has a power series

expansion
1 (zj —aj)™

G
We can expand this in a power series

OéjEN

! _ v (z-ar
(G—2z1) - (Ch—2z0) Z (¢ — a)otT

a€eNn?
where a +1=(aq +1,...,a,+1).

In the same way as above we arrive at the power series expansion

f2) = 713, e seb.

|
aeN”? @




1.5 Domains of holomorphy

Holomorphic maps:
Let X be open in C". Amap F = (Fi,...,Fn): X — C™ is said
to be holomorphic if F; € O(X) for all ;.

If m= n and F is bijective onto its image Y = F(X), then we say
that F is biholomorphic.

We say that two domains X and Y are biholomorphically
equivalent if there exists a biholomorphic map on X with
Y = F(X).

The Riemann Mapping Theorem:

If X is a simply connected domain in C, @ # X and X # C, then
X is biholomorphically equivalent to D the unit disc in C.

This does not generalize to higher dimensions:

Theorem: If n > 1, then the unit ball
B,={zeC"; |21|2+-~+|z,,]"<1}

h N e nAr hibhAalamAarnhicallyy canitinalant +A A ~AalvA e~



Domains of holomorphy

With the aid of the Weierstrass product theorem it is possible to
show that for every open X in C there exits f € O(X), which can
not be extended to a holomorphic function in a neighbourhood of
a boundary point of X.

Theorem (Hartogs 1906): Let X be an open subset of C", n > 1,
K be a compact subset of X such that X \ K is connected. Then
every function f € O(X \ K) extends uniquely to a function

F € O(X).

We have a little bit technical definition:

Definition: An open set X is said to be a domain of holomorphy if
there do not exist non-empty open sets X; and X, with X; is
connected, Xo ¢ X, and X; C X N X3, such that for every

f € O(X) there exists F € O(Xz) such that f = F on X;.

There exist many equivalent characterizations of domains of

holomorphy: (Oka, Cartan, Bremermann, and Norguet,
c.a. 1937-1954).



1.6 Integral representation formulas in several variables

Cauchy-Fantappie-Leray formula

Let Q2 be a domain in X with smoooth boundary 0€2 in X and
assume that € is defined by the function g in the sense that

Q={zeX,; o(z) <0}
and the gradient
o = (00/0z,...,00/0z,)

is non-zero at every boundary point.
Then for every f € O(X) we have

1 f(¢) Do A (000)" 1
R R e

ze .




1.7 Complex analysis and potential theory

Let X be and open subset of R".

The Laplace operator:

0? 0?
2 _ P
Vi=A= ({“)x2 ot Ox3

Definition:
A function u: X — R is said to be harmonic if it is in C2(X) and
satisfies the Laplace equation,

Au=0.

We let H(X) denote the set of all harmonic funtions on X.



Properties of harmonic functions

(i) The set H(X) is a real vector space.
(ii) Every function u € H(X) satiesfies the mean value property,

1
@) = e [ 0 as)

where ¢, is the area of the unit sphere S"™1 in R".

(iii) In two variables the Laplace operator is

0?2 02 02

2 _ = — T
Vi=A=5et a2 " Yo

This implies that Ref, Imf € H(X) for every f € O(X).

Conversely, if X is simply connected then every u € H(X) is
of the form u = Ref for some f € O(X).



Subharmonic functions

Definition
A function u: X — R U {0}, where X is an open subset of R" is
said to be subharmonic if

(i) wu is upper-semicontinuous, which means that it can be written
as a limit of a decreasing sequence of continuous functions,
and

(ii) u satisfies the sub-mean value property, which means that for
every a € X such that B(a,r) C X we have

We denote the set of all subharmonic functions on X by SH(X).



Properties of subharmonic functions:

Elementary properties:

» Every convex function u: X — R is subharmonic.

» If ue SH(X) and ¢ : | — R is convex and increasing on an
interval | containing the image of u, then p o u € SH(X).

Theorem (The maximum principle)

An upper semi-continuous function v on X is subharmonic if and
only if it has the property:

For every compact K C X and h € C(K) N H(intK), with u < h
on OK it follows u < hon K.

Theorem
A function u € C2(X) is subharmonic if and only if

Au > 0.



Subharmonic functions in the plane

Assume now that X ¢ R? = C.

Examples:

» Convex functions on convex domains X.
» o =log|f|, f € O(X).
> o= log([lP + -+ [ful?™), £ € O(X), pj > 0.

The sub-mean value property:

1 27 .
u(a)gz/ u(a+ re'”) do, ae X,0<r<d(adX)
T Jo



Plurisubharmonic functions
Let X be an open subset of C".
Definition:
A function u: X — R U {—o00}, where X is said to be
plurisubharmonic if

(i) u is upper semicontinuous, and

(i) for every point a € X and every w € C" the function
Qw7 ula+Tw)
is subharmonic in the open subset
Qow={r€C;a+71we X}

We denote the set of all plurisubharmonic functions on X by
PSH(X).

Remark: On can say that an upper semicontinuous function is said
to plurisubharmonic if it is subharmonic along every complex line.

Theorem



1.8 Existence theory for the Cauchy Riemann system

The inhomogeneous Cauchy-Riemann equations

Assume that we have a function g € C*°(X) and that we want to
modify g, so that it becomes holomorphic, i.e., we want to find
u € C*°(X) such that

F=g—uecOX).

Then u has to satisfy the inhomogeneous Cauchy-Riemann

equations
ou . g
— =1 th f=—=>=
oz M U7 oz



Hormander's existence theorem
Let X be a domain of holomorphy, f; € C1(X) be functions on X
satisfying

of;  ofy

0z 0z
and let ¢ : X - RU{—o0} be a plurisubharmonic function. Then
there exists a function v on X satisfying the Cauchy-Riemann
equations

du
— =1
oz;
with the [%-estimate of u in terms of f = (f1,...,f,),

/|u|2(1+|z]2)_2e_“"d)\§/ [f|?e™% dA
X X
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2. Measure and integration

2.1 Sets, algebras and o-algebras

2.2 Measures

2.3 Measurable maps and measurable functions

2.4 Integrals

2.5 The Lebesgue measure and integral on the real line
2.6 Few concepts from functional analysis

2.7 Real and complex measures and duality



Summary:
We are going to give a meaning to expressions like

/fdu
X

which we read as the integral of the function f on the set X with
respect to the measure p.

The steps in this process are the following:
(i) On the set X we have a o-algebra X of subsets.
(i) We look at functions f : X — R such that for every a, b € R
{x e X; f(x) €la,b[} € X

and call them X’-measurable functions.
(iii) We look at characteristic functions x4 of subsets A of X,

(x) 1, x€A,
X) =
xa 0, xeX\A

and observe that they are measurable if and only if A € X.



(iv) On the o-algebra X’ we define the measure p.

(v) We define the integral of the X'-measurable functions in such

a way that
f»—>/ fdu
X

is a linear operation over R and

/ xadp = p(A).
X

(vi) We extend the integral to complex valued functions so that
the operation of integrating functions becomes C-linear.



Motivation for the integrals:

The Riemann integral is incomplete and too strict
It is hard to tell when we may shift the operations like:

> lim /bf( )dx:/b lim f,(x) dx.

n—oo a n—o0

5[ 3

. |.m/a f(x,t)dx_/a lim £(x, £) dx.

t—tp t—to

o [P b of
> 81’/3 f(x,t)dx—/a a(x,t)dx.

and this is even worse for intergrals over infinite intervals.

A larger class of integrable functions is needed and a more flexible
definition of integral!



Motivation for measures

» We need a uniform approach to deal with concepts like,
length, area, and volume and treat them as functions which
associate to sets A positive real value which interpreted as
length, area or volume.

» We need a uniform approach to the concept of probability.
The solution to the first problem is to introduce the Lebesgue
measure on R". (Lebesgue, 1904.)

The solution to the second problem is the introduction of a
probability space (2, F, P) where

» Qis a set and its elements ar called outcomes.

» F is a collection of subsets of Q and its elements are called
events.

