
LUND INSTITUTE OF TECHNOLOGY
Department of Electroscience

Exam
Adaptive Signal Processing (ADAPTIV SIGNALBEHANDLING (ETT042))
2003-04-25
Time: 14.00–19.00
Room: MA8

You may use: pocket calculator, formulary, course book ASB (Haykin),
course book OSB (Hayes).
No lecture slides, no exercise solutions!

Attention: You can help speeding up the grading process by ...
... using one sheet of paper per example.
... writing your name on every sheet.
Assumptions must be motivated by reasoning, derivations
or valid references (Haykin, Hayes).

Grading: 3 (2.0p), 4 (3.0p), 5 (4.0p).

1. a) Consider an adaptive transversal filter with two coefficients. The corre-

lation matrix of the input signal is R =

[
2 1
1 2

]
. Sketch a contour plot

of the mean square error (MSE) as a function of the two coefficients
(0.1). Make sure that the directions of the axes of the circle/ellipsoid
match the eigendirections of R (0.1). Mark clearly which eigenvalue be-
longs to which axis (0.05) and make a statement concerning the relation
between: length of the axes, eigenvalues and convergence speed (0.05).

(0.1+0.1+0.05+0.05=0.3)

b) What is the disadvantage of the Fast LMS algorithm compared to the
LMS algorithm (0.05)? What is the advantage of the Fast LMS algorithm
compared to the Block LMS algorithm (0.05)? (0.05+0.05=0.1)

c) Name four major differences between the LMS and the RLS algorithm.

(0.1)

d) What is the key difference between the method of steepest descent and
the LMS algorithm? What is the consequence? (0.1)

e) What step is taken between the Fast LMS and the Unconstrained FDAF?
What is the motivation? (0.1)

f) Describe the problem that can be solved by applying the Leaky LMS
algorithm (0.05). How does the cost function of the Leaky LMS look like
and what is the rationale behind it (0.05)? Name a disadvantage of the
Leaky LMS (0.05). (0.05+0.05+0.05=0.15)
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g) Sketch the block diagram of an adaptive line enhance (ALE) and explain
briefly what it does (0.1). Explain the difference/similarity between the
ALE and an adaptive noise canceller (ANC) (you are welcome to use
the block diagram in order to make your point) (0.05). (0.1+0.05=0.15)

2. Consider a communication system during the “equalizer training phase”:

C(z) W (z)

LMS

e(n)

v(n)

d̂(n)

z
−D

d(n)

d(n−D)

x(n)

The z-transform of the channel is given by

C(z) = 1− 2z−1 + 2z−2.

The reference signal d(n −D) is a delayed version of the transmitted signal
d(n). Determine the Wiener filter solution of the channel equalizer (FIR filter)
of length 3. Assume that both the transmit signal d(n) and the noise v(n) are
sequences of independent and identically distributed samples. The variance
of d(n) is σ2

d =1, the variance of the noise is σ2
v =0.5. (Signal d(n) and noise

v(n) are uncorrelated). Determine the minimum MSE (mean square error)
ξmin and calculate the equalizer for D = 2. (1.0)

3. Consider the signals x(n) and d(n) = z(n) + v(n), z(n) = x(n) ∗ h with

Rx = σ2
x




1 a a2

a 1 a

a2 a 1


 , h =




1
0.5
0.25


 ,

σ2
x = 1 · 105

a = 0.5
σ2

v = 10
,

where v(n) is white noise. The following fix point algorithm is used:

d1(n) = d(n)2s1

e1(n) = d1(n)− [ŵT (n)x(n)]2−s2

ŵ(n + 1) = ŵ(n) + αfix[x(n)e1(n)]

αfix = 2−s3 , s1 = 2, s2 = 12, s3 = 10

(e(n) = e1(n)2−s1)

a) Explain what “stalling” of the fix point LMS algorithm is. (0.1)
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b) Determine and motivate whether the above algorithm exhibits “stalling” gi-
ven the learning curve below. (0.9)
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4. The normalized LMS algorithm (omitting the protection constant) is given
by

ŵ(n + 1) = ŵ(n) + µ̃
u(n)

uT(n)u(n)
e(n)

where

ŵ(n) = [ŵ0(n) ŵ1(n) · · · ŵM−1(n)]T

û(n) = [u(n) u(n− 1) · · · u(n−M + 1)]T

are the filter weight vector and the input signal vector, respectively. Show
that the normalized LMS algorithm with real-valued white Gaussian noise as
input signal converges in the mean (limn→∞(ŵ(n) − wo) = 0) for 0 < µ̃ <

2
λmax

tr(Ru) using the following approximation:

E

{
u(n)e(n)

uT (n)u(n)

}
≈

E {u(n)e(n)}

E {uT (n)u(n)}

(Note: The commonly used range 0 < µ̃ < 2 is more conservative.) (1.0)
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5. Consider the following adaptive system:

W (z)

LMS

d(n)

x(n)

e(n)

y(n)

The primary input signal d(n) consists of an information-bearing signal s(n)
and a sinusoidal interference: d(n) = s(n) + cos(ω0n + φ). The reference
input signal is x(n) = cos(ω0n + φ). The number of filter coefficients p in the
transversal filter W (z) = w0 + w1 z−1 + · · · + wp−1 z−p+1 is large enough so

that sin(ω0p)
p sinω0

≈ 0 is a valid assumption. Furthermore, the step size µ of the

LMS algorithm is chosen small enough such that (µp)2 � µp < 1.

a) Determine the z-transform H(z) = E(z)
D(z)

given the assumptions above.

