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Project info
9. The project report should be sent in .pdf format to Fredrik before Wednesday 9 December,
17.00
Feedback on the reports will be provided via zoom.
. Oral presentations in the week starting with Monday December 14
Each group should have relevant comments and questions on the project report and on the

oral presentation of another group. NOTE! The project presentation should be clear and aimed

to the other students in this course! After the oral presentation the project report and the

presentation will be discussed (5 min).

Final report should be sent to Fredrik at latest January 11, 2021.
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Power efficiency

We know from before (e.g., union bound) that P, < cQ (
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Power efficiency

We know from before (e.g., union bound) that P, < cQ (

To meet a specific error probability target, this implies £y > A

No_d2
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We also know that the transmit power satisfies P = E,R,

T, 2= 5 g Ry < 2 i
us, Ny RbNO_grgn';equwaen Y, b_FOT

Definition

2
Now, divide both sides with the bandwidth W p < SNR, dn)‘;n




Lecture 4: Capacity

Power efficiency

"BW efficiency” = "Signal-to-noise-power-ratio” x “Power efficiency”




Lecture 4: Capacity

Shannon Capacity

Before going on, we go through what the term capacity means

Given a scalar channel of form ¢ — VvV Az + n, n ~ CN(0, Ny)

We know that the capacity is

But what does this mean?
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Build a codebook of all information
sequences possible to send of length K

000000 ... 00
000000 ..... 01
000000 ..... 10 Sending K bits of information means:
pick one of the rows, and tell the receiver
which row it is
1111111 ... 10
‘ 1111111 ... 11 ’
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Build a codebook of codewords to send
for each information word, length N

Information book
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000000 .. 10 21A22A23A24 ..... 2(N-1)A2N
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Information book Codebook
000000 ..... 00 X11X12X13X14 ..... X1(N-DXIN
T X21X22X23X24 ..... X2(N-1)X2N
If this is my data I send this one
1111111 ... 10
. 1111111 ... 11 | XK1 X Ko X K3 XKy ..... X2KN-D)XEN

B | J
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Shannon Capacity

As x over this channel used N times

Information book Codebook
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Clearly, bit rate is K/N bits/channel use

Information book Codebook
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‘ 1111111 ... 11 XKIXKoXK3X K4 ..o XHKN-DXEN

B | J
K N




Lecture 4: Capacity

Receiver observes Y=V Ax +n, n~ CN(O, No)
Y1Y2Y3Y4 - YIN-DYN
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Receiver observes Y=V Ax +n, n~ CN(O, No)
Y1Y2Y3Y4 - YIN-DYN

Compare with this one

N
dl — Z |yn - x1n|2
n=1
Information book Codebook
888888 ..... 8? X11X12X13X14 ..... X1(N-DXIN
000000 10 X21X22X23X24 ..... X2(N-1)X2N
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‘ 1111111 ... 11 ’ XKIXKoXK3X K4 ..o XHKN-DXEN
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Receiver observes Y=V Ax +n, n~ CN(O, No)
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Receiver observes This is ML decoding and is optimal
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Receiver observes This is ML decoding and is optimal
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Receiver observes This is ML decoding and is optimal
Y1Y2Y3Y4 - YIN-DYN Capacity means the following
Take smallest 1. If K/N < C, and K->0 then
N Prob(Correct detection)=1
dy = Z Y — 2o |? 2. If K/N > C, then
— Prob(Incorrect detection)=1
Information book
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Receiver observes To reach C, code-symbols must be
Random complex Gaussian variables

Y1Y2Y3Y4 - YIN-DYN That is, generate codebook randomly

Take smallest If it is generated with, say, 16QAM
N C cannot be reached
d2 — Z |yn - 332n|2
n=1
Information book
000000 ..... 00 X11X12X13X14 ..... X1(N-DXIN
T X21X22X23X24 ..... X2(N-1)X2N

So data is this one

1111111 ... 10
‘ 1111111 ... 11 ’ XKIXKoXK3X K4 ..o XHKN-DXEN

B | J
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System model:
Noise N(t), Ny
Channel
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Noise N(t), Ny
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If K/T is too high, then many errors
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(1), N,
_ Channel
Transmitter l/ Receiver

i r(t
Bits 00101.. P W] s(1) (1) "

Interpretation of capacity:
Given a transmission of length T (seconds)

And a number of bits K
Bits 0010111010110100...010011
The bitrate is: K/T [bit/sec] \ Y

K
If K/T is too high, then many errors
Shannon proved: Possible to have NO ERRORS if, . K
) T o0 2) Jim ?:C’:Wlog2 (1—|—

T— o0

W)
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
_ Channel
Transmitter ‘l' Receiver

Bits 00101.. t r(t)
1O ey 1 e JALN BV

=Wl 14+ ——
C Wog2<—|—NOW

P ) Facts:

1. Cis not power-, nor bandwidth efficiency
(C is not dimensionless)

2. Not easy to reach C
(i.e., to find a set of s(t) signals)

3. There is no parameter called di;,
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
_ Channel
Transmitter ‘l' Receiver

Bits 00101.. t r(t)
100 ) pwy 0 O m

1 -
- NoW

P ) Facts:

1. Cis not power-, nor bandwidth efficiency
(C is not dimensionless)

2. Not easy to reach C
(i.e., to find a set of s(t) signals) )

3. There is no parameter called d;,;,

4. When W grows: C grows




Lecture 4: Capacity

Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
_ Channel
Transmitter ‘l' Receiver

Bits 00101.. t r(t)
100 ) pwy 0 O m

S | But it grows to
) a limit

P
=Wl 1
C Wog2< +N0W

{
\‘\
C 1 ‘\
_ v
0.6
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
_ Channel
Transmitter ‘l' Receiver

Bits 00101.. t r(t)
100 ) pwy 0 O m

C = Wlog, (1—|—

P ) What is the limit?
NoW

Standard limit

A
lim z1n (1—{— —) =4
T—00 T
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
_ Channel
Transmitter ‘l' Receiver

- t
Bits 00101.. P W] s(1) . @ r(t) "

c @10g2 (1 N FZ(D@) What is the limit?

Standard limit Identify x with W

lim n(l —{—é) = A
z—
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
Channel

Transmitter ‘l' Receiver

Bits 00101.. t r(t)
100 ) pwy 0 O m

w f

O = Wlog, (1 . ) What is the limit?

Standard limit Identify x with W
Identify A with P/N,

lim z1ln (1 —{—@> = A
T—00 T
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
_ Channel
Transmitter ‘l' Receiver

Bits 00101.. t r(t)
100 ) pwy 0 O m

NoW

%%
C = In(2) In (1—|—

P ) What is the limit?

Standard limit Identify x with W
Identify A with P/N, Express log,(x) as In(x)/In(2)

A
lim z1n (1—{— —> =4
T—00 T
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
_ Channel
Transmitter ‘l' Receiver

Bits 00101.. s(t r(t)
! —— 5| P[W] A —> —>s| ML

%%
C = In(2) In (1—|—

P ) What is the limit?
NoW

Standard limit

Carry out limit

, A w P P
lim x1n 1+—>=A = i In {1 -
T—00 ( x Cmax Wgnoo 111(2) " ( T NOW NO 1I1(2)
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Extension to continuous channel (Shannon ‘48)

System model:

Transmitter

Bits 00101..

—>

P[W]

Noise N(t), N
Channel oise N(t). No

s(t)

—

%%
C = In(2) In (1—|—

Standard limit

) A
im zln (1 + —> =
T—00 T

P
NoW

A

)

‘l' Receiver

r(t)

—> —_—> ML

0.4

But it grows to

a limit

Crnax — P

NO ln(2)
1

| " In(2
oot "

= 1.4427

0 5 10 15 20 25 30 35 40 45 50 W
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
_ Channel
Transmitter ‘l' Receiver

Bits 00101.. t r(t)
s —— 5| P[W] L> —> —>s| ML

Summary

1. We stated that the capacity of the above is  C' = Wlog, (1 n NP
0

> bits/second

P
. e o . H H Cmax -
2. We proved that for infinite bandwidth, the capacity is NoIn(2)
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
_ Channel
Transmitter ‘l' Receiver

Bits 00101.. t r(t)
100 ) pwy 0 O m

Bandwidth efficiency

. C P
By definition, — —] 1
i W Og2< i N0W>

Effect of increasing/decreasing W ?

For large W, BW efficiency = 0
For small W, BW efficiency = o
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
Channel

Transmitter ‘l' Receiver

Bits 00101.. t r(t)
100 ) pwy 0 O m

w f

Bandwidth efficiency Bandwidth vs. Power efficiency

By definition, % = log, (1 + P > However P =CE,

NoW
C C E,
So, — —] —
W Og2< W No

2w — 1
>

Effect of increasing/decreasing W ?