» P is a function which associates to every event £ a number in
P(E) € [0, 1], the probability of the event E.

(Kolmogorov, 1932.)



2.1 Sets, algebras and o-algebras

Let X be any set and let P(X) be the power set of X consisting of
all subsets of X. For every A € P(X) we let A€ and X \ A denote
the complement of A which is defined as the set of all elements in
X that are not in A,

A ={xeX; x¢& A}
If A and B are subsets of X, then we define their union by
AUB={xeX;,xe€Aorxe B}
and their intersection by

ANB={xeX;xeAand x € B}.



. more generally

if I'is a set and A, € P(X) for all & € I, then we define the union
of (Aa)aes by

UAa:{XEX;xéAaforsomeozel}

a€el

and the intersection of (Ay)acs as

[Aa={x€X;x€A,forallacl}
acl
In particular, for | = @ we have

UAa:@ and ﬂAa:X.

acd acd



De Morgan's rules

for the complements of unions and intersections are
(UA) =NA, and  ([A) =JAS
ael ael ael ael

for any set /.



Algebras of sets

Definition: Let X be a set and let X C P(X) be a collection of
subsets of X. We say that X is an algebra of subsets of X if it
satisfies

(i) o e X.

(i) If A€ X, then A € X.
(iii) If A,B € X, then AUB € X.
An immediate consequence of (i) and (ii) is that X € X. From (iii)

it follows by induction that if Ay,..., A, € X then Uf:l AieX
and de Morgan's rules give that

A =(JA) e
j=1

J=1



o-algebras

Defintion Let X be a set and X C P(X) be a collection of subsets
of X. We say that X is a o-algebra on X if it is an algebra of
subsets of X and satisfies

(i) If Aje X, for j=1,2,3,..., then Uf.ilAj e X.

A pair (X, X') where X is a set and X is a o- algebra on X is
called a measurable space.

The sets in X are called measurable sets.

Observe: (iii)’ implies (iii), for if A, B € X and we set

A1 =A A =B, and A; = & for j > 3, then

AU B =JZ; Aj € X. We also have for every Aj € X',j=1,2,...

= UAC

38

.
Il
._.



Natural o-algebras

(i) On every set X we have the smallest o-algebra, {@, X}, and
the largest o- algebra, P(X).

(i) If {Xa}aer is a collection of o-algebras on X, then () ; X is
a o-algebra on X. A similar result holds for algebras of
subsets of X.

(iii) If A C P(X) is any collection of subsets of X, then the
intersection of all o-algebras containing A, is a o-algebra and
it is the smallest o-algebra containing A. We call it the
o-algebra generated by A and denote it by A°.

(iv) The Borel algebra on R" is the smallest o-algebra containing
all the open subsets.
We can write it as Brn = A%, where
A={B(a,r); a€R" r>0}.
The class A can be chosen in various other ways, for example
as the set of all closed n-rectangles.



2.2 Measures

A collection {An}aer of sets is said to be disjoint if Ay, NAg = &

for a # .
Definition Let X be a set and let X’ be an algebra of subsets of X.

A measure on X is a function u : X — [0, +00] = R, satisfying
(i) p(@)=0and
(ii) if (A7), is a disjoint collection in X' and [JZ; Aj € &, then

p(UJA) =D uA).
j=1 =1

If X is a o-algebra on X and p is a measure on &, then the triple
(X, X, p) is called a measure space.



The measure p is said to be finite if (X) < +oo and it is said to
be o-finite if there exist X; € X for j = 1,2,3,... such that

X =21 X and p(Xj) < +oo.

The measure  is called a probability measure if X is a o-algebra
and p(X) = 1.

A set E € X is called a null set or a pu-null set if u(E) = 0.

If X is a o-algebra then the measure space (X, X, i) is said to be
complete if every subset of a null set is measurable, i.e. if E € X,
u(E) =0, and F C E, then F € X.

Remarks: (i) If X' is a o-algebra, the condition [J;Z; Aj € X' is
superfluous.

(ii) If (Aj)]_; is a finite collection of sets in X" which are disjoint,
then we set A; = @ for j > n and get J7_; A; = J;2; Aj € X and

n(UA) =2 mA).

Jj=1



Examples of measures

Our main example will be the Lebesgue measure defined on the
Lebesgue algebra on the real line. It takes quite a lot of work until
we get there.

Examples: (i) The counting measure on a set X is

7x : P(X) = [0, +o0], 7x(A) = #A = number of elements in A,
(ii) The Dirac measure at the point a in a set X # @ is

1, aeA
0, adA,

(iii) Let X be any set, f : X — [0, +0o0] be function, and set
X = P(X). Then

p(A) = f(x) = sup {Z f(x); BC A B finite} . AEP(X),

X€EA x€EB

da: P(X) — [0, +0o0], 0a(A) = xa(a) = { A e P(X)

is a measure on X. Here the sum over the empty set has to be
taken as 0. If f is the constant function 1, then p is the counting
measure on X. If f = x,, i.e. f(x) =1 for x = a.and f(x) =0



Some properties of measures
Theorem:Let (X, X, i) be a measure space.
(i) If A,B € X and A C B, then u(A) < p(B) and if
wu(A) < +oo, then pu(B\ A) = u(B) — u(A).
(ii) If (A;)72 is an increasing sequence in X’ then

[e.o]

U = lim u(Aj).

J—00

(iii) If (Aj)22 is a decreasing sequence in X" and p(A;) < +oo,

then
ﬂA = lim pu(Aj).

j—oo

iv) If (A;)22, is a sequence in X, then
J/j=1

[_j Z u(A).



2.3 Measurable maps and measurable functions

Image and preimage
Let X and Y be sets and f : X — Y be a map. Then f generates
two maps, the image map

f:P(X)— P(Y), f(A)={yeY,; y=1f(x), xe A},
and the preimage map

FL:P(Y) = P(X), f1(B)={xeX;f(x)eB}
If A C P(X), then we define the image f(A) C P(Y) of A by

f(A)={f(A); Ac A}
and if B C P(Y), then we define the preimage f~*(B) C P(X) of
B by
“(B)={f"(B); Be B}.

If Ae P(Y), | 'is a set, and (An)acy is a collection in P(Y), then

FHA) =1 A FH(JA)=UJF!

acl acl

and  FYMA)=()FLA.).



Properties of the preimage map

Proposition Let X and Y be sets and f : X — Y be a map.
(i) If YV is a o-algebra on Y, then f~1())) is a o-algebra on X.
(i) If X is a o-algebra on X, then
Y={BecP(Y); f}(B)c X} isa o-algebraon Y.
(i) If A C P(Y), then f71(A)7 = F1(A°).



Measurable functions

Theorem and definition: Let (X, &) and (Y,)) be measurable
spaces and f : X — Y be a map. Then the following are
equivalent:

(i) F1)C .

(i) F71(A) C X for every A C P(Y) with A7 = .
(i) f71(A) C X for some A C P(Y) with A7 = ).
We say that f is measurable or more precisely (X, Y)-measurable if
these conditions hold. In particular, we say that a function

f : X — R is measurable or X-measurable if it is measurable with
Br in the role of ).



Descriptions of By

Proposition:
We have Br = A? if A is one of the classes

) A= {]a,+o0[; a € R}, v) A={]a,f[; ,BER,a <
(i) A=A{[a,+oo[; xR}, (vi) A={[a,8];a,B€eR,a<f
) A={]—-o0,a[; a e R}, (vi)) A={]a,f]; a0, R, a<f
(iv) A={]—00,0a]; a e R}, (viii)) A={[e,8]; o, ER,a<f

In all these cases we can replace R by Q.

A small part of the proof: Denote the sets in (i)-(viii) by
A1, Ao, ..., Ag. It is clear that AZ = Bg. Observe that

o0

Ag 3 [, B] = ﬂ]aj,ﬂj[e AZ,  where aj S a and SN\ B.

j=1
This implies Ag C AZ. We also have

As 3)a, fl= U[aj,ﬁj] € Ag, where oj \,and 3; 1.



