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Absorption, scattering, and extinction

Absorption, scattering, and extinction can be €0

calculated (and measured). Depend on E;

> wavelength, A

> wavefront shape (often plane wave)
of the illuminating field, E;, and

> material (complex permittivity ¢)

> size

» shape
of the obstacle.
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Absorption, scattering, and extinction can be
calculated (and measured). Depend on
> wavelength, A
> wavefront shape (often plane wave)
of the illuminating field, E;, and
> material (complex permittivity )
> size
» shape
of the obstacle.

Material models from A. D. Rakic et al. " Optical properties of metallic films for
vertical-cavity opto-electronic devices’. Appl. Opt.22.37 (1998).
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Absorption, scattering, and extinction

Absorption, scattering, and extinction can be
calculated (and measured). Depend on
> wavelength, A
> wavefront shape (often plane wave)
of the illuminating field, E;, and
> material (complex permittivity ¢)
> size
» shape
of the obstacle.

What can be said about the maximum absorption,
scattering and extinction (here cross section o) of all

obstacles fitting inside a region {2 made of a material
¢ and fixed illumination?

Material models from A. D. Rakic et al. " Optical properties of metallic films for
vertical-cavity opto-electronic devices’. Appl. Opt.22.37 (1998).
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Absorption, scattering, and extinction

Absorption, scattering, and extinction can be
€0
calculated (and measured). Depend on B
1
> wavelength, A
> wavefront shape (often plane wave)
of the illuminating field, E;, and
> material (complex permittivity ¢)
> SiZe N ====solid sphere
> shape \ / D ----inverse design
of the obstacle.

5 —— o4,z (bound)
A\ A
100 Ao h >,

10!

What can be said about the maximum absorption,
scattering and extinction (here cross section o) of all

obstacles fitting inside a region {2 made of a material
¢ and fixed illumination?
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Material models from A. D. Rakic et al. " Optical properties of metallic films for

vertical-cavity opto-electronic devices’. Appl. Opt.22.37 (1998).
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Physical bounds and optimal inverse design

We commonly desire to design devices as
good as possible. What about designing the
best?

upper bound from limited information

upper bound from detailed information

» Need knowledge about optimality

> Physical bounds (limitations).
» Volume, shape, material, ...

T T T 11177
A

performance

- - mmmm =TT
Rl simple design

g

» Need methodologies to design optimal
structures

- .
’
- -
-
-

» Classical design approaches. inverse desien
> |nverse design (topological L L - L Ll L -]
optimization). design time
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Physical bounds on EM devices

Bounds have been determined for, e.g.,

> Antennas (bandwidth, efficiency, gain, directivity,
capacity, ...)

» Periodic structures (bandwidth for absorbers,
high-impedance surfaces, transmission, extinction, ...)

» Scattering, absorption, and extinction cross sections

» Composite materials, homogenization, temporal
dispersion

| 5=
15

Many of the bounds are derived using

» Holomorphic properties originating from causality and
passivity (e.g., sum rules for Herglotz-Nevanlinna
functions)

» Power/Energy relations and optimization techniques
over induced sources

Mats Gustafsson, Lund University, Sweden, 5



Passivity /Causality and Optimization (power) bounds

. . . 2 I
Passivity and Causality / %T(Lw) dw =aon_1 — ban_1
s w
» LTI system (Input and output signals) & _
» Analyticity from causality © Slmple.closed form
> Definite sign from passivity (HN) expressions
» Bounds from weighted integrals over © Based on an identity
all spectrum ® Not pointwise (moments)
® Hard to add (include)
information )
Optimization (power) bounds f(w) < fopt(w)
» Physical modelling (integral equations © Pointwise bounds
(MoM)) © Easy to add (include)
» Optimization problems over sources information

Mats Gustafsson, Lund University, Sweden, 6
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Relaxation of integral equation based models

Integral equations (MoM) to model €0

interaction between EM fields and an E;

obstacle -
Z1=V

with

» impedance matrix Z (Green's
function)

» (contrast) current I
(J =iw(eg — ¢)E)

> excitation V (illumination E;)
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Relaxation of integral equation based models

Integral equations (MoM) to model €0

interaction between EM fields and an E;

obstacle —
Z1=V

with

» impedance matrix Z (Green's
function)

» (contrast) current I
(J =iw(eg — ¢)E)
> excitation V (illumination E;)
Solution I = Z71V.
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Relaxation of integral equation based models

Integral equations (MoM) to model €0

interaction between EM fields and an E;

obstacle —
Z1=V

Solution I = Z7'V. To compute
bounds we need to solve it for all possible
obstacles in (2.

Mats Gustafsson, Lund University, Sweden, 8



Relaxation of integral equation based models

Integral equations (MoM) to model €0
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obstacle —
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Solution I = Z~'V. To compute
bounds we need to solve it for all possible
obstacles in {2.

