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Figure 5.6: a) The first step in the MAP receiver;

T,
[D 2 (t) e (t)dt = / Z 2 (t) e (t)dt = ZWA@fm{t}@f{t}rft=.:j,;

n=1 n=1
(5.12)

After the correlators we obtain a received noisy signalpoint r!

E{t-!'f} =10
= E{w?} = Ny /2 {=1,2,....,N (5.22)
E{t-!'ft['m} =1, t( :—"' m
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Figure 5.8: a) The MAP receiver; b) A discrete-time model of the decision
variable &;.



rT—=ZzZ; +w

(5.18)

Figure 5.7: Illustrating “the cloud” of noise in r if message m; is sent.

The distance between the received noisy signal point r and

the signal point zj is:

2
D2,

N
e VET (0 ‘_E 5 )2
(r — Zj) fU —Zj) = \Te — '-fj,f}
=1
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The general MAP decision rule in (4.14) can now be formulated as,

{7

m(r)=my < max P;fp,, (r|m;) = P fr,, (r|/m)

p—(r2—z;2)°% /25"

V2T @ v 2T

=————, j=0,1,.... M1

(4.18)

where D), ; denotes the Euclidean distance in signal space between the received

noisy vector r and the message point z,,
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MAP decision rule:

m(r) = my < min {D?? — Nofn(P;)} = D»?-,e — Notn(FPy) (5.25)
{i}
i}
max {r"z; +c;} =r"z¢+ ¢
{i}

ML decision rule = minimum distance decision rule:

In the MAP decision rule (5.25)—(5.26) we observe that if P, = 1/M, then the
terms Nofn(F,) can be ignored, resulting in the decision rule

[y |
o
[e's)

e

m(r) =my < 11{11}11 D.?.‘_i = D?-‘g (5.
T

Hence, ¢f P; = 1/M, then the ML decision rule is obtained as the
minemum Fuclidean distance decision rule. Observe also in (5.25) that

Digital communications - Advanced 5
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EXAMPLE 5.3

Assume that eight equally likely signal alternatives {3f[t)}§=c. are used, and that N = 2.
The possible noiseless values of the received vector » = (r1,7r2)"" in Figure 5.8a are
shown below.

L - . .
27 5|23 71

Construct the decision regions used by the MA P-receiver.

Solution:
Since the M A P-receiver in this case is identical with the ML receiver, only the Fuclidean
distances Dy o, Dy1, ..., Dy 7 are used in the decision process. The decision boundaries

are therefore drawn exactly in the middle between the different signal points (the ML
receiver chooses the signal alternative (message) that is closest to the receiwed noisy
signal point v ). The result s,

Ig 1 Ty T T
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5.1.3 The Symbol Error Probability for M-ary PANM

Decision boundaries

HD1zZy 1z I I I VZy 0
t:t:t:t:t:t:t:tMI by
r{} I rl I r2 I I I I |rh{-1
0 =
Dmin

Figure 5.9: The signal space for M-ary PAM with equispaced amplitudes, cen-

tered symmetrically around zero (see (5.4)).

Prob{error|mg sent} = Prob {wl L

w D.. , .
= Prob _1 > —_— =0 (5.31)
No f{ 2 v 2Ny
Digital communications - Advanced 7
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Dy D
Prob{error|my sent} = Prob {u.rl < ——— or wy > t;ﬂm
un D min un D min
= Prob{ —— < ———=——==p + Prob >
No2 VNG VNoi2 ~ V2N
— 20
M—1
P, = E P; Prob{error|m; sent }
j=0

P, = % (M —1)Q (\ / %%;ﬂ-) ., M-ary PAM

P, is shown in Figure 5.13 on page 362.
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Symbol error probability

1 D_e | | | II'.

10 15 20 25
Ep/Np In dB

Figure 5.13: The symbol error probability for M-ary PAM, M = 2,4,8,16,
see Table 5.1. The specific assumptions are given in Subsection 2.4.1.1, and in
Subsection 5.1.3.
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20 24 Zy 23
— oo+ O

