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Computer exercise 4: Fast Least Mean Square

This computer exercise deals with the fast LMS algorithm, a block-LMS al-
gorithm that operates in the frequency domain. You should investigate the
two variations introduced in this course. The application is the same as in the
previous computer exercise, i.e. echo cancellation in long-distance telephony.
Read the description of the operations to be performed for each block before
you begin with the assignments. The block length L corresponds to the filter
length M .

Update equations:

U(k) = diag(FFT
[
u((k − 1)M) . . . u(kM−1), u(kM) . . . u((k+1)M−1)

]T
)

y(k) = last M elements of IFFT[U(k)Ŵ(k)]

d(k) =
[
d(kM) d(kM + 1) . . . d((k+1)M−1)

]T

e(k) = d(k) − y(k)

E(k) = FFT

[
0

e(k)

]

P(k) = γP(k−1) + (1−γ)UH(k)U(k)

D(k) = P−1(k) = diag
[
P−1

0
(k) P−1

1
(k) . . . P−1

2M−1
(k)

]

φ(k) = first M elements of IFFT[D(k)UH (k)E(k)]

Ŵ(k + 1) = Ŵ(k) + αFFT

[
φ(k)
0

]

Dimensions:

Ŵ(k) 2M × 1 P(k) 2M × 2M U(k) 2M × 2M

D(k) 2M × 2M E(k) 2M × 1 e(k) M × 1

y(k) M × 1 d(k) M × 1 α 1 × 1

γ 1 × 1

Initial values:

Ŵ(0) = 0 P(0) = diag
[
δ0 δ1 . . . δ2M−1

]
, δi energy of FFT-coeff. i

Relation between the filter coefficients in time domain and frequency domain:

ŵ(k) = first M elements of IFFT[Ŵ(k)]

Computer exercise 4.1 Now you should program the FastLMS algorithm
in Matlab. This algorithm is a bit more complex than the previous ones,
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hence there are some comments concerning the implementation below. The
program code can be found at the end of the script.

The description of the fast LMS algorithm involves three diagonal matrices
of dimension 2M × 2M (U(k), P(k) and D(k)), which hence contain only
information in their 2M diagonal elements. This description is advantageous
in order to explain the algorithm—however, an implementation based on the
diagonal elements is rather slow. Note how the diagonal elements weight the
elements of a vector:

[
a 0
0 b

] [
c
d

]
=

[
ac
bd

]
.

An element-wise multiplication of the vectors (a so called Schur or Hadamard
product)

[
a
b

]
and

[
c
d

]
yields the same result:

[
ac
bd

]
.

In Matlab, element-wise operations are denoted with a dot (.*, ./). Apply-
ing element-wise multiplications, the dimension of U(k), P(k), and D(k) is
2M × 1 (lines 38, 41 and 60).

The block index k is coupled with the sample index n via

n = kM + i

{
i = 0, . . . , M − 1
k = 0, 1, . . .

Since U(k) refers to two blocks (k−1 and k) the loop (see line 35) starts with
k=1 instead of k=0, and stops with k=N/M − 1. Since also the stop index
must be integer, the input signal is shortened to length N corresponding to
an integer multiple of the block length. This issue will be addressed later in
more detail.

Matlab’s indexing starts with 1, whereas our algorithm description starts
with 0. Hence we need to add one to the index values (lines 38, 42, 45, 48,
and 51).

The signals are transformed from time domain to frequency domain and
backwards using the FFT and the IFFT, respectively. Hence all vectors in
Matlab are complex-valued, even though they are real-valued in time domain
(and hence symmetric in frequency domain). This causes a problem when
plotting the vectors. A possible solution is to extract only the real part (see
lines 69 and 75).
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Computer exercise 4.2 Haykin suggests two variations of the fast LMS
algorithm. One applies the same step size for different frequency bins (edi-
tion 4: pp. 350-352, edition 3: pp. 451-453), the second one applies a step size
that is normalized with the energy of each frequency bin (edition 4: Table 7.1,
edition 3: Table 10.1). The first version corresponds to choosing the initial
values for the energy according to P(0) = 1 with γ = 1. Hence, the energy
values are not updated, i.e., P(k)=P(k−1).

You should now investigate how the two methods work in the echo cancella-
tion application introduced in the previous computer exercise. Use the input
signal in CE4data.tar.gz from the course web page. Unpack the data (open a
shell and type gunzip CE4data.tar.gz; tar xvf CE4data.tar). Now im-
port the data with hybrid_wnoise.mat. The input and the output signal
of the hybrid (u and d, respectively) are now on the workspace. The input
signal is stationary white noise.

