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Base station antenna (Ericsson)
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Massive MIMO
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ŷ

ŷ

` x ` y

ŷ
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ê

Performance of an antenna design in
relation to the optimal performance

I % from the optimal design

I a useful number to compare designs

I is it worth to improve a design?

I ...

I Physical bounds

I Current distributions

I Polarizability

ΩA

ΩG

I Optimal current distribution

I Physical bounds

I Convex optimization

I ...

l/¸¼0.11 l/¸¼0.18 l/¸¼0.24 l/¸¼0.27

Antenna design using genetic algorithms
(GA), particle swarm, ant colony, ...

Can we use optimal currents to
synthesize antennas?

Mats Gustafsson, Lund University, Sweden & IEEE AP-S Distinguished Lecturer Program, 12



Optimal
automated

antenna design

Current
optimi-
zation

lossy media

embedded
antennas

super
directivity

radiation
patterns

near fields

Global op-
timization

Antenna
synthesis

Appli-
cations

RFID and
Internet
of things

(IoT)

Mobile
phones

Wireless
power

transfer

(Pico) base
stations

Body area
networks

Figure
of merit

Under-
standing

V
V1

y

x

z

k

ê
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Stored electromagnetic energy

I How is the energy expressed?
I Fields
I Currents
I System/Circuit

I Stored according to what?
I From input impedance
I In material
I For scatterer

I Why are we interested?
I Physics, EM-theory
I Antenna bandwidth
I Physical bounds

Im

Re

f

Zin

There are several proposals for the stored energy. They agree for
many cases but differ for some. Differences often due to different
interpretations, assumptions, and applications.
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Stored energy expressed in fields, currents, and circuits

Im

Re

f

Zin
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Stored energy expressed in fields, currents, and circuits

Stored electric energy by Vandenbosch 2010 (Geyi 2003b, ka→ 0).

We =
η0

4ω

∫

Ω

∫

Ω
∇1 · J(r1)∇2 · J∗(r2)

cos(k|r1 − r2|)
4π|r1 − r2|

−k
2

(
k2J(r1)·J∗(r2)−∇1·J(r1)∇2·J∗(r2)

)sin(k|r1 − r2|)
4π

dV1 dV2

I Can be derived from the subtracted far-field
energy (Gustafsson and Jonsson 2015b).

I Negative values (Gustafsson, Cismasu, and
Jonsson 2012).

I Need only the current density.
I Can be used in convex optimization.
I Extensions to temporal dispersion.
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Physical bounds on antennas: methods

Physical bounds
on antennas

Circuit
models

arbitrary
shape

TE, TM,
TE+TM

Mode
expansions

Mode
expansions

Circuit
models

Q

D/Q

TE, TM,
TE + TM

J and M

Current
optimi-

zation J
and M

Convex op-
timization

G/Q

embedded
antennas

super
directivity

radiation
patterns

Pareto
fronts

Generalized
eigenvalues

Polarizabi-
lity dyadics
for ka → 0

Forward
scattering
sum rule

ε and µ

Polari-
zability
dyadics

multiple
resonances

Bandwidth
× gain BG

D/Q

Q for
ka → 0

Chu bound

General optimization formulation for
the stored energy at a fixed
frequency. Uses the stored energy
expressions by Vandenbosch (2010)
and optimization formulations, see
Gustafsson, Cismasu & Jonsson
(2012) and Gustafsson & Nordebo
(2013):
+arbitrary shape
+embedded structures
+current distributions
-single frequency

Based on mode expansions to
calculate the stored energy, see the
classical research by Chu (1948),
Collin & Rothschild (1964), and

many others ?? :
+simple
+closed form expressions
+well developed
-spheres
-single frequency

Q ≥ QChu =
1

(ka)3
+

1

ka
Chu (1948)

Q ≥ QTE+TM =
1

2(ka)3
+

1

ka
Chu, McLean (1994), ...

Q ≥ QThal =
1.5

(ka)3
, ka� 1 Thal (2006),...

