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Lecture 2

• Transmission lines

– Concepts

• waves

• propagation constant

• modelling transmission lines

• characteristic impedance

• phase velocity

• reflection coefficient

• impedance transformation

• normalised impedance

• standing-wave ratio

• transmission line resonator 

• transmission factor

• multiple reflection
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From Source to Load

vS(t)

v(t,s)

z

ZL

 

ZS

t T

l

direction of propagation

*
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– where is the propagation constant

Waves on Lines

• Voltage/current is expressed by both time

and distance:

 a is the attenuation constant

 b is the phase constant b =
2p

l

𝑣+ 𝑡, 𝑧 = 𝑉0
+ exp −𝛼𝑧 cos 𝜔𝑡 − 𝛽𝑧 + 𝜙0

+ =
= Re 𝑉0

+exp 𝑗𝜔𝑡 − 𝛾𝑧

𝛾 = 𝛼 + 𝑗𝛽
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Travelling Voltage Wave on a Lossless Line

– where is the complex amplitude of the 

signal v+(t,z) at z = 0

v(t,s)

z

t T

l

direction of propagation

v+ (t,z)
+

–

𝑣+ 𝑡, 𝑧 = 𝑉0
+ cos 𝜔𝑡 − 𝛽𝑧 + 𝜙0

+ =
= Re 𝑉0

+exp 𝑗 𝜔𝑡 − 𝛽𝑧

𝑉0
+ = 𝑉0

+ exp 𝑗𝜙0
+
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v(t,s)

z

t T

l

direction of propagation

v+ (t,z)
+

–

Travelling Voltage Wave on a Lossless Line (cont.)

2p = wT = bl

– v+(t,z) shows maximum amplitude when wt - bz+ f0

+ = 2np

– the phase at a fixed point at the wave front is shifted by 2p if

• z is increased by one wavelength or

• the time is increased by T

b =
2p

l
T =

2p

w
=

1

f

vp =
l

T
= l f =

w

b

– The phase constant b may be 

expressed in other parameters 

𝑣+ 𝑡, 𝑧 = 𝑉0
+ cos 𝜔𝑡 − 𝛽𝑧 + 𝜙0

+ =
= Re 𝑉0

+exp 𝑗 𝜔𝑡 − 𝛽𝑧
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– normally there are one incident and one reflected 

wave on the line

Generalization

• A wave travelling in negative direction may also be 

defined:

– for this reason the total voltage is

v t,z( ) = v+ t,z( ) + v- t,z( )v t,z( ) = v+ t,z( ) + v- t,z( )

𝑣− 𝑡, 𝑧 = 𝑉0
− cos 𝜔𝑡 + 𝛽𝑧 + 𝜙0

− =
= Re 𝑉0

−exp 𝑗 𝜔𝑡 + 𝛽𝑧

Note sign of 

phase constant
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The Time Dependence is Often Less Important

• the signal is normally a sinusoidal wave at fixed frequency 

it is therefore often sufficient to express the wave by the complex 

amplitude

• it is however important to study how the complex amplitude 

changes along the line:

V- (z) =V0

-ejbzV- (z) =V0

-ejbzV+ (z) =V0

+e- jbzV+ (z) =V0

+e- jbz

• generally the complex amplitude of the total voltage 

in the position z at the line is: 

V(z) =V+ (z) +V- (z)V(z) =V+ (z) +V- (z)

V0

+

V0

-

z increasing

z decreasing
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Current Wave

• There is always an associated current wave related 

to the voltage wave:

I - (z) = I 0

-ejbzI - (z) = I 0

-ejbzI + (z) = I 0

+e- jbzI + (z) = I 0

+e- jbz

• generally the complex amplitude of the total current through the 

node at the position z is: 

I (z) = I + (z) - I - (z)I (z) = I + (z) - I - (z)

• the ratio between voltage and current is determined by the electrical 

characteristics of the line. This will be discussed later on.
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v(t,s)

z

t T

l

direction of propagation

v+ (t,z)
+

–

t

Travelling Voltage Wave on a Lossy Line

V+ (z) =V0

+e-g z =V0

+e-(a + jb )z =V0

+e-aze- jbzV+ (z) =V0

+e-g z =V0

+e-(a + jb )z =V0

+e-aze- jbz

the propagation constant g = a + jbg = a + jb

where a is the attenuation constant expressed in Neper/m

1 Neper/m = 8.69 dB/m www.sizes.com/units/neper.htm

http://www.sizes.com/units/neper.htm
http://www.sizes.com/units/neper.htm
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“line description”“wave description”

A Lumped Circuit Model

for a Transmission Line

g 2 = R+ jwL( ) G+ jwC( )

dV z( )
dz

Dz= -I z( ) R+ jwL( )Dz

dI z( )
dz

Dz= -V z( ) G+ jwC( )Dz

ì

í

ï
ï

î

ï
ï

RLGC per 

unit length
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The Relation Current - Voltage