For large W, BW efficiency = 0 Or, equivalently
For small W, BW efficiency = o
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
Channel

Transmitter ‘l' Receiver

Bits 00101.. s(t r(t)
1s0010L.  prwy LS) OO m

w f

Bandwidth vs. Power efficiency

What happens if C/W grows? However P = CE,

E./No grows as well
C C E,
So, — =] —
W os2 ( W No

2% — 1
>

Or, equivalently
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
Channel

Transmitter ‘l' Receiver

Bits 00101.. s(t r(t)
TSP S pwi s —(H)— M

w f

Bandwidth vs. Power efficiency

What happens if C/W grows? However P = CE,
E./No grows as well
C Ey

C
So, — =] 1+ —=—=
W Og2< "W N

21
0 Or, equivalently

Standard limit: lim ln(2)
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Extension to continuous channel (Shannon ‘48)

System model:
Noise N(t), Ny
Channel

Transmitter ‘l' Receiver

Bits 00101.. t r(t)
1s0010L.  prwy LS) OO m

w f

Bandwidth vs. Power efficiency

What happens if C/W grows? However P = CE,

E./No grows as well

C CE
So, — —] 14 —=0
9z _ 1 W Og2< +WN0>
= In(2)

Standard limit: lim
x—0 €

Ey
Thus li — > 1n(?2
ohm N 2 @)
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16-PSK

8-PSK— 8-PAM

QPSK 4-PAM P 520
BPSK

I —= 10log;o(E({, /No)
10 15 20 [dB]

BFSK

8-FSK

% 16-FSK

|
X 32-FSK

Ey NOTE: Plot does not tell what
_0 2 In(2) = O the capacity is in bit/sec
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— Impossible
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coding
Impossible

region

QPSK

BPSK
|

Ew/No grows if C/W grows
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Extension to frequency dependent channel

System model:

Channel

Transmitter

Bits 0010L.. W] L M

' W f

Noise N(t), Ny

l’ r(t)

—(PH—

Receiver

ML
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Extension to frequency dependent channel

System model:

Transmitter

Noise N(t), Ny

Channel

Bits 00101..

5 PIW] [——>

s(t)

b ¢

' W f

/

Signal also have
frequency representation

Receiver

r(t)

—>| ML

Frequency response of channel

~

s

|H(f)I?

o

.
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Extension to frequency dependent channel

System model:
Noise N(t), Ny
Channel

Transmitter ‘l' Receiver

Bits 00101.. t r(t)
Hpe BN Y 7 1Y) = M —> () ——| ML
W f

Constraint on R(f) ?
Power spectral density is what matters Frequency response of channel

R(F) IH)I2

el SN N PV 0
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Extension to frequency dependent channel

System model:
Noise N(t), Ny
Channel

Transmitter ‘l' Receiver

Bits 00101.. s(t) M r(t)
L. | ppwy S —>(M—5] M
7 | w f

[o.e]

Constraint on R(f) ?/ R(f)df =P
Power spectral density is what matters Frequency response of channel

R(F) IH)I2

el SN N PV 0




Lecture 4: Capacity

Extension to frequency dependent channel

System model:
Noise N(t), Ny
Channel

Transmitter ‘l' Receiver

Bits 00101.. t r(t)
Hpe BN Y 7 1Y) = /J\/T\/V\ —> () ——| ML
W f

o0 If deep fade her'e

Constraint on R(f) ?/ R(f)df =P
Power spectral density is what matters Frequency response of channel

r\/ﬁ?/\\ PGS IHCE)? /




Lecture 4: Capacity

Extension to frequency dependent channel

System model:
Noise N(t), Ny
Channel

Transmitter ‘l' Receiver

Bits 0010L.. W] L M AW "

' W f

o0 Stupidity to put power here
Constraint on R(f) ?/ R(f)df /

Power spectral density is what matfers Frequency response of channel




Lecture 4: Capacity

Extension to frequency dependent channel

System model:

Transmitter

Channel

Noise N(t), Ny

Bits 00101..

5 PIW] [——>

s(t)

o .

' W f

|

—>

Receiver

r(t)

—>| ML

Conclusion: We should optimize the left plot, for the given right plot

Constraint on left plot is / h R(f)df =P

Power spectral density is what matters

— 00

Frequency response of channel

~

R(f)

s

N

|H(f)I?

N/\
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Frequency response of Noise

Ru(f)

Noise N(1)

‘l' Receiver

r(t)

—> —_—> ML

Power spectral density is what matters Frequency response of channel

R(f) IH(f)|2

~ N ||




Lecture 4: Capacity

Frequency response of Noise

Rn(f) _ o
_‘_ﬁ_‘_ €=, Capacity(H(DP Ry (1), R(S)

Noise N(t), Ry(f)

_ Channel
Transmitter ‘l' Receiver

Bits 00101.. t r(t)
Hpe BN Y 7 1Y) = M —> () ——| ML
W f

Conclusion: We should optimize the left plot, for the given right plot

Constraint on left plot is / h R(f)df =P

— o0

Power spectral density is what matters Frequency response of channel

R(f) |H(f)|2

el SN N PV 0




Lecture 4: Capacity

Frequency response of Noise We need to find this formula

Rn(F) _ . i 2

Noise N(t), Ry(f)

_ Channel
Transmitter ‘l' Receiver

Bits 00101.. t r(t)
Hpe BN Y 7 1Y) = M —> () ——| ML
W f

Conclusion: We should optimize the left plot, for the given right plot

Constraint on left plot is / h R(f)df =P

— o0

Power spectral density is what matters Frequency response of channel

R(F) IH)I2

el SN N PV 0
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In this small piece
We can use

P
=Wl 1
C w 0go < + N()W)

[H(F)I?