Uses the forward scattering sum rule
to analyze receiving antennas, see
Gustafsson, Sohl & Kristensson

(2007,2009) ?? :
+arbitrary shape and size
+bandwidth
+closed form expressions
+based on an identity
-entire volumes
-absorption efficiencyForward scattering bound (2007)

D

Q
≤ ηk3

2π
ê · γe · ê

small electric dipoles (D = 1.5, η = 0.5)

Q ≥ 6π

k3ê · γe · ê
≥ QThal =

1.5

(ka)3

γe polarizability dyadic.

Dipole moment

Uses circuit models for the antennas.
Used originally by Wheeler (1947),
Chu (1948) and later Thal
(2006,2013)
+simple models
+physical intuition
± combined with mode expansions
+combined with matching
-approximate
-....

2007

1948

2013

Gustafsson etal, Physical Bounds of Antennas, in Handbook of Antenna Technologies, Springer, 2015
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≥ QThal =

1.5

(ka)3

γe polarizability dyadic.

Dipole moment

Uses circuit models for the antennas.
Used originally by Wheeler (1947),
Chu (1948) and later Thal
(2006,2013)
+simple models
+physical intuition
± combined with mode expansions
+combined with matching
-approximate
-....

2007

1948

2013

Gustafsson etal, Physical Bounds of Antennas, in Handbook of Antenna Technologies, Springer, 2015

Mats Gustafsson, Lund University, Sweden & IEEE AP-S Distinguished Lecturer Program, 21



Antenna and antenna current optimization

Device structure Ω with a
maximal size for the antenna
region ΩA.

I Antenna optimization:
determine the shape,
material, and feed properties
for optimal performance.

I Antenna current
optimization: synthesize an
optimal current distribution
in the available geometry.

Maximal size of the antenna

`y `x
Ω = ΩA

Antenna geometry with feed point

Current distribution on the antenna

Current distribution in the antenna antenna region
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Antenna and antenna current optimization

Device structure Ω with a
maximal size for the antenna
region ΩA.

I Antenna optimization:
determine the shape,
material, and feed properties
for optimal performance.

I Antenna current
optimization: synthesize an
optimal current distribution
in the available geometry.

ΩA

ΩG

ΩA

ΩG

Mats Gustafsson, Lund University, Sweden & IEEE AP-S Distinguished Lecturer Program, 22



Optimization of antenna currents: examples

Q-factor

minimize Stored energy

subject to Radiated power = Prad

Q for superdirectivity D ≥ D0.

minimize Stored energy

subject to Radiation intensity = D0Prad/(4π)

Radiated power ≤ Prad

Embedded structures

minimize Stored energy

subject to Radiated power = Prad

Correct induced currents

ΩA

ΩG

ΩA

ΩG

Need to:

1. Express the stored energy in the current density J .
2. Solve the optimization problems.
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Matrix expressions for the stored EM energies

Method of Moments approximation (expand J in basis functions)

We ≈
1

4ω
IHXeI stored E-energy, Xe electric reactance

Wm ≈
1

4ω
IHXmI stored M-energy, Xm magnetic reactance

Prad ≈
1

2
IHRI radiated power

giving Z = R + j(Xm −Xe). We also use

ê∗ · F ≈ FI far field

E ≈ NI near field

IG ≈ CIA induced current on a PEC

Pre-computed matrices used in the optimization.
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Optimization of the current distribution

Characteristic modes
Modes with small
Rayleigh quotients

IHXI

IHRI
=

IH(Xm −Xe)I

IHRI

Eigenvalue problem

(Xm −Xe)I = νRI

• Modes with low
reactive power.
• Resonances (ν = 0)
• Does not enforce
low stored energy.

Stored energy

Minimize the energy
Rayleigh quotient

IH(Xm + Xe)I

IHRI

Eigenvalue problem

(Xm + Xe)I = νRI

• Modes with low
stored energy.
• Does not enforce
resonance.

Q-factor

Minimize the Q-factor
quotient

2 max{IHXmI, IHXeI}
IHRI

• Currents with low
Q-factors.
• Resonance by
tuning.
• Need to solve these
optimization problems
⇒ convex
optimization and
eigenvalue problems.

