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What is communication?

» The purpose of a communication system is to transmit messages
(information) from a source to a destination

Examples: sound, picture, movie, text, etc.

» The messages are converted into signals that are suitable for
transmission

» The physical medium for transmission is called the channel

. Source Qf Transmitter Channel H ReceiverH . User Of
information q\ q\ q\ q\ information

Information Transmitted  Received _ Estimate of
signal signal signal  information signal

» The received signal is used to estimate the messages

What are analog / digital signals?
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Digital Communications

We are in a global digital (r)evolution

v

Mobile data and telephony (GSM, EDGE, 3G, 4G, 5G)
Digital radio and television, Bluetooth, WLAN

Data storage, CD, DVD, Flash, magnetic storage
Optical fiber, DSL (long range, high rate)

Cloud computing, big data, distributed storage

Connected devices, Internet of things, machine-to-machine
communication, distributed control, cyber physical systems

v

v

v

v

v

The large number of different application scenarios require flexible
communication solutions (data rate / delay / reliability / complexity)

Remark storage of data falls also into the category of a
communication system (why?)
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Analog versus digital

» Analog communication:
both source and processing are analog

» Digital communication:
the source messages are digital, i.e., can be represented
by discrete numbers (digits)

Example 1: | speak and you listen to the acoustic sound wave

Example 2: | record my speech to MP3 and send it to you,
who plays it back on your computer or phone

Example 3: | use morse code and a flashlight to transmit
a message to my neighbor

In all cases some analog medium has to be used during
the transmission at some point
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Scope of this course Not in this course

» Analog to digital conversion, sampling theorem, quantization
biil S(t) 1t Bl = basic signals & systems or signal processing course
—> Transmitter Channel Receiver —= » Source coding (compression)
= covered in information theory course (elective)

» Channel coding (robust and reliable communication)

» Transmitter principles: bits to analog signals (Chap. 2) = covered in separate course (elective)
» Receiver principles: analog noisy signals to bits (Chap. 4,5,6) » Cryptography (secure communication)
» Characteristics of the communication link (Chap. 3,6) = covered in separate course (elective))
Requirements: There exist a large number of specialized courses that can be taken
» Data should arrive correctly at the receiver after this basic course.

» High bit rates are desirable
» Energy/power efficiency
» Bandwidth efficiency
What are the technical solutions and challenges?

There is also a project course in wireless communications.
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The Transmitter The Transmitter

. . ” . . .
How can we map digital data to analog signals? » The analog waveform corresponding to the bit 5[i] can be written

as a time-shifted version of an elementary pulse g(¢)

bjj=1 0 1. 1. 0 1 0 1 0 O 1 1 o) ot —iTy)

A simple approach: A A
apply some voltage A during transmission of a 1

s(t) Tt ' iT, in+T t

! i i » Ty is the information bit interval, while T is the pulse duration

» For now we assume that T < 7;, i.e., the pulses do not overlap
» We can now represent the transmit sequence s(t) as follows

Basic operation: (more general) s(t) = b[0]g(r) +b[1] g(r —Tp) + b[2] g(t = 2Tp) + -
represent the sequence of information bits »[i] by a sequence of

analog waveforms, resulting in the transmit signal s(z)
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Variations of our signaling example Another pulse example ( — p. 10)

19

> In our example we only send a signal when b[i] = 1 081
This modulation type is called on-off signaling = 069
» Instead we could send a pulse with amplitude —A for b[i] = 0: = Z:

0

s(t) o 2 Gp & 01
Nronn e o
I_ J |_| i t s What are the input

—-A

T sequences b|i] here?
i
This modulation type is called antipodal signaling < ot
» We could also choose a different pulse shape g(z) = o
In this chapter: different modulation types and their properties 021 i ® L]
-0.4 ]
-0.6 1
-0.87
43
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What data rate can we achieve? What bandwidth is required?
» We could also choose a shorter pulse, with T < T}, (what for?) » The bandwidth W of the transmit signal is a valuable resource
J O O
o T
» An important parameter is the information bit rate | | 7
Je
B .
Ry = T [bps] (bits per second) , » For typical pulses g(r) the bandwidth W is proportional to %
if the source produces B information bits during = seconds > More details about the bandwidth of s(r) follow next week
» |If we avoid Over|apping pulses we need T < Tb and » A Challenging goal is to achieve a Iarge bandwidth efﬂCiency
11 R, [b/s
= =< = = — —_—
Re=g, =71 P=w [Hz}

