
Assignment 2, MIMO and directional estimation

November 27, 2009

This assignment deals with directional estimation and capacities of MIMO
systems. In the previous assignment we measured the single-input single-output
channel along the positioner. We will now use two virtual linear 8-element an-
tenna arrays (multiple-input multiple-output) to calculate the MIMO capacity
and estimate the direction of arrival (DoA) and direction of departure (DoD).
For the latter we use the Beamforming method (Fourier method) method and
the Minimum variance method (Capon’s beamformer), you are of course wel-
come to use other methods as well, but these are the most straightforward ones.

The two methods are based on the correlation matrix of the signal at the
antenna. It is defined as

Rrr = E
[
r (t) r† (t)

]
, (1)

where r(t) is the array response, i.e. the received signal at all the antenna
elements. Since this matrix (of size 8 by 8) is an expected value we have to
estimate it as good as we can. For the measurement we can use the fact that
the signal is transmitted from 8 independent positions to get the mean and
an estimate of the expected value. You might get in trouble when inverting
this matrix since it is singular. One way to overcome this is to add a small
identity matrix representing the noise contribution. Use, e.g., an amplitude
for the identity matrix that is 1/100 of the mean amplitude of the estimated
correlation matrix.

1 Suggested reading

Chapter 8.5 in the book, pages 149-156, and chapter 20, pages 425-447.

2 Tasks

• Calculate the angular spectrum as a function of delay using the Beam-
forming method and the Minimum Variance Method. Estimate the DoA
and DoD for the LOS 8x8.

• Plot the DoA and DoD on the map, can you trace the paths? Does the
delay correspond to the physical distance?
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• Calculate the MIMO capacity for the 8x8 system for an average signal to
noise ratio of 10 dB. Plot the cumulative distribution function, CDF, of
the measured capactiy, where each measured frequency is regarded as one
sample of the channel.

• Calculate the ergodic (i.e. the mean) capacity for a 1x1, 2x2, ..., 8x8
MIMO system for an average signal to noise ratio of 10 dB.

3 Example

3 independent signals with amplitudes 1, 0.8, and 0.2 are incident from directions
10, 45, and 72 degrees respectively. The noise level is such that the SNR of the
first signal is 15 dB. Compute first the steering vectors for a 5-element linear
array with λ

2 spacing of the antenna elements. Given the correlation matrix
plot PBF (φ) and PMVM (φ) .Note that this example is different from what you
are supposed to do yourself.

4 Solution

As a simplification, we assume that the three signals arrive at the linear ar-
ray with zero initial phase. Thus we have the following parameters for the 3
multipath components:

a1 = 1 · ej.0, DOA1 = 10 ∗ π/180 radians
a2 = 0.8 · ej.0, DOA2 = 45 ∗ π/180 radians
a3 = 0.2 · ej.0, DOA3 = 72 ∗ π/180 radians

We assume that the measurement noise has a complex Gaussian distribution,
and is spatially white. The common variance

(
σ2
n

)
of the noise samples is given

as

1
σ2
n

= 10
SNRdB

10

σ2
n =

1
10

15
10

= 0.032

According to (8.9) , the steering matrix for the 5-element linear array with ele-
ment spacing d = λ

2 is given as

A =


1 1 1

exp (−jπ cos (DOA1)) exp (−jπ cos (DOA2)) exp (−jπ cos (DOA3))
exp (−j2π cos (DOA1)) exp (−j2π cos (DOA2)) exp (−j2π cos (DOA3))
exp (−j3π cos (DOA1)) exp (−j3π cos (DOA2)) exp (−j3π cos (DOA3))
exp (−j4π cos (DOA1)) exp (−j4π cos (DOA2)) exp (−j4π cos (DOA3))

 .
(2)
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We note that each column of this matrix is a steering vector corresponding to
one multipath component. Inserting values for the DOA’s the steering vectors
compute to

A =


1 1 1

−0.9989 − 0.0477i −0.6057− 0.7957i 0.5646− 0.8253i
0.9954 + 0.0953i −0.2663 + 0.9639i −0.3624− 0.9320i
−0.9898− 0.1427i 0.9282− 0.3720i −0.9739− 0.2272i
0.9818 + 0.1898i −0.8582− 0.5133i −0.7374 + 0.6755i

 (3)

The 3 incident signals result in an observed array response given by (8.28)

r (t) = A · s (t) + n (t) (4)

where s (t) = [1 0.8 0.2]T and n (t) is the vector of addittive noise samples.
The correlation matrix Rrr is defined as

Rrr = E
[
r (t) r† (t)

]
(5)

Evaluating Eq. (1) for a number of channel realizations, the estimated value of
the correlation matrix is

Rrr =



1.6457 −1.2618 + 0.5752i 0.7198− 0.6087i · · ·
−1.2618− 0.5752i 1.5906 −1.2585 + 0.5490i · · ·
0.7198 + 0.6087i −1.2585− 0.5490i 1.6171 · · ·
−0.4206− 0.3215i 0.7904 + 0.6359i −1.3618− 0.5771i · · ·
0.4052− 0.1552i −0.4199− 0.3892i 0.8222 + 0.7053i · · ·

· · · −0.4206 + 0.3215i 0.4052 + 0.1552i
· · · 0.7904− 0.6359i −0.4199 + 0.3892i
· · · −1.3618 + 0.5771i 0.8222− 0.7053i
· · · 1.7817 −1.4410 + 0.6370i
· · · −1.4410− 0.6370i 1.8204


According to (8.31) the angular spectrum for the conventional beamformer is
given as

PBF (φ) =
α† (φ) Rrrα (φ)
α† (φ)α (φ)

,

where α (φ) is the steering vector. The angle spectrum is given in the Figure.
We see that the conventional beamformer fails to identify the 3 incident signals.
The angular spectrum for the minimum variance method (Capon’s beamformer)
is given by (8.33)

PMVM (φ) =
1

α† (φ) R−1
rr α (φ)

. (6)

The MVM spectum is also plotted in Fig. , three peaks can be identified in the
vicinity of the true angles of arrival 10◦, 45◦, and 72◦.
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Figure 1: Comparison of conventional beamformer and the MVM angle spec-
trum for a 5-element linear array. The true angles are 10◦, 45◦, and 72◦.

4