Characteristic functions

Definition: For every A is a subset of we define the characteristic
function xa of A in X by

(x) 1, x €A,
X) =
XA 0, xeX\A

Proposition: Let (X, X’) be a measurable space and A C X. Then
the characteristic function x4 of A is measurable if and only if A is

measurable.
Proof: Let o € R. Then

g, a>1,
le(]a, +oo[) ={x € X; xa(x) >a} =< A, 0<a<l,
X, a<0.

The statement follows from Theorem and Proposition (i) above.



The extended real line

If we let +00 and —oo be two symbols which are not real numbers
and add them to the real line, then we get the extended real line

R =RU {—00, +0c0}.

We define a topology on R by saying that U C R is open if it is a
union of intervals of the type

[—O0,0&[, ]Byv[a ]5, +OO], CX,B,’}/,(S € R.

This topology generates the Borel algebra By on R.

Defintion: Let (X, X’) be a measurable space and f : X — R be a
function. We say that f is measurable or X -measurable if it is
(X, Bg)-measurable. We denote by Mr(X, X') the set of all
measurable functions f : X — R and by Mg (X, X) the set of all
measurable functions f : X — [0, +-o00].



Extension of the operations on R

a+ (+00) = +o0,
a+ (—o0) = —o0,
(+00) + (+00) = +o0
(—00) 4+ (—o0) = —o0
400
a-+oo=<0
a-(—o0) = {O
+oo
(—00)(400) = —0

aclR
aclR

a>0
a—
a<o
a>0
a—=

a<o



The Borel algebra By

We have a similar description for the Borel algebra B as for Bg.
Proposition We have Bz = A where A is one of the sets

(i) A={la,+oo]; aeR}, (v) A={[e,f]; a,f R a<f},
(i) A={[a,+o0]; aeR},  (vi) A={]a,f]; @, 8 € R a<p}
(iii)) A={[-o0,a[; a € R}, (vi)) A={[e,b]; a,f R, a<j},
(iv) A={[-00,a]; a € R}.

In all these cases R may be replaced by Q.



Comparison of functions with values in R and in R

Proposition: Let (X, X') be a measurable space and f : X — R be
a function. Then f is measurable if and only if the function
g : X — R defined by

) f(x), f(x)eR
g(X)_{o, F(x) € {—o00, +00}

is measurable and the sets f~({—o00}) and f~1({4+oc}) are
measurable.

Theorem: If (f,)nen is a sequence in Mg(X, X), then

inf f,, supf,, liminff, and Ilimsupf,
neN neN n—oo n—o00

are measurable. If f, is convergent at every point x € X, then

lim f, is measurable.
n—oo



Theorem: Let (X, X’) be a measurable space, Mg(X, X’) denote
the set of all measurable functions with values in R, and add the
values +00 and —oo according to the rule

(+00) + (—0) = (=) + (+o0) = 0.

(i) If f,g € Mr(X,X), then f + g, fg € Mr(X, X).

(ii) If ¢ :]a, B[— R is a continuous function which extends
continuously to a function [, 8] = R, f € Mg(X, X), and
f(X) C [a, f], then @ o f € Mg(X, X).

(iii) If f,g, h € Mgr(X, X) then the intermediate function
midfunction{f, g, h} is in Mg(X,X).

(iv) If f € Mr(X,X), then the functions fy, f_, |f|P for p € R,
and log|f| are in Mg(X, X’), where we take |0|P = 400 for
p <0, |+ o0 =+00, log0 = —o0 and log +00 = +o0.



Simple functions

Let X be a set and f : X — R be a function. We say that f is
simple if it only takes finitely many values. If we let a;,...,a, be
the different values of f and set E; = f~1({a;}), then the sets E;
are disjoint, their union is X, and

n
f= Z anEj'
Jj=1

This is called the standard representation of the simple function 7.

Theorem: Let (X, X) be a measurable space. Every measurable
function f : X — Ry = [0, +00] is the limit of an increasing
sequence of real valued simple measurable functions on X. If f is
bounded, then the convergence is uniform.



2.4 Integrals
Let (X, X, 1) be a measure space.

(i) For every E € X we define the integral of the characteristic
function x g of E with respect to the measure i by

/ xe dp = p(E).
X

(i) For every simple measurable function ¢ : X — R, with
standard representation

n
0 =D axe
j=1

we define the integral of ¢ with respect to the measure 11 by

| edn=>"auE).
X =



(i) For every measurable function f : X — R,
i.e. f € M{ (X, X), we define the integral of f with respect to
the measure . by

/ fdu:sup{/ odu; ¢ € Mg (X, X),p is simple,p < f}.
X X

We say that f is integrable with respect to p if fx fdu <400

(iv) If f: X — R is measurable, i.e. f € Mg(X,X), then we say
that f is integrable with respect to y if both f and f_ are
integrable and we define the integral of f with respect to u by

/fdu:/ﬂdu—/fdu.
X X X



(v)

We say that a measurable function f : X — C is integrable
with respect to y if both Ref and Imf are integrable with
respect to p and we define the integral of f with respect to p

by
/fdu:/Refd,u—i—i/lmfdu.
X X X

If E is a measurable set and f : X = Ror f: X — Cis a
measurable function, then we say that f is integrable on E
with respect to p if fxg is an integrable function and then we
define the integral of f on E by

/fdu:/fxgd,u.
E X



Null sets

Let (X, X, ) be a measure space.
Definition:

(i) A p-null set is a measurable set E such that u(E) = 0.

(i) We say that two functions f and g on X with values in R or
C are equal p-almost everywhere or almost everywhere with
respect to p, if {x € X; f(x) # g(x)} is contained in a p-null
set.

(iii) Let Q(x) be a statement depending on x € X. We say that
Q(x) holds -almost everywhere if {x € X; Q(x) is not true}
is contained in a p-null set.

We abbreviate the term p-almost everywhere as p-a.e.. When
there is no ambiguity about the measure we are referring to we
drop the prefix p-.



Monotone convergence and Fatou lemma

Monotone convergence theorem:
For every increasing sequence (f,) of functions in MH{(X, X) we

have

Corollary:
If () is a sequence in Mg (X, X), then

g/xfndu:/x<§:lfn>du.

The Fatou Lemma:
If (f,) is a sequence in Mg (X, X), then

/)(I%rllor;ffndu<llnn_1>|orlf/xfndu.



The Lebesgue dominated convergence theorem

Dominated convergence theorem:

Let (X, X, 1) be a measure space, (f,) be a sequence of integrable
functions, and f a measurable function such that f, — f a.e. and
let g be an integrable function such that |f,| < g a.e. for all n.
Then f is integrable and

|im/fnd :/fd.



Integrals depending continuously on a parameter

Theorem:
Let (X, X, 1) be a measure space, T C RY.
Iff: XxT—=Rorf:XxT— Cis a function such that

(i) for every t € T the function X 3 x — f(x, t) is integrable,

(i) there exists a neighbourhood V of ty and an integrable
function g : X — R such that |f(x, t)| < g(x) for all t € V
and almost all x € X (outside a null set N(t) which may
depend on t), and

(iii) toe T,and T >t f(x,t) is continuous at ty for almost all
x € X.

Then
lim /Xf(x,t)du(x):/xf(x, to) dp(x).

Tot—ty



Differentiation under the integral sign

Theorem:
Let (X, X, 1) be a measure space, T C R be an interval, tp € T,
and f: X x T —=>Rorf:XxT— C be a function such that

(i) for every t € T the function X > x — f(x, t) is integrable,

(ii) for almost all x € X the function T > t +— f(x,t) has a
continuous partial derivative 0f(x, t)/0t, and

(i) there exists a neighbourhood V of ty and an integrable
function g : X — R such that |9f(x, t)/0t| < g(x) for almost
all x e X (outside a null set N(t) which may depend on t).

