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Last lecture

We showed how to compute the electromagnetic fields at time
level n, if the preceding time levels were known.

(Figs. 5.8–5.9 in Bondeson et al)

Important issues were how to choose the spatial discretization and
the time step, depending on stability and accuracy.
But what about different material models, and behavior at the
boundary?
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Material modeling with differential equations

In addition to the “standard” model D = εE and B = µH, the
material can be described numerically by considering polarization
and magnetization as variables of state

D = ε0E + P , B = µ0H + µ0M

where P (and possibly M) satisfies a differential equation in time
(but not space!)

∂2P

∂t2
+ ν

∂P

∂t
+ ω2

0P = αE

Discretizing this equation with finite differences at each point in
space, the polarization P |nr can be updated along with the electric
field E|nr . Thus, by introducing more variables to store in memory,
in principle any dispersive material can be modeled, even nonlinear.
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Example

Discretizing Maxwell’s equations and a Lorentz model implies

(∇×E)|nr+1/2 = −µ0
H|n+1/2

r+1/2 −H|
n−1/2
r+1/2

∆t

(∇×H)|n+1/2
r = ε0

E|n+1
r −E|nr
∆t

+
P |n+1

r − P |nr
∆t

P |n+1
r − 2P |nr + P |n−1r

(∆t)2
+ ν

P |n+1
r − P |n−1r

2∆t
+ ω2

0P |nr = αE|nr
The green values can be explicitly updated. Some care is needed
to obtain a stable scheme. An example of a nonlinear model is
obtained by ω2

0P → (ω2
0 + χ3|P |2)P .
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Scattering in one dimension

Dielectric slab with incident and reflected pulse.
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Truncation of the computational region

In the FDTD method, we can only treat finite regions. So far we
have only used Dirichlet boundary condition, corresponding to
metal walls. So how to truncate the following case?

incident field

radiating antenna

materials

Long propagation distance, which should be solved analytically.
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Numerical scattering geometry

total fields

PEC surface

near−to−farfield transformation surface

PML volume

incident field surface

I Generate source
field.

I Compute total
fields in finite
volume (N3 ×Nt).

I Record scattered
fields on enclosing
surface (N2 ×Nt).

I Transform surface
fields to frequency
domain.

I Compute
propagation in
frequency domain.
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Near-to-farfield transformation

First, transform fields on the surrounding surface to frequency
domain using FFT. Then, apply the following transform:

Efar(k, r̂) =
jk

4π
r̂ ×

∫
S
(M(k, r′) + η0r̂ × J(k, r′))ejkr̂·r dS′

where k = ω/c0, M = −n̂×E and J = n̂×H are the tangential
electric and magnetic fields, and r̂ is the observation direction.
The far fields are then given by the far field amplitude Efar as

E(k, r) =
e−jkr

r
Efar(k, r̂) +O(r−2), r →∞

H(k, r) =
e−jkr

r

1

η0
r̂ ×Efar(k, r̂) +O(r−2), r →∞

The far field amplitude Efar has unit volts.
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Absorbing boundary conditions

There have been many suggestions on how to absorb waves,
particularly in one spatial dimension. The most successful is the
Perfectly Matched Layers, PML (Bérenger 1994). It is based on
the idea of introducing an artificial magnetic conductivity σ∗

∇×E = −
(
µ0
∂H

∂t
+ σ∗H

)
∇×H =

(
ε0
∂E

∂t
+ σE

)
This is a completely theoretical material, which cannot be realized
in nature. The reason is that there are no magnetic charges in
nature, only magnetic dipoles.
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Wave parameters of perfectly matched layer

The reflection coefficient for a wave normally incident on such a
semi-infinite medium is (see Chapter 5 in Orfanidis)

Γ =
η0 − ηc
η0 + ηc

= 0 if ηc = η0

The time harmonic impedance of the PML material is

ηc =

√
µc
εc

=

√
µ0 + σ∗/jω

ε0 + σ/jω
=

√
µ0
ε0

= η0 if
σ∗

µ0
=
σ

ε0

The wave number is (with σ∗/µ0 = σ/ε0 and k0 = ω
√
ε0µ0)

kc = ω
√
(ε0 + σ/jω)(µ0 + σ∗/jω) = k0

(
1 +

σ

jωε0

)
= k0 − jη0σ

and since the wave is attenuated by the factor e−η0σz , we can
truncate the structure with a PEC surface after suitable thickness,
with small total reflection.
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Perfectly matched layers

Some typical design issues of the PML are:

I How thick does the layer have to be?

I What should the conductivity profile σ(z) be?

For oblique incidence, more care needs to be taken since we cannot
match the reflection perfectly for every angle. For instance, an
anisotropic variant can be used,

εc
ε0

=
µc

µ0
=

1− jσ/ωε 0 0
0 1− jσ/ωε 0
0 0 (1− jσ/ωε)−1


see the literature for further details.
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Handin 2

In the handin assignment, you are requested to investigate
properties of a PML in one dimension.