Chen and Wang 2015; Garbacz and Turpin 1971; Harrington and Mautz 1971
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Convex optimization

minimize f0(x)

subject to fi(x) ≤ 0, i = 1, ..., N1

Ax = b

f(αx+ βy)

convex

f(x)
αf(x) + βf(y)

f(y)

g(αx+ βy)

not convex

g(x)
αg(x) + βg(y)

g(y)

where fi(x) are convex, i.e., fi(αx + βy) ≤ αfi(x) + βfi(y) for
α, β ∈ R, α+ β = 1, α, β ≥ 0.

Solved with efficient standard algorithms. No risk of getting trapped
in a local minimum. A problem is ’solved’ if formulated as a convex
optimization problem.

Antenna performance expressed in the current density J , e.g.,

I Radiated field F (k̂) = −k̂ × k̂ ×
∫
Ω J(r)ejkk̂·r dV is affine.

I Radiated power, stored electric and magnetic energies, and
Ohmic losses are positive semi-definite quadratic forms in J .
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Currents for maximal G/Q

Determine a current density J(r) in the volume Ω that maximizes the
partial-gain Q-factor quotient G(k̂, ê)/Q.

I Partial radiation intensity P (k̂, ê)

G(k̂, ê)

Q
=

2πP (k̂, ê)

c0kmax{We,Wm}
.

I Scale J and reformulate max.P as
max.Re{ê∗ · F }.

I Convex optimization problem.

maximize Re{FI}
subject to IHXeI ≤ 1

IHXmI ≤ 1

Maximal size of the antenna

`y `x
Ω = ΩA

Determines a current density J(r) in the region Ω with maximal partial
radiation intensity and unit stored EM energy.
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Maximum G(k̂, x̂)/Q for planar rectangles

0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

0.6

G(k,x)/(Qk a )^^ 33

` /¸x

` y

` x
J(r)

x

y z

^

^ ^

` =0.5` y x

` =0.2` y x

ỳ =0.1` x

` =0.01` y x

k=ŷ^

k=ẑ^

a

+j

Solution for current densities confined to planar rectangles with side
lengths `x and `y = {0.01, 0.1, 0.2, 0.5}`x.
Gustafsson and Nordebo 2013; Gustafsson et al. 2016
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G/Q bounds

Typical (but not optimal) MATLAB code using CVX

cvx begin
variable I(n) complex; % current density
maximize(real(F*I)) % far−field
subject to

quad form(I,Xe) <= 1; % stored E energy
quad form(I,Xm) <= 1; % stored M energy

cvx end

I Similar to the forward scattering bounds (2007) for TM.

I Can design ’optimal’ electric dipole mode (TM) antennas.

I TE modes and TE+TM are not well understood.

We can reformulate the complex optimization problem to analyze
superdirectivity, antennas with a prescribed radiation pattern,

losses, and antennas embedded in a PEC structure.

M. Gustafsson, etal, Antenna current optimization using MATLAB and CVX, FERMAT, 2016
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Superdirectivity

I A superdirective antenna has a
directivity that is much higher than for
a typical reference antenna.

I Often low efficiency (low gain) and
narrow bandwidth.

I There is an interest in small
superdirective antennas, e.g., Best
etal. 2008 and Arceo & Balanis 2011, Best, etal., An Impedance-Matched

2-Element Superdirective Array,
IEEE-TAP, 2008

Here, we add the constraint D ≥ D0 to the convex optimization
problem for G/Q to determine the minimum Q for superdirective
lossless antennas. We can also add constraints on the losses.
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Superdirectivity: min. Q s.t. D ≥ D0

Add the constraint
Prad ≤ 4πD−1

0 the get the
convex optimization problem

min. max{IHXeI, I
HXmI}

s.t. Re{FI} = 1

IHPI ≤ k3D−1
0

Example for current densities
confined to planar rectangles
with side lengths `x and
`y = 0.5`x.
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Q
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` x` /2x
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^^ ^
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e=ŷ^

0.1 0.2 0.3 0.4 0.5
1

10

100

103
Q

` x` /2x

J(r)

xy
z

^^ ^

` /¸x
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Currents for maximal G/Q for embedded antennas

Determine an optimal current density JA(r) in the region ΩA. Assume
that the ground plane ΩG = Ω \ΩA is PEC.