Then the function F(t) = [, f(x,t)dpu(x) is differentiable at the

point ty and
of
Fln) = [ 5 0c ) du().
x Ot



Integrals depending analytically on a parameter

Theorem:
Let (X, X, ) be a measure space, T C C be an open set, and
f: X x T — C be a function such that

(i) for every z € T the function X 3 x — f(x, z) is integrable,

(i) for almost all x € X the function T 5 z — f(x, z) is analytic,
and

(iii) every point zy € T has a neighbourhood V and an integrable
function g : X — R such that |f(x, z)‘ < g(x) for almost all
x € X (outside a null set N(z) which may depend on z) and
all ze V.

Then the function F(z) = [, f(x,z) du(x) analytic in T and

F(a)= [ Gx2) du()



2.5 The Lebesgue measure and integral on the real line

How do we measure length of A C R?

It is clear at least if A is a finite interval, which can be open, half
open or closed,

la,b[, [a,b], ]a,b], or [a,b].
In all these cases we set
U(A)=b—a.
If Ais an infinite interval
[a, +o0[, ]a, +oo[, | — o0, b] or | — o0, b

we set



An algebra of intervals

Definition:
The set Ag of all finite unions of intervals of the form

la, b], Ja,+oc[, ]—o0,b], and ] — o0, +o0[=R
is called an interval algebra.

Extension of the length function ¢ to Agr
It is easy to see that every A € A can be written uniquely as a

union of finitely many disjoint intervals I1, ..., Iy in Agr. We define
N
oAy =)
j=1
Proposition:

The function ¢ is a measure on Apg.



Extension of measures on set algebras
Let A be a algebra of subsets of X and 1 a measure on A.

Definition:
The outer measure p* of u is a set function defined on P(X) by

=inf{ ) u(4); BC|JA; A € A}
j=1 Jj=1

Basic properties of the outer measure:

(i) w(2) =

(i) p*(B )>0for all B € P(X).
(i) If AC B the p*(A) < u*(B).
(iv) A€ A, then p*(A) = u(A).

(v) For every sequence (B;) in P(X), u* < U Bj> < ZM*(BJ-).



Definition:
A E € P(X) is said to be p*-measurable if

p(A)=p (ANE)+p"(A\E),  AeP(X).
The collection A* of all p*-measurable sets is denoted by A*.

Carathéodory extension theorem:

A* is a o-algebra containing A.
o

If (E;) is a disjoint sequence in A*, then p* ( U ) Zu
J:

Hahn extension theorem:
If uis o-finite, then u* is a unique extension of 1 to a measure on

A*.



Lebesgue measure and lebesgue integral

Definition:
» The o-algebra Ay, is called the Lebesgue algebra on the real
line and we denote it by M.

» The measure £* on M is called the Lebesgue measure on R
and we denote it by A

Theorem: (i) Ar € Br = A € M C P(R).
(ii) If f : [a, b] — C is Riemann integrable and if we continue f as
0 outside [a, b], then f is a Lebesgue intrgrable function and

/abf(x)dx_/Rfd)\.

(iii) The Lebesgue algebra is complete in the sense that every
subset of a null set is measurable and consequently a null set.



2.6 Few concepts from functional analysis

Vector spaces

Recall that a vector space V is a set with two operations, addition
and multiplicaton with scalars. We only look scalars is R or C.
The elemets in V are called vectors and one of them is the zero
vector denoted by 0.

The following properties are assumed to hold:

(i) x+y=y+x

—~
<.

a(bx) = (ab)x

)
)
)

(V) e(x+y)=cx+cy
)
) (a+ b)x = ax + bx
)1

X =X



Norm

Recall that a function x — ||x|| on a vector space V over R or C
taking values in the set of positive numbers R, = {x € R; x > 0}
is a norm if it satisfies

(i) ||x|| = 0 if and only if x = 0.

(it) llax|l = lalllx][-

(i) x4yl < fIxI + llyl

A vector space V with a norm || - || is called a normed space.
We often say that normed space is a pair (V, || - ||) where V is a
vector space and || - || is a norm on V.

A subspace W of a normed space V is automatically a normed
space with the norm that is given on V.



Examples of normed spaces — R” and C” with various
norms.

(i) The number fields R and C are normed spaces with the
absolute value norm, ||x|| = |x|.

(i) The spaces R" and C" are normed spaces with the usual
euclidean norm |[x|| = (|x|> + - + |X,,|2)%.

(iii) For 1 < p < 400 the spaces £5(R) and £5(C) are defined as
the vector spaces R"” and (C”l, respectively, with the p-norm
Ixllp = (Ixa[P + -+ + [xa[P) P

(iv) The spaces (5 (IR) and £3(C) are defined as the vectors spaces

R" and C", respectively, with the co-norm, which is also
called the supremum norm, |[x|[oc = max{|xl, ..., |Xn[}.



Examples of normed spaces — spaces of sequences.

(v) For 1 < p < +oo the spaces £,(R) and £,(C) are defined as
the vectors spaces of all sequences (x;) with x; € R and
xj € C, respectively, such that 32, [xj|P < 400, with the
1

P
p-norm [x]l, = (Zfil xr) |

(vi) The spaces {5 (R) and £ (C) are defined as the vectors
spaces of all sequences (x;) with x; € R and x; € C,
respectively, such that sup; [x;| < +oo, with the supremum
norm [1x]loe = sup; |-

(vii) We let ¢(R) and ¢(C) denote the subspaces of /o (R) and
¢p(C), respectively, consisting of all convergent sequences.

(viii) We let co(R) and co(C) denoting the supspaces of - (R) and
{5(C), respectively, consisting of all convergent sequences
tending to zero.



Examples of normed spaces — function spaces.

(ix) C([a, b]) consisting of all continuous complex valued on the
interval [a, b] with the maximum norm

[flloc = sup [f(x)].
x€|a,b]

(x) More generally, for every compact (closed and bounded)
subset K of we define C(K) as the space of all continuous
complex valued functions on K with maximum norm

[[flloc = sup [f(x)]-
xeK



Banach spaces

Definition Let (V]| - ||) be a normed vector space.

(i) A sequence (x,) in V is said to be convergent if there exists x
in V such that ||x, — x|| = 0 as n — co. The vector x is
unique and called the limit of the sequence (xp). This means
that for every ¢ > 0 there exists N such that ||x, — x|| < ¢ for
every n > N..

(i) A sequence (x,) in V is said to be a Cauchy sequence if for
every £ > 0 there exists N. such that ||x, — xm|| < & for every
n,m> N.

(iii) The normed space (V/, || - ||) is said to be complete if every
Cauchy sequence in V' is convergent.

(iv) A complete normed space (V/, || - ||) is called a Banach space.

All the normed spaces in the examples above are Banach spaces.



LP-spaces

Let (X, X, 1) be measure space and 1 < p < +o0.

We let LP(y) denote the set of all measurable functions f : X — C
such that

/ I71P dys < +oc.
X

and define || - ||, on LP(y) by

1
p
11l = ( / Ifl”du>
X



We observe that ||f||, = 0 if and only if f = 0 almost everywhere.
If there are null sets E # @, then ||f||, = 0 does not necessarily
imply that f = 0. Hence

We let LP(1) denote the set of all functions in f € LP(1) where we
identify two functions as equal if they are equal almost everywhere.
With this identification of functions every function which is 0
almost everywhere is considered as equal to the null element in
LP(p).

Theorem:

LP(u) is a Banach space for every measure p and every
1< p<4o0.



Inner product spaces
An inner product on real vector space is a function V x V — R,
(x,y) — (x,y) satisfying

) (ax + by, z) = a(x, z) + b(y, z)

i) (x,y) = (y,x).

) (x,x) >0

(iv) (x,x) =0 if and only if 0.

As a consequence of (i) and (ii) we get

(x,ay + bz) = a(x, y) + b(x, z).

An inner product on complex vector space is a function
V xV —=C, (x,y)— (x,y) satisfying the conditions above,
except that (ii) is replcaed by

(i) {x,y) = (. x).
As a consequence of (i) and (i)' we get
(x,ay + bz) = a(x,y) + b(x, z).