IH)I? I ‘ IRN(“)
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In this small piece
We can use

[H(F)I?

P
C = df log, <1+W>
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Lecture 4: Capacity

— ] 2
© = nip W e (HOP B (7, )

In this small piece
We can use

P
C = df log, <1+W>

[H(F)I?

For flat noise,
RN(f) = No/2

IH)I? I ‘ IRN(“)




C = max
R(f):[ R(f)df=P

Lecture 4: Capacity

Capacity (|H(f)?, Rn (f), R(f))

[H(F)I?

In this small piece
We can use

C = df log, (1 + )
=2R(f)

For flat noise,
Ru(F) = No/2

[H(F)I2

‘ Ru(f)
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In this small piece
We can use

[H(F)I?

C'=df log, <1+ m>
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— ] 2
© = nip W e (HOP B (7, )

In this small piece
We can use

C'=df log, <1+ m>

How much power do
we have?

[H(F)I?

IH)I? I ‘ IRN(“)
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— ] 2
© = nip W e (HOP B (7, )

In this small piece
We can use

C'=df log, <1+ m>

How much power do
we have?

2dfR(f)H(f)I

[H(F)I?

IH)I? I ‘ IRN(“)




Lecture 4: Capacity

— ] 2
© = nip W e (HOP B (7, )

In this small piece
We can use

C'=dflog, (” m>
<f>|H<f>|2df)

2RN(f)df

[H(F)I?

2R
df log, (1 +

IH)I? I ‘ IRN(“)
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— 1 2
C= h g , Capacity(|H(f)[°, Bn (f), B(f))

In this small piece
We can use

C:dflog2<1+ df>

R(f )!H s
Ry (f) >

[H(F)I?

:df 10g2 < +

H(f)I? ‘ Ru(f)
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— 1 2
C= h g , Capacity(|H(f)[°, Bn (f), B(f))

In this small piece
Sum up We can use

P
o 2 C=dflog, (1
Cap:emcity(|H(f)|2,R]\f(f),R(f)):/0 log2(1—|— RU)IE ()] )df flog (+ )df>

Ry (f) i
R(f )!H(f)|2>
(f)

:df10g2<1-+—

[H(f)I2 ‘ Rn(f)
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— ! 2
© = nip W e (HOP B (7, )

Sum up

Capacity((E(1), Bar (1), R(1) = [ togs (14 ZOELILY o

S G

[H(F)I2
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How to solve the below problem? WATERFILLING

_ SRR B R(f)|H(f)|2>
¢= R(f):fnl}i%f)df=P 2 /_oo 1082 (1 " Ry (f) Y

[H(F)I2
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How to solve the below problem? WATERFILLING

Step 1. Find and plot RN(f)

NG

_ 1 [~ R(NIH(f)I?
¢= R():J R()df=P 2 /_oo log; (1 " Ry (f)

{(ﬂ/\ H(f)I2
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How to solve the below problem? WATERFILLING

Step 1. Find and plot

Step 2. Fill a bucket with P \/

units of water F
1)

C a ! /00 lo (1+
RS R(A=P 2 | o 2

{«)/T H(f)I2
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How to solve the below problem? WATERFILLING

Step 1. Find and plot
Step 2. Fill a bucket with P
units of water

Step 3. Pour it in the
shape

C_

1 /°°
= max — log (1+
R R(Pdf=P 2 | oo 2

R(f)IH(f)?
Ry (f) )df

R(f)

~ |~

[H(F)I2

‘ Ru(f)
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How to solve the below problem? WATERFILLING

Step 1. Find and plot
Step 2. Fill a bucket with P
units of water

Step 3. Pour it in the
shape

Step 4.
R(f) is the
water-level C =

1 /°°
= max — log (1+
R R(Pdf=P 2 | oo 2

R(f)IH(f)?
Ry (f) )df

R(f)

~ |~

[H(F)I2

‘ Ru(f)
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How to solve the below problem? WATERFILLING

Step 1. Find and plot RN(f)
[H(f)]?

Step 2. Fill a bucket with P
units of water

Step 3. Pour it in the
shape

Step 4.
R(f) is the
water-level

Qchi_f',' = |H({f)| ‘.vRNI_f)
4

On Exam, |H(f)| "2
would be "nice", such as




Lecture 4: Capacity

How to solve the below problem? WATERFILLING

Step 1. Find and plot

Step 2. Fill a bucket with P
units of water

E f’
Step 3. Pour it in the ’
shape

Step 4.

Riisthe — Observations:

1. Good channels get more power than bad
2. At very high SNRs, all channels get,
roughly, the same power