Find a value for α for each method that yields quick adaptation with M =
128. Choose P(0) = 1 and γ = 1 for version 1, and P(0) = 256 · 1 with
γ = 0.94 for version 2. Before you call the function you have to shorten the
length of the input signal to be an integer multiple of the block length M .
This is best done by

L=floor(N/M)*M;

d=d(1:L);

u=u(1:L);

After you have found reasonable values for α, compare the two values of ER-
LE. Both versions should yield approximately the same result.

Now investigate how the initial values P(0) and the forgetting factor γ influ-
ence the behaviour of ERLE for version 2.

Computer exercise 4.3 Repeat the previous assignment with stationary,
coloured noise as input signal. Load the signal stored in hybrid_noise.mat,
and truncate it as before. Adjust α so that the quickest adaptation is ac-
hieved. Use the same initial values P(0) for version 2. Compare the ERLE-
curves. What is the difference compared to the white-noise case?

Explain why version 1 exhibits a much slower adaptation speed than ver-
sion 2. The answer is easy to see in frequency domain!
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Computer exercise 4.4 Since the signals are stationary the previous ini-
tial values P(0) can be used for variant 2. In Matlab this is done by

% filter length

M=128;

% signal length

N=length(u);

% length of signal should be integer multiple of M

L=floor(N/M)*M;

% truncate signal

u=u(1:L);

d=d(1:L);

% no. of blocks

Blocks=L/M;

P=zeros(2*M,Blocks-1);

for k=1:Blocks-1

Uvec=fft([u((k-1)*M+1:(k+1)*M)],2*M);

P(:,k)=abs(Uvec(:)).^2;

end

% weight calculation

P0=mean(P’)’;

Run the fast LMS algorithm with P0, and γ=0.94. Is the adaptation quicker
compared to the previous case?

Computer exercise 4.5 Repeat the assignment 4.2 with a speech signal.
Load hybrid_speech.mat. Investigate the ERLE for the different versions of
the fast LMS algorithm.

Observe the variation of the speech signal’s spectrum over time. This can be
done using the function specgram, which shows the frequency representation
of the first 10000 samples in the time-frequency plane.

specgram(u);colorbar;

In case of a time-varying frequency content, P(k) is continuously updated.
Therefore the step size is adapted to the non-stationary signal.
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The difference between the two versions of the fast LMS algorithm is the
same as between the LMS and the NLMS. What difference is that?
There is a main difference between NLMS and FastLMS (version 2), disre-
garding the fact that the latter is block oriented. What is this difference?

Compare ERLE of the NLMS and the FastLMS (version 2)!

Computer exercise 4.6 The FastLMS, with P(0) = 1 and γ = 1, is deri-
ved from the BlockLMS. The update equations of the BlockLMS are given
by

U(k) =




u(kM) u(kM − 1) . . . u((k − 1)M + 1)
u(kM + 1) u(kM) . . . u((k − 1)M + 2)

...
...

. . .
...

u((k + 1)M − 1) u((k + 1)M − 2) . . . u(kM)




d(k) =
[
d(kM) d(kM + 1) . . . d((k + 1)M − 1)

]T

y(k) = U(k)ŵ(k)

e(k) = d(k) − y(k)

φ(k) = UT (k)e(k)

ŵ(k + 1) = ŵ(k) + µφ(k)

Note that U(k) (M ×M) contains the same elements as the FastLMS, toget-
her with the product y(k) = U(k)w(k) and φ(k) = UT (k)e(k) corresponding
to a linear convolution. This is the linear convolution that can be performed
with significantly lower effort in the frequency domain.

Now you should investigate the convergence behaviour of the BlockLMS al-
gorithm and the FastLMS algorithm. The BlockLMS algorithm can be found
among the files you have already downloaded, its description is included at
the end of this script. Import an input signal, e.g. hybrid_noise.mat. Use
M =128 for both algorithms, γ = 1 and P(0) = 1 (2M ×1) for the FastLMS,
and set α and µ to the same value.

After you have chosen a step size µ = α that yields convergence, compare
ERLE of both algorithms.
Is there any difference? Modify γ of the FastLMS.

Now you should calculate, how many arithmetic operations the algorithms
require. In previous Matlab versions this has been done using the command
flops (number of floating point operations performed in the current session).
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In case your Matlab version does not support flops anymore, you may use
the elapsed CPU time (command cputime)as a measure of complexity:

F=cputime;

%%% run the block LMS here

F_b=cputime-F;

F=cputime;

%%% run the fast LMS here

F_f=cputime-F;

% ratio:

F_b/F_f

How fast is the FastLMS for this filter length?
The calculations with complex numbers are more expensive than real-valued
calculations. Hence we introduce the following modification of the FastLMS,

42 yvec=real(yvec(M+1:2*M,1));

61 phivec=real(phivec(1:M));

defines a vector which is real-valued even after the IFFT. This results in a
significant reduction of the computational complexity.
How fast are the BlockLMS and the FastLMS now?