A vector space with an inner product is called an inner product
space



Hilbert spaces
Every inner product induces a norm by the formula

Xl = vix %), xeV.

and it is called a Hilbert space if it is a Banach space with the

induced norm.

Examples:

(i) The space R" with the usual inner product
(x,y) =3 k_1XkYk is a Hilbert space.

(ii) The space C"” with the usual complex inner product
(x,y) =3 k_1 XYk is a Hilbert space.

(iii) The space C(][a, b]) with

b
(Fe) = / F(x)g(x) dx

is an inner product space, but it is not a Hilbert space,
because it is easy to find a Cauchy sequence in this space,
which is convergent in the induced norm, but the limit is not
a continuous function.



The Hilbert space L?(u)

On L?(u) we have a natural form (f, g) — (f, g),

(*.g) Z/ngdu-

The Cauchy-Schwarz inequality implies that the right hand side is
a well defined complex numer for every f and g in [2(y).

The form satisfies (i) (af + bg, h) = a(f, h) + b{(g, h)

(i) (f,g) = (g, f), and

(iii) (f,f) >0,

In L2(p) we identify functions that are equal almost everywhere, so
we also have

(iv) (f,f)=0if and only if f = 0.

Theorem:
L?(y)) is a Hilbert space.



Bounded linear operators

Now we look at two normed spaces (V|| - ||v) and (W, | - |lw). A
map T : V — W is said to be linear if

T(C1V1 + C2V2) = T(Vl) + C T(Vg).

We let L(V, W) denote the set of all linear maps T : V — W.
The linear map T is said to be bounded if
sup || T(v)||lw < +oo.
[vilv=1
We let B(V, W) denote the set of all bounded T € L(V, W).

If W is a Banach space, then B(V, W) is a Banach space with the
norm

ITllvw = sup [IT(v)]w-

lIvilv=1

This norm is called the operator norm on B(X,Y).



Bounded linear functionals — Dual spaces.

If V is a vector space over R, then we set of V* = B(V,R) and if
V is a vector space over C then we set V* = B(V,C).

In both cases we call V* the dual space of V.

In functional analysis it is very important to give descriptions of
the the dual space V* of a given vector space.



Duality in Hilbert spaces

Theorem (Riesz-Fréchet, 1907) Let H be a Hilbert space. Then for
every y € H the function f, defined by

f(x)={xy), x€H,
is an element of H*. The operator
T:H— H*, y = £,

satisfies
(i) T is conjugate-linear, i.e., f,, = f, + f, and f;, = af,,

(i) T is bijective, i.e., for every f € H* there is a unique y € H
such that f = f,

(iii) T is an isometry, i.e., |||

He = |lylln-



Convergence issues — functions

Let X beanysetand f,: X - C, n=0,1,2,...,and f : X = C
be complex valued functions on X.

There are several convergence concepts for sequences of functions:
(i) Pointwise convergence: For every x € X, f,(x) — f(x).
(ii) Uniform convergence: sup,¢cx |fa(x) — f(x)] = 0



2.7 Real and complex measures and duality
Let (X, X') be a measureable space.

Real measures
A set function A\ : X — R is called a real measure (or a signed
measure or a charge) on X if it satisfies

(i) A(0) =0,

(ii) )\(jL:Jl Aj) = X521 MA)), if (A7), is disjoint in X, and

(iii) A assumes at most one of the values +00 and —oc.

A is said to be finite valued if it only takes finite values.

Examples:

If 1o is a measure on X, f € Mg(X, X) is a function such that one
of the functions f or f~ is integrable with respect to ju, then we
have a real measure ur

pf(A):/fdu:/f+du—/f_du, Aec X.
A A A



Decomposition of real measures

Definition:
Let A\ be a real measure on X'. A set E € X is said to be
(i) positive with respect to A if A\(A) >0 forall Ac X, ACE,
(i) negative with respect to A if A\(A) <0 forall Ac X, ACE,
and

(i) null set with respect to A or a A-null set if A\(AN P) =0 for
alAe X, ACE.

Hahn decomposition theorem:

Then there exists P € X such that P is positive with respect to A
and N = P€ is negative with respect to .



The positive, negative and total variations of A
With the aid of Hahn decomposition theorem we can associate to
each real measure, three positive measures, AT, \~, and (Al
Definition:
(i) positive variation: AT (A) = A(AN P).
(ii) negative variation: A~ (A) = A(AN N).
(iii) total variation: |A|(A) = AT(A) + A~ (A).

Observe that A = AT — \™.

For every real measure \ we have:

(i) [AE)] < |AI(E).

(i) If A= u — v where p and v are measures, then \™ < 1 and
A~ <.

(i) If Xis finite valued, then |)| is a finite measure.

(iv) If X and 7 are real measures and A\ + 7 is a well defined real
measure, then

A+ 7 <[A[+ 7]



The Banach space of finite real valued measures

Let Mp(X, X)) set of all finite valued real measures. It is a vector
space with the usual addition and multiplication by scalars

(A +2v)(A) = A(A) + v(A), (cA)(A) = cA(A).
The function || - || on Mg(X, X’) defined
A= IAI(X)

is a norm on Mp(X, X).

Theorem
(Mgr(X,X),]| - ||) is a Banach space.



A few more properties of real measures

For every real measure \ we have
(i) IME) < [AI(E).
(it) If A = pu — v where p and v are measures, then AT < 1 and
AT <.
(iii) If X'is a finite valued, then |A| is a finite measure.

(iv) If X and 7 are real measures and A + 7 is a well defined real
measure, then

A+ 7] <Al 7]



Integrals with respect to real measures

If f is integrable with respect to both A™ and A~, then we define
the integral of f with respect to A by

/fdAz/fdA*—/fd)\‘.
X X X
\/ fdA}g/ [f| d|Al.
X X

For a fixed A € Mg(X, X) we have a linear functional

We have

L) Nt A) > f b—>/ fd.
X
and for a fixed f € LY(AT) N LY(A\~) we have a linear functional

Mp(X,X) 3 A / fdA.
X



Bounded linear functionals on BCg(X)

Let X be an open subset of R” and let BCr(X) denote the set of
all bounded real valued continuous functions on X.

BCgr(X) is a Banach space over R with the || - ||oc-norm.

Every finite valued real measure A\ € Mg(X, Bx) defines a linear
functional

/\(f):/ fd\,  feBC(X),
X
and we have
IN(F)| < / £ dIA] < [1Flloe / dIN] = [ Fllsol Al
X X

which shows that A is a bounded linear functional on BCg(X).

Riesz representation theorem: Every bounded linear functional A
on BC(X) is of this form and we have ||A|| = ||A[|.



Complex measures

Definition:
A set function A : X — C is said to be a complex measure if it
satisfies

(i) M(@) =0,

(i) A(Uf'il Aj) = > 21 MA)) if (Aj)2, is disjoint sequence in X
and the series is absolutely convergent.

Every complex valued function har a real and imaginary part, so we

get two finite valueed real measures ReA and ImA.

The decompositon gives us a decompostion of A into four

(positive) measures

A= ((ReA)™ — (ReA)™) +i((ImA)" — (ImA) 7).

For every measurable f : X — C which is integrable with respect
to all the four measures we define

/deA:/de(ReA)ij/de(lmA)



Elementary properties

The complex measures form a vector space over the complex
numbers with the usual addition and multiplication

(k + A)(A) = 5(A) + A(A), (cA)(A) = cA(A), AcX.

We denote this space by M¢(X, X).

Total variation:
The set function

IA(A) = sup{z IA(Aj)]5 (Aj)j21 is a partition of A}.

is a finite measure on X.

Theorem M (X, C(X, Bx) with the norm X — |A|(X) is a Banach
space.



Riesz representation theorem

Every complex measure A € M¢(X, Bx) defines a linear functional
over C
A(F) :/ fd\,  feBC(X),
X

and we have
IN(F)| < /X F1dIA < Flloe /X dIA| = [F oAl

which shows that A is a bounded linear functional on BC(X).