(0.9)

b) Sketch the zero-pole plot of H(z). Which filter characteristic does H(z)
have? (0.1)

Good luck!
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LUND UNIVERSITY OF TECHNOLOGY
Department of Electroscience

Exam SOLUTIONS

Adaptive Signal Processing (ADAPTIV SIGNALBEHANDLING (ETT042))
2003-04-25
Time: 14.00–19.00
Room: MA8

1. a) Cf. computer exercise 1, CE1.9.
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longer axis =̂ lower eigenvalue =̂ slower convergence in this direction
short axis =̂ larger eigenvalue =̂ faster convergence in this direction

b) latency; computational efficieny; cf. lectures and computer exercises.

c) The RLS algorithm exhibits a potentially faster rate of convergence; rate
of convergence of the RLS is indpendent of the eigenvalue spread of the
input signal; the RLS has theoretically no misadjustment (for λ = 0 and
stationary input signal); the RLS is computationally more expensive.

d) The expectation terms are replaced by instantaneous estimates → gra-
dient noise.

e) Gradient constraint is omitted → gradient estimation is done rather by
a circular convolution instead of linear convolution

f) Weight drift; J(n) = E{|e(n)|2} + α||w(n)||2; The cost function is pro-
portional to the norm of the filter weight vector, thus there is a “pu-
nishment” for coefficients with large absolute values.
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g)

z H(z) ++

w(n)

x(n) -D

d(n)

+
-

e(n)y(n)

ALE: y(n) is the output signal
ANC: e(n) is the output signal

2. Cf. LAB 2, preparation assignment 1. The autocorrelation function rx(k) is
given by

rx(k) = E{x(n)x(n− k)}
= E{[d(n)− 2d(n−1) + 2d(n−2) + v(n)]

[d(n−k)− 2d(n−1−k) + 2d(n−2−k) + v(n−k)]}.

Evaluation of rx(k) for k = 0, 1, 2 yields the covariance matrix1

Rx





rx(0) rx(1) rx(2)
rx(1) rx(0) rx(1)
rx(2) rx(1) rx(0)



 =





9.5 −6 2
−6 9.5 −6

2 −6 9.5





The cross-correlation function rdx(k,D) of the desired signal d(n − D) and
the input signal x(n) is a function of both the time lag k and the desired
delay D:

rdx(k,D) = E{d(n−D)x(n− k)}
= E{d(n−D) [d(n− k)− 2d(n− 1− k) + 2d(n− 2− k) + v(n− k)]}.

Evaluation of rdx(D) = [rdx(0, D) rdx(1, D) rdx(2, D)]T for D = 2 yields:

rdx(2) = [2 − 2 1]T ⇒
wo(2) = R−1

x
rdx(2) = [0.127 − 0.134 − 0.006]T , ξmin(2) = 0.484.

3. cf. Exercise 7.2. (different value for σ2

v
: σ2

v
= 10); log(J∞) = 2.34, hence

“stalling” does not occur.

4. Starting with the weight update equation

ŵ(n + 1) = ŵ(n) + µ̃
u(n)

uT (n)u(n)
e(n)

we

1Note that x(n) is real-valued, hence rx(k) = rx(−k).
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– take the expectation on both sides

– use the approximation

– insert e(n) = d(n)− uT(n)ŵ(n)

– use the independence theory (→ E{u(n)uT(n)ŵ(n)} = E{u(n)uT(n)}E{ŵ(n)}),

which yields

E{ŵ(n + 1)} = E{ŵ(n)}+ µ̃
E{u(n)d(n)}

E{u(n)uT(n)}
− µ̃

E{u(n)uT(n)}

E{u(n)uT(n)}
E{ŵ(n)}.

Subtracting of wo on both sides, together with E{u(n)d(n)} = rud = Ruwo

and E{u(n)uT(n)} = tr{Ru} we obtain

E{ŵ(n + 1)} −wo = E{ŵ(n)} −wo + µ̃
Ruwo

tr{Ru}
− µ̃

Ru

tr{Ru}
E{ŵ(n)}.

which can be rewritten denoting ε(n) = E{ŵ(n)−wo}

ε(n + 1) =

(

IM×M − µ̃
Ru

tr{Ru}

)

ε(n),

where M the number of weights. Eigendecomposition of Ru = QΛQT results
in the M scalar equations

ν(n + 1) =

(

IM×M − µ̃
Λ

tr{Ru}

)

ν(n),

where ν(n) = QTε(n). Each scalar differential equation yields the elements

of a geometric series
∞
∑

n=0

a(n) with a(n) = qn. Convergence of the sum ensures

that limn→∞ a(n) = 0 (since this is a necessary condition for convergence).
Hence, we require for each scalar equation

|1− µ̃
λk

tr{Ru}
| < 1, k = 1, 2, · · · ,M,

which finally yields the lowest upper bound for the largest eigenvalue:

0 < µ̃ <
2

λmax

tr{Ru}

�

(Note: The commonly used range 0 < µ̃ < 2 is more conservative.)

5. cf. Exercise 4.8.
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