To conclude, the FastLMS (version 1) is equivalent to the BlockLMS, ho-
wever, its computational complexity is much lower. The inherent advantage
of FastLMS (version 2) is that its step size adapts to the frequency contents,
which results in a quicker adaptation compared to the BlockLMS.
The disadvantage of block-oriented algorithms is that they introduce a laten-
cy (delay) in the system which does not exist in case e.g. a standard LMS is
used.

Program Code

FastLMS

01 function [e,w]=fastlms(alpha,M,u,d,gamma,P);

02 %FASTLMS

03 % Call:

04 % [e,w]=fastlms(alpha,M,u,d,gamma,P);

05 %
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06 % Input arguments:

07 % alpha =step size, dim 1x1

08 % M =filter length, dim 1x1

09 % u =input signal, dim Nx1

10 % d =desired signal, dim Nx1

11 % gamma =forgetting factor, dim 1x1

12 % P =initial value, energy, dim 2Mx1

13 %

14 % Output arguments:

15 % e =estimation error, dim Nx1

16 % w =final filter vector, dim Mx1

17 %

18 % The length N must be chosen such that N/M is integer!

19 %

20

21 % initialization

22 W=zeros(2*M,1);

23 N=length(u);

24

25 % make sure that d and u are column vectors

26 d=d(:);

27 u=u(:);

28

29 e=d;

30

31 % no.of blocks

32 Blocks=N/M;

33

34 % loop, FastLMS

35 for k=1:Blocks-1

36

37 % block k-1, k; transformed input signal U(k) (Eq.10.25)

38 Uvec=fft([u((k-1)*M+1:(k+1)*M)],2*M);

39

40 % block k, output signal y(k), last M elements (Eq.10.26)

41 yvec=ifft(Uvec.*W);

42 yvec=yvec(M+1:2*M,1);

43

44 % block k; desired signal (Eq.10.27)

45 dvec=d(k*M+1:(k+1)*M);

46
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47 % block k, error signal (Eq.10.28)

48 e(k*M+1:(k+1)*M,1)=dvec-yvec;

49

50 % transformation of estimation error (Eq.10.29)

51 Evec=fft([zeros(M,1);e(k*M+1:(k+1)*M)],2*M);

52

53 % estimated power (Eq.10.35)

54 P=gamma*P+(1-gamma)*abs(Uvec).^2;

55

56 % block k, inverse of power (Eq.10.37)

57 Dvec=1./P;

58

59 % estimated gradient (Eq.10.39)

60 phivec=ifft(Dvec.*conj(Uvec).*Evec,2*M);

61 phivec=phivec(1:M);

62

63 % update of weights

64 W=W+alpha*fft([phivec;zeros(M,1)],2*M);

65 end

66

67 % The error vector should have only real values.

68 % Therefore, extract the real part!

69 e=real(e(:));

70

71 % transform of final weights to time domain.

72 %

73 % make sure that w is real-valued

74 w=ifft(W);

75 w=real(w(1:length(W)/2));

BlockLMS

function [e,w]=blocklms(mu,M,u,d);

%BLOCKLMS

% Call:

% [e,w]=blocklms(mu,M,u,Dalton);

%

% Input arguments:

% mu = step size, dim 1x1

% M = filter length, dim 1x1

% u = input signal, dim Nx1
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% d = desired signal, dim Nx1

%

% Output arguments:

% e = estimation error, dim Nx1

% w = final filter coefficients, dim Mx1

%

% The length N is adjusted such that N/M is integer!

%

%initialization

w=zeros(M,1);

N=length(u);

d=d(:);

e=d;

u=u(:);

%no. of blocks

Blocks=N/M;

%Loop, BlockLMS

for k=1:Blocks-1

%Set up input signal matrix, dim. MxM (cf. example 1, Haykin p. 448)

umat=toeplitz(u(k*M:1:(k+1)*M-1),u(k*M:-1:(k-1)*M+1));

%Set up vector with desired signal

dvec=d(k*M:1:(k+1)*M-1);

%calculate output signal (Eq.10.5)

yvec=umat*w;

%calculate error vector (Eq.10.8)

evec=dvec-yvec;

%log error

e(k*M:1:(k+1)*M-1)=evec;

%calculate gradient estimate (Eq.10.11)

phi=umat.’*evec;

%update filter coefficients (Eq.10.10)

w=w+mu*phi;
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end
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