Observe: T determines the pulse length and T}, the rate Question: What happens when the pulse duration gets small?
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Increasing the message alphabet M-ary signaling

» Up to this point we have considered binary signaling only Example: k=2, M =22 =4

» Each bit 5[i] was mapped to one of two signals so(z) or s (¢) The binary sequence

> More generally, we can gombine_k bits b [i], b2 |i], bl toa bal=1 0 1 1.0 1 0100 1 1
single message m/[i], which then is mapped to a signal s,(z)

m ‘ is mapped by ‘
| byl 3 mli] =Y bali] 2" = by [i] + ba[i] - 2
i . . | n=1
} Serial : Blna.ry o . } . .
L& o | o e mil {sz(t)}g:; > sl to M = 4 signal alternatives
1| parale } see (2.22) !
| ol | bli] =00 < mli] =0 s0(t)  bli] = 10 3 mli] = 1 © 51(7)
L b[i] =01 <> m[i] =2 <> 55(1) bli] = 11 <> m[i] =3 < 53(¢)
» In case of M-ary signaling, one of M = 2F messages mi] is The message sequence becomes

transmitted by its corresponding signal alternative

se(t) € {s0(t),51(8),...,sm—1(8)}

mij=1 3 2 2 0 3

With k = 14 there are M = 16384 signal alternatives
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Symbol rate versus bit rate The Channel

» Since k information bits are transmitted with each symbol, the

. . » The channel is often modeled as time-invariant filter with noise
symbol interval (symbol time) becomes

Channel ’Lu(t)
T; =kT) s(t) l r(t)
» Accordingly, the symbol rate (signaling rate) is given by h(t) >
R.— 1 [symbols} Ry
T s k » h(t) is the channel impulse response and w(z) the additive noise
» When the message equals m[i] =j then s;(t —iTy) is sent » The received signal becomes
5(t) = Sujo) () + 1) (t = Ts) + Spp) (1 = 2T5) + -+ (1) = s(t) x h(t) + w(t) = / h(t)s(t—T) dt+w(t)

How does k affect the bandwidth efficiency p? ) )
» For now we assume the simple case (a: attenuation)

Remark: Be careful with the different definitions of time:

t: time variable T: pulse duration 7: bit time 7: symbol time h(t) = aé(t) = r(t)=as()+w()
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Example: noisy signal at the receiver (p. 13)

r(t)/aA
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Bit Errors

» The bit error probability is an important measure of
communication performance

» It is defined as the average number of information bit errors per
detected information bit

E{Berr}

P, =
b B

Example:

» Assume a bit rate of 1 Mbps and that 10 bit errors occur per hour
on the average. What is the bit error probability?
» The total number of bits in an hour is
B =1000000-60-60=3.6-10°
This gives
10 9
Py=—=278-10
B

= Computer simulations become very time consuming!
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The Receiver

<

3
~
=

- il lJL H Wity JL‘ \\

H |Y’\ il H“‘\‘H s ‘”‘ “ “”

» Due to the attenuation a during transmission, the noise w(r) has
a strong impact on the received signal r(r)

» A well designed receiver can still detect the symbols correctly!
In this example, only 1 of 10° bits will be wrong in average

» We will learn about the receiver and its performance later,
in Chapters 4 and 5
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Signal energy and power

» The symbol energy E, of a signal alternative s,(¢) is given by
T
Egz/ si(tydt <o, £=0,1,....M—1
0
» An important system parameter is the average symbol energy
M—1
= Y PiEr, Py=Pr{mi]=1(}
(=0

and the average signal energy per information bit

» The average signal power is then given by
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Signal energy and power How well can we distinguish two signals?

» The attenuation & and the noise w(z) determine the quality of a > The squared Euclidean distance between two signals ;(r) and
communication link 5;(r) is defined as
r(t) = as(t) +w(t)

Ty
DY = [ i) ~5i(0)? ds
Example: OT
If a transmitted signal s(¢) has energy Ej,, how much energy &, is then — / ’ s2(1) _sz(t) —2si(1)sj() dt
in the received signal z(f) = a - s(¢) if ¢ =0.001? 0 .,
» Using () = a’s*(¢) we obtain =EitE - 2/0 si(1)s;(t) dt

P.=a*P = o’RyE} » Two signals are antipodal if

P P oo si(t) =—si(t), 0<t<T,
and Eb:—z:az—:azEb l() ]() s
Ry Ry

» If @ = 0.001 then the power is reduced by a factor 10~°
This will increase the bit error probability!