Riesz representation theorem: Every bounded linear functional A
on BC(X) is of this form and we have ||A|| = ||A[|.
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3. Integral representations and Herglotz functions

3.1 Poisson integral formulas

3.2 Herglotz functions



Definiton of a Herglotz function

Definition: An analytic function h that maps the complex upper
half plane C* into the closed upper half plane C¥ is called a
Herglotz function (or a Nevanlinna function or Pick function or
R-function).

Examples:

h(z)=a+ bz, ac R, b>0.

h(z)=1i,zeC" .

h(z) = \/z, where z — \/z denotes the principal branch of the
square root function, \/z = ]zﬁeéArgz and Argz € [—m, 7|

h(z) = — m ,ac€R m>0.
Z—

h(z) =

logarithm.

log(1
_M, where log is the principal branch of the
z



Elementary properties of Herglotz functions

(i) If hy and hy are Herglotz functions, then hy + hy and hy o hy
are Herglotz functions.

(ii) If his a Herglotz function then (i) gives that z — —1/h(z),
z — h(y/z), and z — h(—1/z) are Herglotz functions.

(i) If (h,) is a sequence of Herglotz functions which converges
locally uniformly to h, then h is a Herglotz function.

(iv) If (hy) is a sequence of Herglotz functions which is bounded at
one point zg € C™, i.e., sup, |hn(z0)| < 400, then there exists
a subsequence (hy,), which converges locally uniformly in C*t.
(v) If his a Herglotz function and h(zp) = a € R for some
zp € C*, then h is the constant function h(z) = a for all z.
(This is a direct consequence of the maximum principle.)



Integral representation of Herglotz functions

Theorem: An analytic function h € O(C™") is a Herglotz function if
and only if it can be written in the form

h(z)_a+bz+/R<tiZ—1+tt2> du(t),

where a € R, b > 0, and p is a positive Borel measure such that

1
— du(t .
/Rl+t2 plt) < +oo

Remark: The term t
1+ t2

is needed to ensure the convergence of

the integral.



Back to the examples

h(z):a+bz+/R<tiz—1+tt2) du(t),

(i) For h(z) = a+ bz.

(i) For h(z) =i, we have a=0, b =0 and p = L\, where ) is
the Lebesgue measure.

(iii) For h(z) = \/z, we have du(t) = /—txr_(t) dt.

m
(iv) For h(z) = ————, u = md,, the point measure at the point
zZ—«
o with mass m.



Symmetry issues

Note that the integral representation

h(z):a+bz+/R(tiz—1+tt2> du(t),

defines h even for z € C~. Then we have the symmetry relation

h(z) = h(z), z<€C\R

i, ze€Ct,
—i, zeC™.

Example: h(z) = {



A possible analytic continuation of h might not coincide with the
symmetric continuation.

1
Example: The function h(z) = ———— has an analytic
Z+

continuation to a rational function given by the same formula on

C\{-i}.

The symmetric continuation to C \ R is given by

= 1 _
h(z) = h(z) = — -, ze C,

zZ— 1

and thus has a jump across the real line.



How to recover a, b and u?

h(z):a+bz+/R<tiz—1_:t2> du(t)

(i) a = Reh(i).
o h(iy)
(”) b= yﬂToo Iy -

(iii) The Stieltjes inversion formula is

1
1 1 0
o )+ 3alle) + 3 () = lim o | ) 02
where the integration is counter clockwise along the closed
rectangular path 7., with vertices o — ie, 8 — ie, § + ie, and
a+ie.



Remark: By using the symmetry we can write the integral in (iii) as

1 1 1 P .
o8 + dalla) + ul(8)) = fim o [ m G i) o

The behaviour of h close to the real line reflects properties of the
measure p. More prcisely, p is the weak limit as € \, 0 of the
family of measures

dpe(x) = Im h(x + i) dx

which means that

/Rwdu: |im/Rgo(x)Imh(X+,'5) dx.

e\0

for every continuous function ¢ on R with compact support.



More on the behaviour “at” the real line

h(z):a+bz+/R<tiz—l+tt2) du(t)

Then for N > 0 the following statements are equivalent
(i) Asymptotic expansion with real constants a;,

h(z) = E+30+~912+~ draoy_ 122N 022N Y as z50.
V4
(i) Moments of the measure pg = p — ({0}) dp are finite, i.e.,
1 dpo(t)
o 22N 1+ 12 < 400
In this case
_ 1 dpo(t )
=2 +/ t14t2
dpo(t)




Sum rules

1 1
lim lim / —Imh(x+iy)dx = a,_1 — b,_
ENOHYNO+ T Jeg|x|<1/e X b+ ) Pt

forp=2-2M,2—-2M,...,2N,

h(z) = . a0+ a1z + -+ apn_1 22Nt 4 o(22N7Y) as z50,
zZ

by b_m-1) 1 .
h(Z) = b]_Z + bO + ; +-e 22"/’_1 + O(Z2M_1) as z—00.




Nevanlinna-Pick interpolation problem

Classical problem:
For given z,...,zy € C* and wy,...,wy € CT find a (or all)
Herglotz functions h with h(z)) = w; for j =1,...,N.

Theorem:

This problem has a solution if and only if the matrix
P = (Pi)}—y with entries

wj — W

Pj = —
zj — 2

is non-negative (positive semi-definite).

Remark:
If there is a solution, then it is either unique or there exist infinitely
many.



Real interpolation points

Even real interpolation points can be included. For each such point
x;j a real number d; is given and the condition becomes
Imh(z)

m ——- < d.

h(XJ) =i zll%x Imz —
J

The corresponding elements of the Pick matrix become

Wi — Wi _
- — ZJ # Zk?
ij = Zj — Zk
d; zj=x; €R.
Observe: A
T mmz) . . . . .
The limit lim (2) is a kind of symmetric derivative.

z—x Imz
At points x of analyticity of h is equal to h'(x).

Example:
1 Imh
For h(z) = ———— we have lim mh(z) = +o0.
z41i z5x  Imz




Other representations

Theorem

A h:Ct — Ct is a Herglotz function if and only if there exists a
Hilbert space H, a self-adjoint operator A = A*, and an element
v € H such that with some zg € C™ it holds

h(z) = h(z0) +(z—20) ((I +(z—z0)(A—zl) v, v), ze C\R.

Hence there are many — unitarily equivalent — representations.
If Ais the multiplication operator in L?(p), then the integral
representation formula is recovered.



4. Elements of distribution theory

Content:

4.1
4.2



4.1 Motivation and basic definitions

Basic idea
Let X be an open subset of R". Every f € L
functional uf

1

Lo (X) defines a linear

G(X) 3 gor—>/ fo dx
X

The space Co(X) is the subspace of C(X) consisting of all
continuous functions on R" which vanish outside a compact subset
of X.

The idea of distribution theory is to view the functions f, or rather
the functionals uf, as elements of a larger space D’(X) of
continuous linear functionals on the space D(X) = C§°(X) of
infinitely differentiable functions in Cp(X), and to extend the
operations of analysis of functions to this larger space D'(X).



Defintion of a distribution

Definition: A distribution u on an open subset X of R" is a
functional operating on D(X) which is linear,

u(pt) = u(p)+u(y), ulep) =cu(p),  7,¢eDX), ceC,

and continuous in the sense that u(y;) — u(p) as j — oo if
pj — ¢ in D(X).
The set of all distributions on X is denoted by D’(X).

Convergence in D(X):

@j — ¢ in D(X) means that there exists a compact K C X such
that supp p; C K for all j, ¢; — ¢ and all partial derivatives
0%pj — 0%p unformly as j — oo.



Examples:

> uf, £ e LY(X).

> Every complex measure p defines a distribution

() = /deu, ¢ € D(X).
in particular a Dirac-measure of a point a € X,

da(p) =p(a), ¢ € D(X).

> Let (aj) be a sequence and assume that {a;; a;} is a discrete
subset of X. Take multi-indices a; and complex numbers c;.

Then
u(p) = co%p(a))
J

is a distribution on X.