Can minimize the stored energy for
given radiated field

minimize max{IHXeI, I
HXmI}

subject to FI = 1

IG = CIA

or maximize the radiated field for
given stored energy

maximize Re{FI}
subject to IHXeI ≤ 1

IHXmI ≤ 1

IG = CIA

Can also eliminate IG.

ΩA

ΩG

`x

`y

antenna region
ground plane

ΩA

ΩG
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Finite ground plane with {6, 10, 25, 100}% antenna region

0.1 0.2 0.3 0.4 0.5
10−3

10−2

10−1

100

`/λ

G/Q

100%

25%

10%

6%

0.3 0.6 0.9 1.2 1.5
f/GHz, ` = 10 cm

`

`/2

ΩA

ΩG
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Finite ground plane with {6, 10, 25, 100}% antenna region
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Antennas above ground planes

I Common with antennas
above ground planes.

I Add mirror currents for the
stored energy and radiated
field.

I Results for rectangular
structures at height d above
the ground plane.

I Comparison with patch and
slot loaded patches.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.01

0.1

1

 

 D/Q

` /¸

d=0.05`x
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x̂
ŷ

d=1

x

0 0 5`x

` x ` y

x̂ ŷ
x̂

ŷ ŷ

x̂

x̂

x̂
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` /¸x
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x̂ ŷ x̂
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ŷ

ŷ

` x ` y

ŷ
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Tayli and Gustafsson 2016
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Maximum capacity for MIMO antennas

ΩT
JT

H

ΩR

JR

ΩTJT

H

ΩR

JR

Can solve cases of the type (Ehrenborg and Gustafsson 2017)

maximize log2 det(1 + γMPMH)

subject to Tr(XeP) ≤ Q
Tr(XmP) ≤ Q
Tr(RΩP) = 1− η
Tr(RP) = 1

P � 0

Total stored energy and total dissipated power. Note no simple
relation between bandwidth and Q-factors for multiport antennas.
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Maximum capacity for MIMO antennas
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Can solve cases of the type (Ehrenborg and Gustafsson 2017)

maximize log2 det(1 + γMPMH)

subject to Tr(XeP) ≤ Q
Tr(XmP) ≤ Q
Tr(RΩP) = 1− η
Tr(RP) = 1

P � 0

Total stored energy and total dissipated power. Note no simple
relation between bandwidth and Q-factors for multiport antennas.
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Maximum capacity for a planar rectangle

10 20 30 40 50 60 70 80 90 100

5
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20
γ = 110

γ = 80

γ = 50

Qlb = 12

`/2
`

Q

C [b/(sHz)]

Capacity in bits/s/Hz for fixed noise level (Ehrenborg and
Gustafsson 2017).
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Maximum capacity for a planar rectangle
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Capacity in bits/s/Hz for fixed noise level (Ehrenborg and
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Maximum capacity for a planar rectangle
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Gustafsson 2017).
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Simple optimization formulations

Superdirectivity:

minimize max{IHXeI, I
HXmI}

subject to FI = 1

IHRrI ≤ 4π/(η0D0)

Prescribed far field:

minimize max{IHXeI, I
HXmI}

subject to

∫

Ω
|F (k̂)− F 0(k̂)|2 dΩk̂ < δ

Embedded antennas:

minimize max{IHXeI, I
HXmI}

subject to FI = 1

IG = CIA
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k=ẑ^

k=x̂^

e=x̂^

e=x̂^

e=ŷ^
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Antenna current optimization

Can optimize the antenna current for many but not all antenna
problems

I Mainly single frequency cases. Multi-frequency and UWB
challenging.

I Well defined stored energy. Free space and sub-wavelength.
Some recent results for lossy and dispersive media.

Formulations for or combinations of

I min. Q, min. Q s.t. D ≥ D0, min. Q s.t. F ≈ F 0, ...

I max. G/Q,

I Efficiency

I Capacity

I ...