» Two signals are orthogonal if

Ty
/ si(2)si(t)dt =0
0

Antipodal signals have larger Euclidean distance
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Euclidean distance example M =2

Case 1: on-off signaling

Examples of pulse shapes: Appendix D

s(t) ' -t 2 2 T4 o
0.8
H H 60.6*
L_» t 50.4 0
T 0.2 0l
so(t) =A and s;(f) = 0 for 0 < t < Ty, = T, which gives D} | = 2E}, R PR e
) 07 08 0 o]
Observe: on-off signaling is orthogonal " o
Case 2: antipodal signaling Figure D.1: grec(t)/4. Figure D.2: =g in dB.

S(tl'—‘ . . 1. The rectangular pulse:
.
I_ J |_| } gm;(t):{A , 0<t<T

0 , otherwise

T o0
By= [ ettt = [ (Gl p)Par = 227
so(t)=Aand s (1) = —Afor0 <t < T, =T, and Dj, = 4E,
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Examples of pulse shapes: Appendix D

LUND
; - 2 I 4 6 UNIVERSITY
Soof EITGO5 — Digital Communications
0.4
4 Lecture 2
0 02 04 06 08 1 m /\ \ .
YT Signal Constellations (p. 31-55)
Figure D.9: g,0(£)/A. Figure D.10: % in dB.
Michael Lentmaier
Thursday, September 6, 2018
5. The time raised cosine pulse:
2 (1—cos(2mt/T)) , 0<t<T
gre(t) = { .
, otherwise
E, = 3A2T/8
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Example: noisy signal at the receiver (p. 13) Euclidean distance example M =2
. ) Case 1: on-off signaling
3 L o] ()
= 2 -~ 061
kg < o044 A : :
. ‘Ml‘u“‘l‘w | I i .MH [| AN 02 ; ;
i i 1 il o1 2 6 8 10 12 L_» t
] } j‘,, t/T T
% ool so(t)=Aand s(r) = 0 for 0 <t < T, =T, which gives D}, = 2E,
- Observe: on-off signaling is orthogonal
o] Case 2: antipodal signaling
] s s(t)
® 0.2 A H f
L R | F '_L 5 J|_||_||_ —
I I]" J UH\}“‘”H‘ 1! “‘H \H\ ” :g::: 4 H
gt T
so(t)=Aand s;(t) = —Afor0 <1< Ty =T, and D, = 4E,
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How well can we distinguish two signals? Signal constellations

» The squared Euclidean distance between two signals s;(r) and
s;(r) is defined as

|
b, |
: :
|

Serial Binary to
b enal decimal mii] M|
— to b,li] N —* (se(t))e:o = s(t)

parallel

T ), |
D2 —/ (S,(t) _Sj( )) dt b, see (2.22) i

- / ~ s In case of M-ary signaling, one of M = 2% messages m/[i] is
—E.+E; 2/ si(0)si(1)dt transmitted by its corresponding signal alternative

se(t) € {s0(2),51(£),...,sp—1(0)}
The signal constellation is the set of possible signal alternatives

The mapping defines which message is assigned to which signal
When the message equals m|i] =j then s;(r—iTy) is sent

$(8) = Smjo) (1) + 1) (1 = Ts) + 8 (1 = 2T5) + -+

v

» The symbol energy E, of a signal alternative s,(¢) is given by

v

v

E[:/ si(tydt <o, £=0,1,...M—1
0

v

Question: how should we choose M distinguishable signals?
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Pulse Width Modulation (PWM) Pulse Position Modulation (PPM)
» In pulse width modulation the message modulates the duration T » In pulse position modulation the message modulates the position
of a pulse ¢(¢) within the symbol interval T of a short pulse ¢(¢) within the symbol interval T;
! T,
=c|— (=0,1,....M—1 — _¢ =3 — _
so(t) C<tg) , B P SE(t)—c(t éM) . 0=0,1,...M—1
» The duration of the pulse ¢(¢) is equal to T =1 » The duration T of the pulse ¢(r) has to satisfy T < T,/M
» It follows that s,(r) is zero outside the interval 0 < ¢ <1 » The pulses are orthogonal and we get
> ltis assumed that 7, <7, . E —E. D2 —E+E—=2E
» Average symbol energy: E; =E, 1,
Example: Example:
s(t) T s(t)
non Mn isniininleninl
. : ‘ : ; : t 4 Th 2Tb 3Ty, 4T, 5T 6Ty 7Tb '
te -2