The order of a distribution

Theorem: A linear functional u on D(X) is a distribution if and
only if for every compact subset K of X there exist constants
C > 0 and k € N, such that

u(p)l < C Y sup [9%(x)| ¢ € G(K).

o<k x€eR

Definition: If it is possible to choose the same number k for every
compact subset K of X, then we say that the distribution v is of
finite order and we define the order of u as the minimal such
number.

Examples: The distributions us defined by f € LL _(X) and by
complex measures are of order 0.



The principal value distribution

The function f(x) = 1/x is infinitely differentiable in R\ {0} but
not locally integrable near 0.

The function f extends to a distribution on R. The extension is
called the principal value of the function x — 1/x.

It is defined by the formula

PV (i)(gp) = Iim/ 20 g e CR(R),

This distribution is of order 1.



The vector space D'(X)

The set of all distributions D’(X) on X is a vector space with
addition of two distributions u and v defined by

(u+v) () = u(e) + v(p),

and the product of a € C and u is defined by

(au)(p) = au(y).



The support of a distribution

If f € C(X) then the support supp f of f is defined as the closure
of {x € X; f(x) # 0} in X.

The set Y = X \ supp f is open and
ur(¢) =0, ¢ € GO (Y).

We define the support of a distribution by describing its
complement.

Definition: The support supp u of u € D'(X) is defined as the
complement of the union of all open subsets U of X such that

u(p) =0, ¢ € G (V).

It is clear that supp us = supp f for all f € C(X).



Sequences of distributions

Let (uj) be a sequence in D'(X).
Definition: We say that (u;j) converges to u € D'(X) and denote it
by uj — v and limj_ o uj = u, if

im uj(p) = u(p), ¢ e G(X).

J—+00
If all the distributions u; are of the form uy, where f; are locally
integrable in X, then we say that (f;) converges to u, weakly or in

a weak sense or in the sense of distributions.
This means that

/X F()e(x) dx = u(p), @€ G(X).

We write f; — v and lim f; = u.
Jj—+oo



Two results on weak convergence

Theorem: Let X be an open subset of R" and let (u;) be a
sequence in D'(X). If the sequence (uj(¢)) of complex numbers is
convergent for every ¢ € C5°(X), then the sequence (u;) has a
limit u in D'(X).

Proposition: Assume that f € L}(R"), [g, f(x) dx =1, and define
£(x) = = "F((x — a)/2).

Then f. tends to J, in the sense of distributions as ¢ — 0.



Examples:

» The probability density function for the standard normal
distribution is

1 1,2
f(x) = ——=e 2%
()=
and the density function for the normal distribution with mean

 and variance o2 is

fua(x) = o ((x — u) /o).

By Proposition f,, ; — 6, as 0 — 0.
» Poisson kernel for the upper half plane is

Peixoy) = oarryay (oy) ERZ{(0,0)}

If we set f(x) = 1/m(x?+ 1), then f satisfies the conditions in
Proposition and f,(x) = Pc+(x,y). Hence

P((}(‘,y)—)(go, y—>0+.



Limits of analytic functions

Theorem:
Let / be an open interval, v > 0 and set

Z={ze€C;Rezel,0<Imz<~}.
If f € O(Z) and for some N € N and C > 0 we have
|f(2)] < Climz|™",

Then f(- + iy) has a limit fo € D'(/) of order < N+1asy — 0,
ie.,

lim / f(x + iy)e(x) dxfo(e), v € D(I).

y—0

A similar result holds in higher dimensions.



4.2 Multiplication of distributions by functions

Take f € LL (X), ¥ € C®(X), and ¢ € C§°(X).

Then ¢f € L} (X), vp € C§°(X), and we get

e () = / (G()F(x))p(x) dx = /X F)((x)p(x)) dx = ur(ibp).

Definition: For ¢p € C*°(X) and u € D(X) we define the product
of Yu of ¢ and u by

(Yu)(e) = u(dy).

If (pj)¢ in D(X) then the sequence (p;) — Y in D(X).
Hence vu is a distribution on X.



Examples:

()
In fact, for every ¢ € C°(R) we have
6PV ()0 =PV (5 )10
~ lim /ws xP0) gy — /R 1o(x) dx = 1 ().

e—0 X

» (x —a)d, =0.
In fact, for every ¢ € C§°(R) we have

((x = a)da) () = ((x — a))(a) = 0.



4.3 Differentiaton of distributions

Motivation:
Let f € C}(R). Then

“+oo

uam—/mﬂwmww—&uww[:—/ £ () (x) dx

—0o0 —00

+oo
—— [ e ) b= —urle),

—0o0

It is clear that ¢ — —ur(¢’) is a linear functional on C5°(R) and
that it defines a distribution. If £ € C*(R), then we get by
induction

o () = (—1) ur(p1). (1)

This formula is the basis for our definition of the derivative of a
distribution:



Differentiaton of distributions - definition

Definition: Let u € D'(X) be a distribution on X in R.
Then its derivative is defined as the distribution

u'(p) = —u(y'), e GX),

and for every natural number k > 0 we define the k-th derivative
u(k) of u as the distribution

uB(p) = (D) u(eV), v GX).

If u= ur, where f € LL _(X), then (ur)’ is called the weak
derivative of f or the derivative of f in the sense of distributions
and we then write f’ for (ur)’, when it is obvious that we are
referring to the weak derivative.
The weak k-th derivative of £ € CX(X) is simply the distribution
that £(K) defines, i.e.

(ur) ™) = ug.



Partial derivatives of distributions - motivation

Let X be an open subset of R” and f € C1(X). Then the
distribution ug s acting on o € Cg°(R") is calculated by
performing a partial integration with respect to the variable x;,

i) = [ 0 ()etx) ok = = [ F)0y0(x) ok = —ur(Oy).

It is clear that the linear functional ¢ — —ur(0;) is a distribution.
If f € CK(R"), then by induction on k we get

ugar(p) = (—1)*ur(9%9),



Partial derivatives of distributions - definition

Definition: Let u be a distribution on an open subset X of R".
Then the partial derivative 0;u is defined by

du(p) = —u(9p), ¢ € G (X),

and for every multi-index o we define the partial derivative 0“u of
u as the distribution

0“u(p) = (-1)*u(0%9), v e G(X).



The Leibniz rule

Proposition: If X is open in R", u € D'(X), and ¢ € C>®(X), then
we have Leibniz’ rule

8] (lbu) = (8Jw)u + waju



Examples:

» Let H = xr, denote the Heaviside-function,

“+oo
() () =~ [ HW () o

—00



» The natural logarithm f(x) = In |x| is is locally integrable on
R and infinitely differentiable on R\ {0} with derivative
f'(x) = 1/x. Its weak derivative is

((n 1)) = - /R In x| (x) dx

+oo
= lim —/ Inx('(x) + ¢'(—x)) dx

e—0

= lim, ( —Ine(p(e) — p(—¢)) + /XZE “’ix) dx>.

By Taylor's formula ¢(g) — ¢(—¢) = 2¢'(0)e + O(e?), so the
first term in the right hand side tends to 0 as ¢ — 0. Hence
we have

((In] - 1Y, ) = lim /|| 209 g — pv (1)(@

e—0 X X

which tells us that (In |x])’ = PV(1/x) in the sense of
distributions.



Partial differential equations

Linear partial differential operator:
with coefficients a, € C*°(X) is of the from

P()= Y 2.0

laj<m

Partial differential equations for distributions:
For a given finD(X) we look for distributions f € D(X) satisfying

P(O)u="f.

A distribution solution or a weak solution is a distribution v in
D'(X) satisfying the equation.

If all the coefficients are constant functions, then we say that the
operator P(0) has constant coefficients.



Fundamental solutions

Definition:
u € D'(R") is called a fundamental solution of P(J) if

P(0)u = do
Examples:
1 1 .
» The Cauchy kernel E(z) = = = ——— is a fundamental
m  w(x+iy)

solution of the Cauchy-Riemann operator

P(0x,d,) = 1(0x + id,)

) 1 ) )
» The function E(z) = 5 log |z| is a fundamental solution of
T
the Laplace operator

A =07+ 0) = 40,0;.