I Starting code is provided in matlab

I You need to modify the code and make numerical experiments

I The report should not be more than a few pages.

It is important you start early with this project! It does not
take long to do once you know what to do. A complete
simulation should not take more than seconds/minutes.

The workshop on Friday was intended for work on the handin. Since
Doruk needs to attend a course on his own, the workshop is can-
celled, and you are requested to work on the handin by your self.
Doruk is giving the lectures next week, and will provide time for
questions regarding the handin.
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Pulses in time and frequency domain

I The FDTD method is great for complicated geometries, but
requires discretization of the domain.

I When the pulses are almost monochromatic, that is,

E(r, t) = F (r, t) cos(ωt− k · r)

where the envelope F is a slowly varying function, it can be
more efficient to do analytical calculations.

I This leads to the identification of three velocities:
I Phase velocity ω

k
I Group velocity dω

dk
I Signal front velocity limω→∞

ω
k(ω)

This will be made more precise later.
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Narrowband pulse

E(r, t) = F (r, t)︸ ︷︷ ︸
envelope

cos(ωt− k · r)︸ ︷︷ ︸
carrier wave
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Frequency dependent propagation

Often, the propagation parameters (speed, impedance) depend on
frequency. Examples are

I Propagation through the ionosphere (plasma)

I Propagation in optical fibres and waveguides

I Propagation in lossy media

I Propagation in engineered composite materials

In this lecture, we give tools to analyze and characterize these
situations, particularly for narrow-band pulses. We do not consider
polarization, only scalar waves are treated.
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Propagation in the frequency and time domains

In the frequency domain, fields propagate as

Ê(z, ω) = e−jk(ω)zÊ(0, ω) = H(z, ω)Ê(0, ω)

In the time domain, this is (where the impulse response h(z, t) is
the Fourier transform of H(z, ω) = e−jk(ω)z)

E(z, t) =

∫ ∞
−∞

h(z, t− t′)E(0, t′) dt′

Propagation can be viewed as the output of a filter:

Ê(z, ω)

E(z, t)E(0, t)

Ê(0, ω) H(z, ω)

h(z, t)∗
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Non-dispersive medium

When there is no dispersion, we have k(ω) = ω/c or

h(z, t) =
1

2π

∫ ∞
−∞

ejωtH(z, ω) dω =
1

2π

∫ ∞
−∞

ej(ωt−k(ω)z) dω

=
1

2π

∫ ∞
−∞

ejω(t−z/c) dω = δ(t− z/c)

This gives the time domain result

E(z, t) =

∫ ∞
−∞

h(z, t− t′)E(0, t′) dt′ = E(0, t− z/c)

that is, a pure translation in space-time.
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Exact relation

There exists an important example of an exact transform pair:

H(z, ω) = e−jk(ω)z = e−(z/c)(jck(ω)) = e−tf
√
jω+a+b

√
jω+a−b

h(z, t) = δ(t− tf)e−atf +
I1

(
b
√
t2 − t2f

)
√
t2 − t2f

btfe
−atu(t− tf)

where tf = z/c is the signal-front delay time, and I1 is the modified
Bessel function of the first kind and order one. The wave number is

k(ω) =
1

jc

√
jω + a+ b

√
jω + a− b

Since I1(x)→ ex/
√
2πx when |x| → ∞ and Re(x) > 0, the large

time impulse response is

h(z, t)→ ebt

t
√
2πbt

btfe
−at =

btf

t
√
2πat

e(b−a)t when t� tf
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Interpretation of different values

Parameters k(ω) Interpretation

a = 0, b = 0 ω/c vacuum or lossless dielectric
a > 0, b = 0 ω/c− ja/c weakly conducting dielectric

a = b > 0 ω
c

√
1 + 2a/jω medium with finite conductivity

a = 0, b = jωp
1
c

√
ω2 − ω2

p lossless plasma

a = 0, b = jωc
1
c

√
ω2 − ω2

c hollow metallic waveguide

Also the lossy transmission line is contained in this relation, with
a+ b = R′/L′ and a− b = G′/C ′ and

k(ω) =
1

jc

√
(jω +R′/L′)(jω +G′/C ′)
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Examples of impulse response

Upper graph time t→ h(z, t), lower graph frequency f → H(z, ω),
for z/c = tf = 1.
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Example: whistlers

Lightning strikes causes the generation of EM waves in a broad
spectrum. These propagate through the atmosphere, partially
through the ionosphere (plasma). Thus, a lightning at the north
pole can be detected at the south pole, but different frequencies
arrive at different times.
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System parameters

Going back to the general system, we have

Ê(z, ω)

E(z, t)E(0, t)

Ê(0, ω) H(z, ω)

h(z, t)∗

Writing H(z, ω) = |H(z, ω)|e−jφ(ω), the space-time expression for
each fixed frequency is

ejωtH(z, ω) = ej(ωt−φ(ω))|H(z, ω)|
and we define the delay parameters

Phase delay tp =
φ(ω)