Used in control applications, not much for data transmission

(e.g., speed of CPU fan, LED intensity) Used for low-power optical links (e.g. IR remote controls)
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Pulse Amplitude Modulation (PAM) Example of 4-ary PAM

» Example: M =4,A0=-3,A1=—1,A, =+1,A3 =+3

» In pulse amplitude modulation the message is mapped into the N
amplitude only:

o]

se(t) =Apg(t), £=0,1,....M—1

<

~

=
%

5 1

antipodal signaling, which are special cases for M =2

0 \/2A ¥ \/GA 8
» PAM is a natural generalization of binary on-off signaling and B E N

» A common choice are equidistant amplitudes located =

symmetrically around zero: » The same constellation, defined by the amplitudes

Aj=-M+1+20, £=0,1,... M—1 (AN — (1,43, 45, £ (M—1)}
could also be used with other mappings

What is the message sequence m|i]?
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Symbol Energy of PAM Euclidean distances of PAM signals

» The symbol energy of a PAM signal is » The squared Euclidean distance between two PAM signal

Ty T, alternatives is
Ef:/o 57(1) dt:/0 A2 (1) dr 2 . 2 2
Dw:/o (si(r) = 5;(1))” dr = Eg (A — A;)

» Using
E — /T“' gz(t) dt » With A, = —M + 1+ 2/ this becomes
0
2 s N2
we can write the average symbol energy as Dij =4E, (i—J)
_ M-1 ) Compare this with Example 2.7 on page 28
Es=Eq ;0 Pe Ay » We will later see that the minimum Euclidean distance min;; D;;
» Often the messages are equally likely, i.e., P, — 1 — 2 and for strongly influences the error probability of the receiver
the symmetric constellation from above we geet M ’ » For this reason, equidistant constellations are often used
- M?—1

Ey=Eg——— .
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Bandpass Signals Bandpass M-ary PAM

> In many applications we want to transmit signals at high » To modulate the pulse amplitude, we can multiply the original
frequencies, centered around a carrier frequency f. PAM signal s(¢) with a sinusoidal signal

» A typical bandpass signal has the form -
spp(t) = (1) -cos(2m f. 1) = ZAm[i} g(t—iTs)-cos(2m f, 1)

s(t) =A(t)-cos 2m f(1) t + @(1)) =0
» The general idea of carrier modulation techniques is to map the Example:
messages m/[i] to the different signal parameters: o 8
> PAM: amplitude A(r) 2] 2
Wl
» FSK: frequency £(1) A D
» QAM: amplitude A(r) and phase ¢(r) 0 u 0 'HW””””H“;' |||||!|||| "W”Hlp- g
» OFDM: amplitude A(), phase ¢(r), and frequency f(z) ] 4 ‘ ‘ "'“ ‘ ’ |
Remark: : i 2 ‘
analog modulation (AM or FM) changes the parameters = -3
by means of a continuous input signal
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Phase Shift Keying (PSK) Example of QPSK
» We have seen that with PAM signaling the message modulates i
the amplitude A, of the signal s,(r) - 0.8 1
» The idea of phase shift keying signaling is to modulate instead = gi
the phase vy of s,(7) Y 0:27
se(t) =g(t) cosQm fot + v¢), £=0,1,...M—1, _037 ;
» M = 2: binary PSK (BPSK) with vy = 0 and v, = & is equivalent to 047
binary PAM with Ao = +1 and A; = —1 —gi:
» M =4: 4-ary PSK is also called quadrature PSK (QPSK) _'1 ]
» If we choose

fC:nRs

for some positive integer n, then n full cycles of the carrier wave
are contained within a symbol interval Ty

fe=2Rs, vy=0, V1=7E/27 V=T, andv3:37t/2

What is the message sequence m|i]?