What is know about antenna performance?
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Outline

1 Acknowledgments & Lund University

2 Motivation

3 Stored EM energy
Antenna and/or current optimization

4 Antennas and convex optimization
Antenna and/or current optimization
Stored EM energy
Convex optimization
Maximal D/Q and G/Q
Superdirectivity
Antennas above ground planes
Why convex optimization

5 Optimal antenna designs

6 Beating the limit

7 Summary

Mats Gustafsson, Lund University, Sweden & IEEE AP-S Distinguished Lecturer Program, 39



Antennas with close to optimal performance

Spherical modes

I Best 2004, folded
spherical helix
I Stuart etal 2007,
2008, 2009
I Kim etal 2010,2012

Arbitrary shapes

I Best 2009, meander
lines, folded cylindrical
helix
I Cismasu and
Gustafsson 2014a GA
I Shahpari, Thiel, and
Lewis 2014 Ant colony

Complex

I Finite ground
planes Cismasu and
Gustafsson 2014a
I Patch antennas
Tayli and Gustafsson
2016
I , ...

Need more antennas to compare with.
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Antennas with close to optimal performance

Spherical modes

I Best 2004, folded
spherical helix
I Stuart etal 2007,
2008, 2009
I Kim etal 2010,2012

Best 2004

Best and Hanna 2010

Kim 2010

Stuart and Tran 2007
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Antennas with close to optimal performance

Best 2009

0.1 1 10
1

10

100
Qk a33

0

` /`21

physical bound
for k a¿10

Best 2015

Arbitrary shapes

I Best 2009, meander
lines, folded cylindrical
helix
I Cismasu and
Gustafsson 2014a GA
I Shahpari, Thiel, and
Lewis 2014 Ant colony

Gustafsson, Sohl,
and Kristensson 2009
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Meander line antennas in planar rectangles (`1 × `2)

0.1 1 10
1

10

100
Qk a33

0

` /`21

physical bound
for k a¿10

Best 2009; Best 2015 Note, here normalized with k3a3 and not
QChu.

Mats Gustafsson, Lund University, Sweden & IEEE AP-S Distinguished Lecturer Program, 41



Antennas with close to optimal performance

Best 2009
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Antennas with close to optimal performance
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1000 x̂ ŷ d = 0.05`x

1

1

1
1

1

`x/λ

Q

Tayli and Gustafsson
2016

Complex

I Finite ground
planes Cismasu and
Gustafsson 2014a
I Patch antennas
Tayli and Gustafsson
2016
I , ...
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Antennas with close to optimal performance

Spherical modes

I Best 2004, folded
spherical helix
I Stuart etal 2007,
2008, 2009
I Kim etal 2010,2012

Arbitrary shapes

I Best 2009, meander
lines, folded cylindrical
helix
I Cismasu and
Gustafsson 2014a GA
I Shahpari, Thiel, and
Lewis 2014 Ant colony

Complex

I Finite ground
planes Cismasu and
Gustafsson 2014a
I Patch antennas
Tayli and Gustafsson
2016
I , ...

Need more antennas to compare with.
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Automatic design

I Metaheuristic approaches such as GA has been shown to
produce antennas close to Qlb or similar bounds for many
geometries and TM radiation.

I Not much known for other cases.

I Machine learning
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What can be done to overcome the limits?

I Limits are always based on assumptions.

I Often linear time invariant passive materials.
I Break some of the assumptions to beat the limit.

I matching can increase the bandwidth. Bode-Fano limit
B ≤ 27/(Q|Γ0,dB|).

I non-Foster matching for further increase. Check SNR.
I non-linearity, time varying, switches
I ...

Ziolkowski, Tang, and Zhu 2013
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Summary

I Stored energy in the current density.
I State-space approach for temporal

dispersion.
I Convex optimization for bounds and optimal

currents: Q, G/Q, superdirective,
embedded, MIMO, losses, ...

I Physical bounds from spheres (Chu 1948)
and arbitrary shapes (Gustafsson etal 2007)
to embedded antennas...

I Non-Foster to overcome B ∼ 1/Q ...

M. Gustafsson etal, Antenna current optimization
using MATLAB and CVX, FERMAT, 2016.

Slides: http://www.eit.lth.se/staff/mats.gustafsson
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