4.4 Convolution of distributions

Convolution of functions:

If f,¢ :R"” — C are two functions and y — f(x — y)¢(y) is an
integrable function for every x € R”, then the convolution f x ¢ is
well defined by

fxp(x) = /fx y)e(y)dy = /f o(x—y)dy, x € R".

If £ € L1 _(R") and ¢ € Cg°(R"),

Frp(x) =ur(p(x =),  xeR"
where ¢(x — -) denotes the function y — p(x — y).

Convolution of a distribution and a function:
For u € D'(R") and ¢ € Cg°(R") or u € &'(R") and p € C>(R"),

ux* @(x) = u(e(x —+)), x e R".



Theorem:
We have u* p € C*(R")

Oux @) = (0%) * p = ux*(0%).

Furthermore,
supp u * ¢ C supp u + supp @.

Convolution of two distributions:

Let v and v be two distributions and assume that one of them has
compact support. Then the convolution is defined in such a way
that ux v € D'(R"),

((uxv)xp)(x) = (ux (v ))(x), ¢ eDR).

One proves that there exists a unique such distribution.



Properties of convolutions

Let uy, up, uz € D'(R") and assume that two have compact
support.

(U1 % w) % uz = uy * (Up * u3)

uy x Up = Up * U1
We observe that § is a unity for convolution
dxu=uxd=u, u e D'(R").

0% (uy * up) = (0%u1) * up = ug * (0% w2).

For every partial differential operator P = Z|a‘<m 3, 0% with
constant coefficients we have

P(uy x up) = (Pup) * up = uy * (Puy).



The role of fundamental solutions

If P(D) is a partial differential operator and E € D'(R") is a
fundamental solution and f € £'(R"), then u = E x f satisfies

P(3)u = P(D)(E * f) = (P(B)E) x f) = (6 x f) = f.



4.4 Fourier transform

For f € L}(R") we define
o) = [ 90 ax
R

where (x,&) = x1&1 + - -+ + xn&n-

£ eR”,



Observation

We look for a possible formula for a Fourier-transform of a
distribution:

()= [ ety = [ ([ et ax) o) ay
= [ [ e ptrar)ax= [ a0 o
— ur(p).

Now the problem is that if ¢ is in D(R") = C3°(R") then @ is not
in D(R").



The Schwartz space S(R")

If ¢ € D(R"), then from the basic properties of the Fourier
transform wee get

F{xPovp}(g) = ilIHP197 (¢ Fip(€))

and
O F{}(&) = (=N)ITVIF{0f (x*p(x))}(€)-

Hence for Laplace operator A we get F{Ap}(&) = —|¢2PF{o}(€)
and consequently for every k € N

F{(1 = D) p}(&) = 1+ [€7) Fle}(9).



This formula gives us the estimate

11— A)eelly

36 < NG e

where || - || is the L}(R")-norm.

If we apply it with (—ix)%p(x) in the role of ¢, then we get

[€711(1 — A)(x*o(x))ll1
(1+1¢P)* '

£P083(8)] <



The Schwartz space of functions

Definition:
We let S(R") denote the space of all ¢ € C*°(R") such that for
every multi-indices « and 3 we have

sup [x?9%(x)| < +oc.
x€ER"

Definition
A sequence (¢;) in S(R") is said to converge to ¢ in S(R") if for
every multi-indices o and 3 we have

sEuan \Xﬁ(aacpj(x) — 0% (x))| — 0 j — oo.

We have C5°(R") C S(R") and the inclusion is continuous, i.e. if a
sequence (p;) converges to ¢ in C3°(R") then it converges to ¢ in
S(R"). The inclusion S(R") C C*°(R") is also continuous.



Theorem
The Fourier transformation F is a bijective continuous map on
S(R™) with continuous inverse

_ 1 1 i(x,
Fo0) = Gy Felx) = s [ €00€)de




The Schwartz space of distributions

Definition

A linear functional u : S(R") — C called a Schwartz distribution or
a temperate distribution if it is continuous in the sense that

u(pj) — u(yp) for every sequence @; — ¢ in S(R").

We let S’(R") denote the space of all Schwartz distributions. A
sequence (uj) of Schwartz distributions is said to converge to u in
S'(R™) if uj(p) — u(yp) for all ¢ € S(R).



Various spaces of distributions

We have
D(R") = GG°(R") € S(R") € E(R™) = C(R").

and that the inclusions are continuous.

This implies that every restriction of a distribution in §’'(R") to
D(R"™) is an element of D'(R") and every restriction of a
distribution in &'(R") to S(R") is an element of S'(R"), i.e.,

£'(R") ¢ S'(R") € D/(R").



Fourier transformation on S’'(R")
Definition:
We define the Fourier transformation F : S'(R") — S’(R") by
(Fu,) = (u, Fep), v € S(RM).

The distribution Fu is called the Fourier transform of u and is also
denoted U and F{u}.

The Fourier inversion formula gives that
FFo=(2m)"p, for all ¢ € S(R"), where ¢(x) = ¢(—x), x€R"
This implies that for every u € §’'(R") we have

(FFu,p) = (u, FFp) = (2m)"(u, §) = (2m)"(, ),

where U is the pull-back of u by the map 7: R” — R”, x — —x.



Fourier transforms of derivatives

From the rules F{9j¢}(§) = i§F{¢}(&) and
F{xjp}(&) = i0;F{¢}(&) which hold for all ¢ € S(R") we get

(FLOju}, ) = (u, =0;Fp) = (u, F{i&p(&)}) = (i§Fu,o(S)).
and
(F{xju}, o) = (u, i F{p}) = (u, F{=idjp}) = (i0;F u, )
These formulas are equivalent to

F{oju} = i§jFu and F{xju} = i0jFu



This generalizes by induction
F{0%u} = (i€)*Fu  and F{xPuy = (i0)’Fu,  ueS'R").

If P(9) = >_|0)<m 30 is a partial differential operator with
constant coefficients, then

F{P(0)u} = P(i§)Fu, ueS'(R"),

So the partial differential equation P(9)u = f with f € S'(R") is
transformed into the equation P(i¢)d = . If it is possible to
define the quotient ?/P(if) as a distribution in S’(R"), then the
solution u is its inverse Fourier transform.



Fourier transforms of convolutions

Theorem
If ¢p € C>°(R") satisfies a growth bound of the form

0°p(x)| < G+ XD, xeR”
and u € §’(R") then the product yu is in S’(R").

Theorem:
If uy € E'(R") and up € S'(R"), then uy * up € S'(R™) and

—_— A~ A~
uy * Up = uiup.



Fundamental solutions

Recall that a distribution E € D'(R") is said to be a fundamental
solution of the partial differential operator P(9) = 3_ < 30
with constant coefficients if

P()E = o.

The existence of a fundamental solution for every operator P(0)
was first proved independently by Ehrenpreis and Maglgrange
around 1954.

If E € S'(R") then we have seen that P(i¢)E =1, for 6 = 1.
Hence E is in some sense the inverse Fourier transform of

R" 35 & — 1/P(i§).

Lojasiewicz and Hormander proved independently around 1958

that every partial differential operator with constant coefficients
has a fundamental solution E € S'(R").



References

J. J. Duistermaat and J. A. C. Kolk,

Distributions. Theory and applications.

Translated from the Dutch by J. P. van Braam Houckgeest.
Cornerstones. Birkhauser Boston, Inc., Boston, MA, 2010.

Lars Hormander,

The Analysis of Linear Partial Differential Operators.
I Distribution Theory and Fourier Analysis,

Springer 2nd ed. 1990.

Laurent Schwartz,

Théorie des distributions.

Publications de I'Institut de Mathématique de |'Université de
Strasbourg, No. IX-X. Nouvelle édition, entiérement corrigée,

refondile et aticmentée Hermann Paric 1966 2 =

DA