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 2
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Symmetric M-ary PSK

» Normally, the phase alternatives are located symmetrically on a

circle .y
T
VZ:W+Vconst7 (:()a]?"":M*]?

where v, is a contant phase offset value

> If Py = % and f. > Ry, then the average symbol energy is

B oL
2
and D;; = Eg (1—cos(vi—v)))

» PSK has a constant symbol energy
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Example of 4-ary FSK

4-ary FSK
o
(o))

o

T
v=—-=

7 fO =Ry, fl = 2Ry, f2 = 3Ry, andf3 = 4R,

What is the message sequence m]i]?
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Frequency Shift Keying (FSK)

» Instead of amplitude and phase, the message can modulate the
frequency f;

se(t)=A cosmfyt +v), £=0,1,.... M—1

» Amplitude A and phase v are constants

» In many applications the frequency alternatives f; are chosen
such that the signals are orthogonal, i.e.,

Ty
/ silt) () di =0, i#j
0
» If v=0o0rv=—x/2 (often used), then we can choose

R R
fg:n075+6173 © i lfa, =0,1,... M1,

where ny and I are positive integers

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 2

Quadrature Amplitude Modulation (QAM)

» With QAM signaling the message modulates the amplitudes of
two orthogonal signals (inphase and quadrature component)

s¢(t) =Ay g(t) cos(2n f, t) — By g(¢) sin(2n f. t), £=0,1,....M—1
» We can interpret s,(¢) as the sum of two bandpass PAM signals

» Motivation: We can transmit two signals independently using
the same carrier frequency and bandwidth

With QAM we can change both amplitude and phase
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Quadrature Amplitude Modulation (QAM) Energy and Distance of M-ary QAM

» Choosing f. > R; it can be shown that
se(t) =Ap g(t) cos(2m f. t) — By g(t) sin(2m f, 1) e
E, = (A%“'B%) jg
» The signal s,(r) can also be expressed as E
DYy = ((4i =4+ (Bi - B)*) =

» A common choice are equidistant amplitudes located
symmetrically around zero: (two v/M-ary PAM with k/2 bits each)

(AN — Mt = {il,i3,i5,...,i (\/M_ 1)}

se(t) = g(t)\/A? + B} cos(2m f. t + Vi)

» It follows that QAM is a generalization of PSK:
selecting A7 + B = 1 we can put the information into v, and get

. _ L . .
Ay =cos(v), By =sin(v) » For equally likely messages P, = ;, this results in the average

energy
M—1
— 1 2(M—1) E,
E;=) —E/= £
= 3 2
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Geometric interpretation Signal space representation of QAM
» It is possible to describe QAM signals as two-dimensional » Now we can describe each signal alternative s,(¢) as a point with
vectors in a so-called signal space coordinates (s;1,s¢2) within a constellation diagram
» For this the signal .
4-QAM 16-QAM 64-QAM
se(t) = Ay g(t) cos(2m f, t) — By g(t) sin(27 f, 1) 0

is written as

se(t) = se1 91(1) +502 $2(1)

» Here sp1 =A¢\/E,/2 and sy» = B¢+/E, /2 are the coordinates bbb b >
» The functions ¢, (¢) and ¢,(¢) form an orthonormal basis of a so0s0eee
vector space that spans all possible transmit signals:
g(t) cos(2m f, 1)  g(#) sin(2x f. 1) Se1 =Ap\/Eg/2, 502 =Bi\/Eg/2

¢1(t) = ) ¢2(t) =

E,/2
» The signal energy E;, and the Euclidean distance D,-ZJ can

This looks abstract, but can be very useful! be determined in the signal space
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Signal space representation of PSK and PAM Multitone Signaling: OFDM

» PSK and PAM can be seen as a special cases of QAM: » With FSK signaling, orthogonal signal alternatives are
transmitted at different frequencies

2-PSK 4-PSK (QPSK)
9, , » Disadvantage: only one frequency can be used at the same time
T » Orthogonal Frequency Division Multiplexing (OFDM):
| use QAM at N orthogonal frequencies and transmit the sum
S S
1 : . » OFDM is widely used in modern communication systems:
! WLAN, LTE, DAB (radio), DVB (TV), DSL
: Example:
. N = 4096
se1 =cos(Ve)\[Eg/2,  sep=sin(Ve)\/Eg/2 64-ary QAM at each frequency (carrier)
2-PAM 4-PAM 8-PAM Then an OFDM signal carries 4096 - 6 = 24576 bits
S0 S1 S0 S1  S2 S3 S0 S1 So S3  S4 S5 Sg S7 . .
B S 2 IR gy T How does a typical OFDM signal look like?