• is expressed by the characteristic impedance Z0

V0

+

I 0

+
=
V0

-

I 0

-
= Z0 =

R+ jwL

G+ jwC

if dielectric is assumed to be air:

vp =
w

b
=

1

LC
= c =

1

m0e0

𝛾 = 𝛼 + 𝑗𝛽 = 𝑅 + 𝑗𝜔𝐿 𝐺 + 𝑗𝜔𝐶 = ⋯ ≈

≈
1

2
𝑅

𝐶

𝐿
+ 𝐺

𝐿

𝐶
+ 𝑗𝜔 𝐿𝐶

𝑍0 =
𝑅 + 𝑗𝜔𝐿

𝐺 + 𝑗𝜔𝐶
= ⋯ ≈

𝐿

𝐶
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Reflection

• Study the voltage and the current at ZL

VL = I LZL = I L
+ - I L

-( )ZLVL =VL
+ +VL

- = I L
+ + I L

-( )Z0

I L
- = I L

+ ZL - Z0

ZL + Z0

or VL
- = VL

+ ZL - Z0

ZL + Z0

GL =
I L

-

I L
+

=
VL

-

VL
+

• Definition of the reflection coefficient

vS(t)

z

ZL

ZS

+

VL

–

VL
+ , I L

+VL
- , I L

-

Transmission line,

at characteristic

impedance  Z0

IL

Important

(PAUSE)

⇒ Γ𝐿 =
𝑍𝐿 − 𝑍0
𝑍𝐿 + 𝑍0

⇔ 𝑍𝐿 = 𝑍0
1 + Γ𝐿
1 − Γ𝐿
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vS(t)

z

ZL

ZS

VL
+

Reflection Coefficient

• Definition:

VL
-

G =
reflected voltage wave

incident voltage wave
=
V-eg z

V+e-g z

Transmission line
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Standing-Wave Ratio

SWR= r =
Vmax
Vmin

=
Imax
Imin

=
1+ G

1- G
SWR= r =

Vmax
Vmin

=
Imax
Imin

=
1+ G

1- G
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Transformation of the Reflection Coefficient

• Determine the reflection coefficient at an arbitrary location d at 

the line:

Gd = GLe
-2g d = GLe

-2ade-2 jbdGd = GLe
-2g d = GLe

-2ade-2 jbd

vS(t)

z

ZL

ZS

Z0

GL

d

Gd
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Transformation of the Reflection Coefficient

• Polar diagram Gd = GLe
-2g d = GLe

-2ade-2 jbdGd = GLe
-2g d = GLe

-2ade-2 jbd

Lossless transmission line

Implies a 

rotation in the 

polar G-plane

Lossy  transmission line
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Conversion of Reflection Coefficient

to Impedance

vS(t)

z

ZL

ZS

Z0

GL ,ZL

d

Gd ,Zd

Γ𝑑 =
𝑍𝑑 − 𝑍0
𝑍𝑑 + 𝑍0

⇔ 𝑍𝑑 = 𝑍0
1 + Γ𝑑
1 − Γ𝑑



Johan Wernehag, EIT RF Amplifier Design ETIN50 - Lecture 2 19

Reflection Coefficient ⇔ Load Impedance

G
Γ𝐿 =

𝑍𝐿 − 𝑍0
𝑍𝐿 + 𝑍0

𝑍𝐿 = 𝑍0
1 + Γ𝐿
1 − Γ𝐿

Γ𝐿 = 0 ⇔ 𝑍𝐿 = 𝑍0

Γ𝐿 = 1 ⇔ 𝑍𝐿 = ∞

Γ𝐿 = −1 ⇔ 𝑍𝐿 = 0
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Xin W[ ]

f GHz[ ]

inductive inductive

capacitive capacitive capacitive

Open line : ZL=∞

Reactance of 1 GHz quarter-wavelength line resonator

Xin W[ ]

f GHz[ ]

inductive inductive inductive

Low frequency

approximation

X = wL

capacitive capacitive

Low frequency

approximation

X = -1/wC

Short-circuited line: ZL= 0
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Impedance of 1 GHz quarter-wavelength line resonator

Zin Z0

  

   

ZL= 0W

Parallel 

RLC 

resonator

Transmission

line

resonator

Zin W[ ]

𝑓 GHz

𝑙 (𝜆/4)
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z

ZL

+

VL

–

VL
+ , I L

+VL
- , I L

-

Z0

IL

Waves and Power

• Transmission factor: Tp = 1-
VL

- 2

VL
+ 2

= 1- GL

2

• Mismatch loss:

• Power carried by the incident wave: PL
+ =

1

2
VL

+ I L
+( )

*

=
VL

+ 2

2Z0

PL
+

• Power of the from ZL reflected wave: PL
- =

1

2
VL

- I L
-( )

*

=
VL

- 2

2Z0

PL
-

• Power transmitted to the load ZL:

(power continuity)
PL = PL

+ - PL
- = TpPL

+

PL

𝐿𝑚 = −10log10 𝑇𝑝 = −10log10 1 − Γ𝐿
2

𝑉+, 𝐼+ ⇒ 𝑃+

𝑉−, 𝐼− ⇒ 𝑃−
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Multiple Reflection

vS(t)

z

ZL

ZS

Z0

GLGS

 

V0

+

 GSGLV0

+e-2g

 GLV0

+e-g

 GSGL

2V0

+e-3g

 GS

2GL

2V0

+e-4g
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Multiple Reflection

PL = PSe
-2a

1- GS

2( ) 1- GL

2( )
1- GSGLe

-2g
2

PS=
VS

2

8Re ZS[ ]

• Power transmitted to the load ZL :

• where PS denotes the 

available power from 

source:

vS(t)

z

ZL

ZS

Z0

GL
GS

  

   

V0

+

 GSGLV0

+e-2g

 GLV0

+e-g

 GSGL

2V0

+e-3g

 GS

2GL

2V0

+e-4g