Relax the equation to [Gus+20]
MzZI =1"V

and use as a constraint in optimization.
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bounds we need to solve it for all possible
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Relax the equation to [Gus+20]
Mz =1"v

and use as a constraint in optimization.

Real part is the optical theorem (conservation of power) and imaginary part reactive
power.
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Relaxation of integral equation based models

Integral equations (MoM) to model €0
interaction between EM fields and an E;
obstacle E—
ZI1=V
Solution I = Z~'V. To compute

bounds we need to solve it for all possible The impedance matrix can be divided as
obstacles in (2. Z =R, + Rg + iX with
Relax the equation to [Gus+20] > absorbed power LTHR,I

MzI = 1"V > radiated power %IHROI

and use as a constraint in optimization.

Real part is the optical theorem (conservation of power) and imaginary part reactive
power.
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Maximum absorption cross sections

Absorbed power is a quadratic form
Lo
Pa = 51 RpI

with current satisfying ZI = V.
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Maximum absorption cross sections

Absorbed power is a quadratic form
L on
P, = 51 R,I

with current satisfying ZI = V. Reformulate as an
optimization problem

maximize I"R,I
subject to Mzr =1"v

to determine the maximum absorption of any object
in the region {2
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Absorbed power is a quadratic form
L on
P, = 51 R,I

with current satisfying ZI = V. Reformulate as an
optimization problem

maximize I"R,I
subject to Mzr =1"v
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Maximum absorption cross sections

Absorbed power is a quadratic form
L on
P, = 51 R,I

with current satisfying ZI = V. Reformulate as an
optimization problem

maximize I"R,I

subject to Mzr =1"v

to determine the maximum absorption of any object
in the region {2 with permittivity

€  parts made of the material
g0 background material (J(r) = 0)

Similar for maximum scattering
and extinction with

1 1
P, = 5IHROI and P, = 5Re{IHV}

» Quadratically constrained
quadratic program (QCQP)
with two constraints (Re,Im)

» Dual problem for a bound

» Dual problem is convex (easy)

» No dual gap

v
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Maximum absorption cross sections

Absorbed power is a quadratic form
L on
P, = 51 R,I

with current satisfying ZI = V. Reformulate as an
optimization problem

maximize I"R,I

subject to Mzr =1"v

to determine the maximum absorption of any object
in the region {2 with permittivity

€  parts made of the material
g0 background material (J(r) = 0)

Similar for maximum scattering
and extinction with

1 1
P, = 5IHROI and P, = 5Re{IHV}

» Quadratically constrained
quadratic program (QCQP)
with two constraints (Re,Im)

» Dual problem for a bound

» Dual problem is convex (easy)

» No dual gap

Reduce to Re{I"ZI} = Re{I"V}
for simpler bound solely dependent

Mats Gustafsson, Lund University, Sweden, 9
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© Radiation modes and electrically small limit
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Maximum absorption, scattering and extinction cross sections

Electrically small objects with minimum losses p,: dipole fields

Absorption
_ bm 14 -
gommin Y e O e m <45
v>1 4 - I/—l +VQn k (1+Ql) Or <1_|_k2710V> ﬁ
6mpr
Scattering
. v 9 k2n2V2
N oV 2
U:minfz a*on %6_71 of zk_Q (pr> < ﬂfjpr
S v 4 ~ (V—]_)Q,n-l-]j k'2 (1+Q]_)2 6T <1+%27ﬂ>2 - 64751”
TPr w2
Extinction

- vV
Ut:z a;,0n %6_725 o i 14 <l
—~ont1l k1401 KV/(67)+ pe/m0 o

Mats Gustafsson, Lund University, Sweden, 11



Radiation modes

Radiation modes g, are defined by the eigenvalue problem

ROIn = QanIn

> Electrically small limit ka — 0 have three modes with

= S dV= —— =1,2,3
On 6T /Qpr 6ﬂpr n )<

» Homogeneous sphere (and similarly layered spheres)
k2npa’ 1 1 1,1
Ov = 2 <(R()) _Rgl)lel)Jrl—i_k. R()R()é

%Lﬁl@ (ka)2/(21) T =
(2 +1)m)2 e 1+ 1) =2

as ka — 0,

Mats Gustafsson, Lund University, Sweden, 12
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@ Numerical examples
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Extinction cross

section o for Au in spherical region

QCLP (QCQP for 7y, )

Re{I"V}
subject to I"ZI =1"V

maximize

Bounds based on
Red: o1,z shape, pr, and p;
Blue: o R shape and p;

Orange: oy, volume and p,
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Extinction cross section o for Au in spherical region

QCLP (QCQP for 7y, )

Re{I"V}
subject to I"ZI =1"V

maximize

Bounds based on
Red: o1,z shape, pr, and p;
Blue: o R shape and p;
Orange: oy, volume and p,
The bounds are compared with
Green: solid

Purple: optimized shell
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Extinction cross

section oy for Au in spherical region

QCLP (QCQP for 0y, 75)

Re{1"V}
"z1 =1"v

maximize

subject to

(22 = 20um]

102 |

/(za?)