How can such a system be realized in practice?

ser=(=M+1+210) \/E, = OFDM will be explained in detail in the advanced course
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Example of an OFDM symbol
N = 16, 16-ary QAM in each subcarrier (p. 52) LUND

UNIVERSITY
2 401
g = = A .
G EITGO5 — Digital Communications
= 204
2
£ ‘ ‘ ‘ AL Lecture 3
’ o2 \b\y /zqs'e 08 Bandwidth of Transmitted Signals
=0 Michael Lentmaier
Monday, September 10, 2018
-40 1
N—1
x(t) = Z (ar[n] g(t) cos(2xm f, 1) —apln] g(1) sin(2x f, 1)) ,
n=0

In this example the symbol x(z) carries 16-4 = 64 bits

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 2



What did we do last week?

Concepts of M-ary digital signaling:
» Modulation of amplitude, phase or both: PAM, PSK, QAM
» Orthogonal signaling: FSK, OFDM
» Pulse position and width: PPM, PWM

We have paid special attention to:
» Average symbol energy E;
» Euclidean distance D;;
» Both values could be related to the energy E, of the pulse g(z)

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 3

Geometric interpretation

» It is possible to describe QAM signals as two-dimensional
vectors in a so-called signal space

» For this the signal
se(t) = Ay g(t) cos(2m f, t) — By g(t) sin(27 f, 1)

is written as

se(t) = se1 91(1) +502 $2(1)

» Here sp; =Ay\/Eg/2 and s;» = By+/Eg/2 are the coordinates
» The functions ¢;(r) and ¢, (¢) form an orthonormal basis of a
vector space that spans all possible transmit signals:

g(t) cos(2m f, 1)

¢1(2) = B2
8

This looks abstract, but can be very useful!
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Signal space representation of QAM

» Now we can describe each signal alternative s,(r) as a point with
coordinates (s;1,s¢2) within a constellation diagram

4-QAM 16-QAM 64-QAM
%,

S[,1:A“/Eg/2, S[,2:B[\/Eg/2

> The signal energy E; and the Euclidean distance Dj; can
be determined in the signal space

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 3

Signal space representation of PSK and PAM

» PSK and PAM can be seen as a special cases of QAM:

2-PSK 4-PSK (QPSK) 8-PSK
0, oy

se1 =cos(Vo)\/Eg/2,  spp=sin(Vy)y/Eg/2

2-PAM 4-PAM 8-PAM
S0 S1 S0 S1  S2 8;,' So 81 S2 S$3 S84 S5 S St
o> 0 o e o>
0 0 0

sp1=(—M+14+21) \/E,
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Multitone Signaling: OFDM

» With FSK signaling, orthogonal signal alternatives are
transmitted at different frequencies

» Disadvantage: only one frequency can be used at the same time

» Orthogonal Frequency Division Multiplexing (OFDM):
use QAM at N orthogonal frequencies and transmit the sum

» OFDM is widely used in modern communication systems:
WLAN, LTE, DAB (radio), DVB (TV), DSL

Example:
N = 4096
64-ary QAM at each frequency (carrier)

Then an OFDM signal carries 4096 - 6 = 24576 bits
How does a typical OFDM signal look like?

How can such a system be realized in practice?
= OFDM will be explained in detail in the advanced course
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Bandwidth of Transmitted Signal

» The bandwidth W of a signal is the width of the frequency range
where most of the signal energy or power is located

[ : f

» W is measured on the positive frequency axis
» The bandwidth is a limited and precious resource
» We must have control of the bandwidth and use it efficiently

Questions:
What is the relationship between information bit rate
and required bandwidth?