-3da -2a Za 3a

5.14 Pr{error|mg sent} = Pr{w, > a/2} =

1 £ ||I 2
= Pr L = i =Q / ﬂ—
\/ Ny fx'fg \/ Ny fx'fg \/ 2Ny

Pr{error|my sent} = Pr{wy < —a/2 or wy > 2a}.
So,we obtain

3 [ a2 '
P, = Z P; Pr{error|m; sent} = @ V" ;T + . Q
No

=0

Digital communications - Advanced
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5.1.4 The Symbol Error Probability for QPSK

r(t) =2 (t)+ N(t), 0<t<T,, j=0,1,...,M—1 (5.13)
T = Zj1 + Wy (5.36)
T2 = Zj2 T W (5.37)
¢|2
Z,I' E2 L Zy A
Iy I'o
—> by Doin™ V2E
VE/2
rE 1_3
z,® — ®z v

Figure 5.10: The signal space for QPSK if vy = (27 .LLI + 7/4) (see (5.4)).
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F 3
Z,® \JE2 7 * 4 4
r, Iy
, — Oy D= V2E
VE2
rz ]'3
— ¥
ZE L » 23

Figure 5.10: The signal space for QPSK if vy, = (27 .Lif + w/4) (see (5.4)).

Prob{error|mg sent} = 1 — Prob{correct decision|mg sent} =
D .
—] 1 — P'T'ﬂb { i E S T = min _

2 - 2
-Dmin -Dmin
=1—Pmb{w13— - } Pmb{wgg— 5 }:
, symmetrv

[ 2 2 l«
=1 1 Q 'Drn.in _ EQ 'Dnlin QE 'Dnlin _
= v E:H"-"g - v IN 0 v 2.-“"-".3 =
= Prob{error|m; sent} ,j =0,1,2,3 (5.38)
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{2 ; f 2 - EO
Po=20Q (/78 ) —Q* (/7 )|, QPSK (5.39)

I'{I -ary PRI

L]

Symbel error probability

10
&/ Ny in dB

Figure 5.14: The symbol error probability for M-ary PSK, M = 2,4, 8,16, 32,
see Tal )le 5 l In this figure upper bounds are denoted (ub). See also Subsection
h.1.5.
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The bit error probability for QPSK?
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1
- _J
33 p"l‘l: i;“"x
. L w\ 5
~~_/ \ f\ > D__ =2 VE sin(m/M)

' y ,f\ A min -~
z - e ! - - \ 7 r':'

' \ Decision boundaries
‘—

Figure 5.11: The signal space tor M-ary PSK if vy = 274/M (see (5.4)). M =8
in this figure.

Q / Emm.) <P <20/ Em)
Vv, ) = =2 LV 2 . M-ary PSK (5.43)
D2, = AEsin*(r /M)

min
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5.1.6 The Symbol Error Probability for M-ary QAM

s
rC _ i___: H: o | 0| 0| 0| e
e | & o |8 | o |8 |=
/ 'Jln,mu
e (o |o [0 |8 e e

] L] ] L] ] ] ] %]}i

Dmin

Figure 5.12: The signal space for M-arv QAM (compare with (5.4), see also
Subsection 2.4.5.1). M =64 in this figure.
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['4: Compare with (5.39).

: 'JD2 'JD2
Prob{error|m 4 sent } = 2¢) \4 21::’“ —Q? \4 2’::’“
] 0
FE:
Proberrorimpg sent} =
-Dmiu
=1—PF‘-’.}b{tt-‘1 = — .=
2
1 1=Q |4 =iz
M 2_':'"-'|:|
2 'DE
— .._}r{ 'l'.l.'.l'l'l'.l. _ 2':" ]'I.TI]I'.I.
l“'.:,-:
Prob{error|mg sent} =
. -Dmul & gy -Dmiu Dmin .
=1 —Pmb{—T SWE T S s
— \ 2
- - - I'E;‘i'ﬁ'.l'l.'l.'.l.
=1—11-2Q —_— =

1'.|'I.]]'L

&
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P, — - (VIT-1) Q ( 1H,f’ 22%?) — A (VT2 @ ( ,,H,.*’Ejﬁn) . M-ary QAM

(5.50)

n

ability

mbol error prob

Sy

-..1 I:I - .
Ey/Np in dB

Figure 5.15: The symbol error probability for M-ary QAM, M = 4, 16, 64, 256,
see Table 5.1. The specific assumptions are given in Subsection 2.4.5.1 and in
Subsection 5.1.6. The bit error probability for BPSK is also given as a reference
(= Q(y/2&,/No)).
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