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Last lecture

I Waveguide modes.

I TE-and TM-modes.

I Rectangular waveguide.

I Cut-off frequency.

I Short introduction to Comsol.
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Hollow waveguides

V

Two type of waves:

I TE-waves⇒ Ez = 0, Hz = w(ρ)eikzz

I TM-waves⇒ Hz = 0, Ez = v(ρ)eikzz
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Hollow waveguides

TE-waves: Ez = 0
E = (Ex, Ey, 0) and H = (Hx.Hy, Hz).
Find Hz! Then: 

ET(r) = −i
ωµ0
k2t
ẑ ×∇THz(r)

HT(r) = i
kz
k2t
∇THz(r)

(1)
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Hz = w(ρ)eikzz

Eigenvalue problem

∇2w(ρ) + k2tw(ρ) = 0, ρ ∈ Ω

n̂ · ∇w(ρ) = 0, ρ ∈ Γ

Eigenvalues k2tn and eigenfunctions wn(ρ)
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Hollow waveguides

TM-waves: Hz = 0
E = (Ex, Ey, Ez) and H = (Hx.Hy, 0).
Find Ez! Then: 

ET(r) = i
kz
k2t
∇TEz(r)

HT(r) = i
ωε0
k2t
ẑ ×∇TEz(r)

(2)

Anders Karlsson, Electrical and information technology



Ez = v(ρ)eikzz

Eigenvalue problem

∇2v(ρ) + k2t v(ρ) = 0, ρ ∈ Ω

v(ρ) = 0, ρ ∈ Γ

Eigenvalues k2tn and eigenfunctions vn(ρ)
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Rectangular waveguide TE-modes

b

a

y
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TE-waves ⇒ Hz = w(ρ)eikzz

Eigenvalue problem

∇2w(ρ) + k2tw(ρ) = 0, ρ ∈ Ω

n̂ · ∇w(ρ) = 0, on all four sides
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Rectangular waveguide TE-modes

b

a

y

x

Eigenvalues: k2tmn =
(mπ
a

)2
+
(nπ
b

)2
Eigenfunctions: wmn(ρ) = Amn cos

(mπx
a

)
cos
(nπy

b

)
m = 0, 1, 2 . . ., n = 0, 1, 2 . . .
but (m,n) 6= (0, 0)
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Rectangular waveguide

The fundamental mode is TE10.

The electric field in the plane z = 0 from Comsol:

Eq. (15) ⇒ E(r) = E0 sin
(πx
a

)
eikzzŷ
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Rectangular waveguide

The fundamental mode TE10 is a superposition of two linearly
polarized plane waves:

k =
(
−π
a
, 0, kz

)
and k̄ =

(π
a
, 0, kz

)
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Rectangular waveguide

The TE20 mode

Eq. (15) ⇒ E(r) = E0 sin

(
2πx

a

)
eikzzŷ
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Rectangular waveguide

The TE01 mode

Eq. (15) ⇒ E(r) = E0 sin
(πy
b

)
eikzzx̂
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Rectangular waveguide

The TE21 mode
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Cut-off frequencies

eikzz

kz =
√
k2 − k2tmn.

1. k > ktmn =⇒ kz real =⇒ propagating mode

2. k = ktmn =⇒ kz = 0 =⇒ standing wave, cut-off frequency fc

3. k < ktmn =⇒ kz imaginary =⇒ non-propagating mode
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Cut-off frequencies: example

b

a

y
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Rectangular waveguide a = 5 cm, b = 2cm.
TE10: fc = 3 GHz
TE20: fc = 6 GHz
TE01: fc = 7.5 GHz
f < 3 GHz No waves can propagate
3 GHz< f < 6 GHz Only TE10 can propagate
6 GHz< f < 7.5 GHz TE10 and TE20 can propagate
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Phase- and group speed

Group speed=vg =
kz
k
c= speed that power travels with.

Notice: vg < c
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Phase- and group speed

Phase speed=vp =
k

kz
c= speed that pattern travels with.

Notice vp > c since kz < k
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Outline for today

I Circular cylindrical waveguides

I Bessel functions

I The fundamental mode

I Comsol example
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