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System model

cos(@ 1) cos(@ f + @)

—sin(w 1) —sin(@ { + @)

We want to represent the outputs as functions of the inputs
Note that the receiver and transmitter are not synchronous LND
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Models of input and channel

The transmitted signal y(¢) equals
y(t) = yr(t) cos(wet) — yo(t) sin(wet).
Similarily, the channel impulse response can be expressed as

h(t) = hy(t) cos(wet) — hg(t) sin(wet).

/0 \2
/< o\ 7
3] W |2
W ~ |z
2 )y /2
2@( i) *1&‘5
&2 ,\\%
9.511N>

UNIVERSITY



Channel output 1n the Fourier domain

To evaluate r(t) = y(t) = h(t), we consider the signals in the Fourier domain:

R(f) = Y()H(S)
= S+ ) VI~ f) + ¥alf + fo) — ¥alf — fo)

X [Hf(f‘|‘f6)‘|‘H1(f_fc)‘|‘3HQ(f+fC) _]HQ(f_fC)]

Now observe that a product of the type Y;,o(f £ fo)Hyo(f T fe) =0
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Channel output 1n the Fourier domain

R(f) — i [YI(f + fc)HI(f + fc) +.]lff(f + fC)HQ(f + fc) + }/I(f o fc)HI(f - fC)
—IYI(f = f)HQ(f — fe) +9¥Q(f + fo)Hi(f + fo) = Yo(f + fo)Ho(f + fc)
—YQ(f = f)Hi(f + fo) = Yo(f — fo)Ho(f — fe)]
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Channel output 1n the Fourier domain

R(f) - i[ﬁ(f—FfC)'I{I(f+fC)I+JYI(f+fC)HQ(f+fc)+yl(f_fc)?1(f_fc)|
—Y1(f = f)HQ\ — fo) +0¥Yo(f + fo)Hi(f + fo) = Yo(LA4 fo)Ho(f + fe)
—Yo(f — fe)Hi(f

) = Yo(f — fo)Ho(f — fo)]

By identifying terms, we get that

r(t) = 71(t) cos(wt = To(t) sin(wit),
with
FI(t) = g lur(h) » h(t) — (1) » o (1)

and

Fa(t) = 5lur(t) » ha(t) + ya(t) « hi(1)]
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Channel output 1n the Fourier domain

RU) = RS SR £y ilF + FolHo(f + 1) + Yol — BB — fo)

T
—Vi(f = J)Ho(f — fe) +9¥Q(f + fo) Hi(f + fe) = Yo(f + fe)Ho(f + fe)

—3Yo(f — fo)H(f + fe) — }:Q(f — fe)Ho(f — fc)J

¥
By identifying terms, we get that
r(t) = 71(t) cos(wct) — To(t) sin(wey,
with

F1(1) = 5 lyr(t) * hr(#) = yq (1) * h()

and

Fa(t) = 5lur(t) * ha(t) + a(t) « hi(1)]
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Channel output 1n the Fourier domain

RU) = JRU 4 FIHI + Jot ¥l + fHo(f + £) + Yl — BLI0)
—ﬁl’f(f FOHa(f — £+ ValT = ffHI(f 7~ Yolf + £ Ho(f + £
)

~Yo(f - f)Half - £) '
Y

with

and

Fa(t) = 5[u1(t) » h(t) + va(t) * hi(1)]
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Channel output 1n the Fourier domain

RU) = WU+ JEL 1 Fot YilF + S Half + fo) + il JH £
—mu‘ JHoll o)+ JYQU‘ +FHI(f + fc) Yo(f + J)Ho(f + f.)

~Yolf - fc)HI(f+fc) Yo(f — £ h ol — £ !
T

with

and

Fa(t) = 3 lur(t)  ha(t) + ua(t) = hr(t)].
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Channel output 1n the time domain

cos(@ 1) cos(@ f + @)

Now, lets multiply by cos(a t + ¢)
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Channel output 1n the time domain

Basic trigonometric properties
cos(x)cos(y) = sz[cos(x+y) + cos(z — y)]

sin(x)cos(y) = slsin(x +y) +sin(z — y)]

= N~ N

sin(z) sin(y) = cos(z +y) — cos(xz — y)]

Signal at upper rail equals
77 (t) cos(wet) — T (t) sin(w.t)] cos(wet + ¢) =

(t
[ 71(0)[c5SsL 0) + cos(6)] - ()L 6) — sin()

Remove by low pass filtering
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Channel output 1n the time domain

We get that
r(t) = i) cos(o) + Tg(t) sin(o)
= i [(yr(t) * hi(t) —yq(t) * hq(t)) cos(d) + (yr(t) * hq(t) + yo(t) * hi(t))) sin(¢)]
and
rq(t) = i [—(w1(t) * h1(t) — yo(t) * hq(t)) sin(@) + (y1(t) * hq(t) + yo(t) * hi(t)) cos(¢)]
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Channel output 1n the time domain

Now construct the two complex valued signals
y(t) = yr(t) + gyq(t)

and
ré(t) = ri(t) + gro(t).

By identifying some terms we can conclude that

ro(t) = y°(t) x h°(2),

with h°(t) = hy(t) cos(¢p) + ho(t) sin(p) + 3(hg(t) cos(¢p) — hy(t) sin(¢)).
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Final result

cos(@ 1) cos(w t + @)

—sin( 1) —sin(@ !+ @)

This can be modeled in the complex baseband as
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Final result

BO(t) £ hy(t) cos(d) + ho(t) sin(g) + 3(hq(t) cos(d) — hr(t) sin(6)).

ye(t) =y (t) + Jyo(t) m re(t) = ri(t) + grq(t)

ré(t) = y°(t) » he(t)
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What 1s the effect of ¢ ?

RE(t) 2 hy(t) cos() + ho(t) sin(g) + 3(hq(t) cos(@) — hy(t) sin(6)).

Energy of the impulse response

J22 (ko) Pdt = [0, hi(t) + h(t)dt

The energy is independent of ¢!
It doesn’t matter if Tx and Rx are not synchronous
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Conclusion

We can always work in the complex baseband domain with
the input/output relation

re(t) = y°(t) x ho(t) +n°(t)

And we do not care about ¢ (it must be estimated though)
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