
4.6.1 Appendix 4.A: Derivation of the d�4 law

In this appendix, we derive the d�4 law for received power. Consider the geometry in Fig. 4.15.

The transmit antenna is placed at height hTX above ground, where the ground is assumed to be

at least partially conducting. The receive antenna is at height hRX above ground. The distance to

the transmit antenna is d. Two rays reach the receiver: the direct (LOS) path, and the ground

reflection. The angle of incidence for the ground-reflected ray is usually close to 90� (grazing

angle of incidence), as the antenna heights (1.5m for the MS, 10–100m for the BS), are much

smaller than the distance between the MS and BS. We saw in Section 4.2.1 that in this case the

reflection coefficient is approximately �1, irrespective of the actual conductivity of the ground.

Figure 4.15 Geometry for derivation of the d�4 law.

The fieldstrength for the direct path is thus:

EdirectðddirectÞ ¼ Eð1mÞ 1
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which follows from Eq. 4.9 (though note the phase term, as we are considering fieldstrength

now). Here, c0 is the speed of light. The fieldstrength of the reflected path is:

EreflðdreflÞ ¼ ð�1Þ � Eð1mÞ 1
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where the factor �1 is due to the reflection coefficient of the ground. The pathlengths ddirect and

drefl can be computed from simple geometric considerations as:

ddirect ¼
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hTX � hRXð Þ2þd2
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q
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The total fieldstrength is obtained by coherent addition of the direct and the reflected ray.

Additional simplifications can be made due to the fact that the height of the antennas is much

smaller than the distance between them. The impact of the longer distance for the ground-

reflected path on the amplitudes of fieldstrengths is negligible; only the resulting phaseshift

plays a role. This allows the total field to be written as:

EtotðdÞ ¼ Eð1mÞ 1
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Furthermore, the difference in the pathlengths, drefl � ddirect, can be expanded into a Taylor

series, so that:

drefl � ddirect ¼ 2hTXhRX=d ð4:62Þ
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The magnitude of the fieldstrength can thus be written as:

jEtotðdÞj¼ Eð1mÞ 1

djm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos �’ð Þð Þ2þ sin2 �’ð Þ

q
ð4:63Þ

where
�’ ¼ 2hTXhRX2�fc=ðdc0Þ ð4:64Þ

Assume now that �’ is much smaller than �=2 (an assumption that is consistent with our

basic assumption that d is large and the antenna heights are small). This is fulfilled for:

dlimit 	
8hTXhRX

�
ð4:65Þ

In that case, sinð�’Þ 
 �’ and 1� cosð�’Þ is on the order of ð�’Þ2 – i.e., negligible. Inserting

this into the equation for Etot results in:

EtotðdÞj j ¼ Eð1mÞ 1
d
2
hTXhRX

d

2�

�
ð4:66Þ

According to this equation, fieldstrength decreases with the square of distance, and received

power thus decreases with d4. Friis’ law is then replaced with:

PRXðdÞ 
 PTXGTXGRX
hTXhRX

d2

� �2
ð4:67Þ

From Eq. (4.61), it follows that this behavior occurs when �’ � � – i.e., for a distance

d � dbreak where:

dbreak ¼
4hTXhRX

�
ð4:68Þ

Note, however, Eq. (4.65); this partly explains the deviations between Eqs. (4.61) and (4.67) near

d 
 dbreak as visible in Fig. 4.3.



4.6.2 Appendix 4.B: Diffraction coefficients for diffraction by a wedge

or cylinder

The diffraction coefficient D can be obtained from the Uniform Theory of Diffraction

[Kouyoumjian and Pathak 1974], which in turn is a generalization of the Geometrical Theory

of Diffraction [Keller 1962]:

Dð�TX; �RXÞ ¼ � exp �j�=4ð Þ
2 
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where � �  defines the outer angle of the wedge according to Fig. 4.8, and:

D1 ¼ cot
�þ ð�RX � �TXÞ

2 

� �
FT k0Lapð�RX � �TXÞ

	 


D2 ¼ cot
�� ð�RX � �TXÞ

2 

� �
FT k0Lamð�RX � �TXÞð Þ

D3 ¼ cot
�� ð�RX þ �TXÞ

2 

� �
FT k0Lamð�RX þ �TXÞð Þ

D4 ¼ cot
�þ ð�RX þ �TXÞ

2 

� �
FT k0Lapð�RX þ �TXÞ

	 


9>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>;
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where L is:

L ¼ dTXdRX

dTX þ dRX
ð4:71Þ

The function:

FT ðxÞ ¼ 2j
ffiffiffi
x

p
exp jxð Þ

Z1
ffiffi
x

p
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du ð4:72Þ

is related to the Fresnel integral. The parameters ap and am are given by the equations:

ap ¼ 2 cos2
2 �Np � ð�TX þ �RXÞ

2

� �
ð4:73Þ

am ¼ 2 cos2
2 �Nm � ð�RX � �TXÞ

2

� �
ð4:74Þ

where Np and Nm are the integers that best approximate the solution to the equations:

2� Np � ð�RX þ �TXÞ ¼ � ð4:75Þ

2� Nm � ð�RX � �TXÞ ¼ �� ð4:76Þ

The exact solution for a perfectly conducting wedge is given in Bowman et al. [1987]. For a

dielectric wedge, Bergljung [1994] derives approximate equations, which, however, still need

numerical evaluations of a single integral.
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The wedge is a structure that frequently occurs in man-made structures. Natural terrain

obstacles have more gentle changes in their shapes. A hilltop might be approximated, for

example, by a cylinder. The received fieldstrength for a diffraction by a cylinder is derived

both for the TE and TM case in [Bowman et al. 1987]; however, these solutions are very

complicated. Since a cylinder is only an approximate description of naturally occuring

obstacles, exact treatment is not necessary. A simple approximate solution was proposed by

Hacking (quoted in [Parsons 1992]): the total field is given by the attenuation of an ‘‘equivalent’’

screen (see Fig. 4.16), plus an excess loss:

LexjdB ¼ 11:7
d

ffiffiffiffiffiffiffiffiffiffiffiffi
�
rcurv

�

r
ð4:77Þ

that is created by the curvature of the cylinder.

Figure 4.16 Diffraction by a cylinder.

Reproduced with permission from Parsons [1992] # J. Wiley & Sons, Ltd.