Bounds based on
Red: oy 7z shape, p;, and p;
Blue: o¢Rr shape and p;
Orange: oy,p, volume and p;
The bounds are compared with
Green: solid

Purple: optimized shell
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Extinction cross section oy for dielectric in spherical regions

QCLP (QCQP for a4, 05)

maximize Re{I"'V} 10° — T T
subject to IHZI =T1"V i ]
Bounds based on 102 , 7
Red: oy z shape, p;, and p; —~ i 1

Blue: oy Rr shape and p; E

AT S E

i P et A |

100 H 7 s % E

0.1 0.2 05 1 2 510

A/ (2ra) = (ka)~!
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Extinction cross section oy for dielectric in spherical regions

QCLP (QCQP for a4, 05)
.. H
maximize Re{I V} 103 B T T 177 T T T
subject to IHZI =THV i ]
Bounds based on 102 | o |
Red: oy z shape, pr, and p; . . o :
[a]
3 o ©
Blue: oy Rr shape and p; £ %
e 101 ; E
: Ot,R Ot,Z € |
10 4103 2
100} —o—o— 10+i107° e
L i B A b} Ll iiid
0.1 0.2 0.5 1 2 5 10

A/ (2ra) = (ka)~!
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Extinction cross section oy for dielectric in spherical regions

QCLP (QCQP for a4, 05)

maximize Re{I"'V} 103 — T

subject to I"ZI =17V

Bounds based on 102}
Red: o 7 shape, py, and p; _ .
[a]
3
Blue: oy Rr shape and p; £
© 10l f
F| our Otz €y
10 +i10~®
o —o— 10+il07°
20 +i107* 2,
100 | ———— 20 +i10~° E
t e \ | Lot

0.1 0.2 0.5 1 2 5 10
A/ (2ra) = (ka)~!
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Extinction cross section oy for dielectric in spherical regions

QCLP (QCQP for a4, 05)

maximize Re{I"'V}

subject to I"ZI =17V

Bounds based on
Red: oy 7z shape, p;, and p;
Blue: oy Rr shape and p;
» Small difference for

ka > 1 but large
difference for ka < 1

> Reactance constraint can
be neglected for ka > 1
which simplifies solution.

Mats Gustafsson, Lund University, Sweden, 15




Comparison: Gold (Au), Silver (Ag), and dielectric (Si)

20 10 ov.z/(na?)

(a) A/pm (b) A/pm (c) A/ pm

» Normalized extinction cross section o /(na®) for spherical regions.
> Similar results for absorption, scattering, and near-field illumination.
> Is the extinction dominated by scattering or absorption?

Mats Gustafsson, Lund University, Sweden, 16
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© Trade-offs between absorption and scattering
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Trade-off between scattering and absorption

» How is scattering and absorption N oyt oy = o o
related for an obstacle? L N ‘
infeasible R : i
» Use Pareto optimization to determine L e oS Ta
the trade-off between absorption and .
. maximize P,
scattering

Oa

maximize P
maximize P,

> Feasible region in the {og, 0, }-plane
minimize Py

maximize IM (waR, + wsRop)I

subject to Mzr =1"v

feasible

minimize P,
minimize P maximize P
M@ = @y =0) minimize P,

with weights w,, ws. See [Sch+20] for - o
details and alternative formulations.

Mats Gustafsson, Lund University, Sweden, 18




Feasible region and realized cross-sections in a sphere with &, = 10 +i1073

3.1075 \ 1.10-2
ka =0.2
max oy
8-1073| inverse design -
2-107° .
& & 6-1073 e
S
£ & 23
~ ~
< B
) o 4.1073 | .
1-107° |
[ Feasible objectives 9.10-3| N
—— Spherical shells
—— Solid spheres ka=1
0 ‘ ‘ 0 \ !
0 1-1073 2.1073 3-1073 0 5 10 15
os/(ma®) os/(ma?)
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Feasible region for Au obstacles fitting within a @ = 30 nm sphere

3 T 10 T T
A = 500 nm - A =650 nm
°l | ) Q llo\\‘ |
— 2 B e A~
(o]
S s 6 1
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= 151 . =
2 s 4f s
SEEEEE 1 ®° @
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Conclusions

» General method to compute bounds on systems of
the form ZI = V by relaxation to I"ZI = 1HV

» QCQP with computationally efficient solution of
the dual

» Here, scattering, absorption, and extinction

» Directional scattering, Purcell factor,
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