ω

Group delay tg =
dφ(ω)

dω

Signal-front delay tf = lim
ω→∞

φ(ω)

ω
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Interpreting delays as velocities

Writing k(ω) = β(ω)− jα(ω), we obtain

H(z, ω) = e−jk(ω)z = e−α(ω)ze−jβ(ω)z ⇒ φ(ω) = β(ω)z

In terms of the phase delay tp, group delay tg, and signal-front
delay tf , we then have

Phase velocity vp =
z

tp
=

1

β/ω
=

ω

β(ω)

Group velocity vg =
z

tg
=

1

dβ/dω
=

dω

dβ

Signal-front velocity vf =
z

tf
=

1

lim
ω→∞

β/ω
= lim

ω→∞

ω

β(ω)
= lim

ω→∞
vp
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What is the suitable velocity to study whistlers?

In the whistler example, high frequencies arrive first.

The ionosphere is a plasma with k(ω) = 1
c

√
ω2 − ω2

p, which means

the phase and group velocities are (for ω ≥ ωp)

Phase velocity vp = ω
β(ω) = c ω√

ω2−ω2
p

decreases to c with ω

Group velocity vg = dω
dβ = c

√
ω2−ω2

p

ω increases to c with ω

Group velocity is consistent with experimental data.
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Signal-front response

The signal-front response depends on the high-frequency limit of
the material parameters. This is fundamentally unknown, since our
models can only be tested for finite frequencies. The best we can
do, is to

extrapolate the models we have, in such a way that the
result obeys causality (Kramers-Kronig’s relations)

This leads to some arbitrariness, and usually the high frequency
limit is taken to be ε(ω)

µ(ω)
vp(ω)

 →

ε0µ0
c0

 as ω →∞

and thus vf = c0. However, this is not necessary, only vf ≤ c0 is
required by special relativity.
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Can the group velocity exceed the speed of light?

The group velocity appears in the Taylor series expansion
β(ω) = β(ω0) + β′(ω0)(ω − ω0) + · · · , implying

ej(ωt−β(ω)z) ≈ ej(ω0t−β(ω0)z)ej(ω−ω0)(t−β′(ω0)z)

In the next lecture, we identify the first exponential as a carrier
wave (fast oscillations) and the second exponential as the
propagation of the amplitude (slow oscillations), propagating at
group velocity vg = 1/β′(ω0).

Here, we give a qualitative argument that this speed can be
greater than the speed of light, while still satisfying causality and
special relativity.
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A graphical argument

(Figs. 3.2.1–3.2.2 in Orfanidis)

E(z, t1 + tf) =
∫ t1
t0
h(z, t1 + tf − t′)E(0, t′) dt′, meaning the

shaded parts are causal, but the peaks are not.
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Stenner, Gauthier, Neifeld, Nature 2003

The peak arrives before it “should”, due to anomalous dispersion.
The advance in peak arrival is canceled by detection time.
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Causality in the frequency domain

Orfanidis spends some time at the end of 3.2 to prove causality in
the time domain from properties in the frequency domain. Don’t
dive too deep into this if you find it confusing.
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Causal response

The response from a causal system to a causal sinusoid
E(0, t) = ejω0tu(t) is

E(z, t) =

∫ ∞
−∞

h(z, t′)E(0, t− t′) dt′ =
∫ t

z/vf

h(z, t′)ejω0(t−t′) dt′

For t ≥ z/vf , this is

E(z, t) = ejω0t

∫ t

z/vf

e−jω0t′h(z, t′) dt′ → ejω0tH(z, ω0), t→∞

Thus the wave evolves to the steady state

Esteady(z, t) = ej(ω0t−k(ω0)z) for t� z/vf
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Evolving to steady state, propagating wave

H(z, ω0) = e−jk(ω0)z = e−jβ(ω0)z

(Fig. 3.4.1 in Orfanidis)

Some initial growth to the final steady-state.
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Evolving to steady state, evanescent wave

H(z, ω0) = e−jk(ω0)z = e−α(ω0)z

(Fig. 3.4.2 in Orfanidis)

The wave is exponentially attenuated as a function of z (or
tf = z/vf).
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Evolving to steady state, pulses

(Fig. 3.4.3 in Orfanidis)

Ringing after the pulse is shut down.
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Conclusions

I Advanced material models based on differential equations in
time can be implemented in FDTD.

I When considering scattering problems, absorbing boundary
conditions are essential.

I In dispersive media different frequencies travel with different
speed

I System point of view: phase delay, group delay, and
signal-front delay

I Propagation point of view: phase velocity, group velocity,
signal-front velocity

I Both group velocity and phase velocity can exceed the speed
of light in vacuum, but not the signal-front velocity

I Exponential transients precede the final steady state
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