How does the bandwidth depend on the signaling method?
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Example of an OFDM symbol

N =16, 16-ary QAM in each subcarrier (p. 52)

2 401
:
é 201
2 I
-0 % \b\d/ 06 08 1
/TS
20
—40
N1
x(1) =Y (ai[n] g(r) cos(27 fy 1) —ag[n] g(t) sin(2x £, 1))
n=0

In this example the symbol x(z) carries 16-4 = 64 bits
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Source: https://www.ntia.doc.gov/category/spectrum-management
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Energy Spectrum Fourier Transform

» We have seen last week that the energy of a signal x(r) can be » The Fourier transform of a signal x(¢) is given by
determined as - .
E = / 2(1) dr X(f) = F{x(1)} = / () e dt = Xpo(f) + Xim(F) |
» The _functiop x*(t) shows how the energy E, is distributed along where j = /T, i.e., the solution to /2 = —1
the time axis
» According to Parseval’s relation we can alternatively express the » We can also express X(f) in terms of magnitude |X(f)| and
energy as phase ¢(f) = arg X(f) (argument)

B~ [ KPR

where X(f) denotes the Fourier transform of the signal x(r)
» The function |[X(f)|> shows how the energy E, is distributed in the 2 )
frequency domain IX(r) Xie(f) + X1 ()

| =
= We need the Fourier transform as a tool for finding the . Xre(f) = X (f)| Cf’s(‘P(f))
bandwidth of our signals Xim(f) = [X(f)| sin(@(f))

X(f) = ()| &0

» Then
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Fourier Transform Example: rectangular pulse
» The original signal x(¢) can then be expressed in terms of the » Let us compute the Fourier transform of the following signal:
inverse Fourier transform as A _T<osicT
i el xrec([) = z = L 2
X)) =FXO)} = [ X() ey = [ x(p)] e A0 g 0 othervise
e o » We get
» Interpretation: any signal x(¢) can be decomposed into Xroe(f) = F{xree (1)} = / - Xree (1) e 127t gy
sinusoidal components at different frequencies and phase offsets J oo
» The magnitude |X(f)| measures the strength of the signal B +T/ZA oA gy _Ae ! /2
component at frequency f o B 27f | rp
» Assuming x(¢) is a real-valued signal this can be written as A @ T _ oinfT sin(mfT)
. Txf 2wl
x(0) =2 [ 1x()| cos(2nf 1+ p(f)) of
‘ » We have found that
and it can be shown that sin(zf T)

Xree(t) +— AT T = AT sinc(fT)
IX(H) = 1X(=A)I, (even) o(f) =—¢(=f), (odd) Notation: x(t) ¢ —» F{x(1)}
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Example 2.17: sketch of X,..(f) Example 2.17: sketch of |X,..(f)|?

» Consider now the normalized energy spectrum in dB

Xree (F)[? sin(7f T)
é 1010g10 ( gx = 1010g]0 W
< 6 4 2 ap_2/T4 ¢
=
>< ]
—101
A _M v EN%
T 54
21
» the Fourier transform X(f) is centered around f = 0: baseband 51
» we observe a main-lobe and several side-lobes /\ A
S I 30 -

» Note: fT=2meansthatf=2-1/T

Sketch the functionfor T =10 %sand T =2-10"° = most energy is contained in the main-lobe (90.3 %)
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Fourier transform of time-shifted signals A simple Matlab exercise

» Did you notice the difference between x,..(¢) in this example and Let us plot the spectrum of the pulse gy (1)

|Xm(f)|2 = |Gm(f)|2 (compare App. D.1)

the elementrary pulse g...(f) which we used last week? 1 Re{Gro( )} | . ‘
A —L<i<I A 0<t<T /\
t 5 t) = - __ [, ., L W
Hreelt) = {0 otherW|se grec(t) {0 otherwise ’ nd "/ d

> The pulse gy (t) = xpc(t—T/2) is a time-shifted version of x..(f)
> In general, the Fourier transform of a signal y(r) = x(r —t;) with a

constant delay 7, becomes

Y(f) = [ (1—tg) P = /7 (1) e P () g = X(f) ¢ A L " . . . |

1010g10 |Gmc(
» Observe: the delay 7, changes only the phase of Y(f) ’ ‘ ‘
» The energy spectrum is not affected by time-shifts — ;: [\ i
S NVaVaVA! AYaAVaVN
¢ .
ST €
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A simple Matlab exercise

And this is how it was done:

1 % Example: rect pulse spectrum O

2

3

4 - x=-6:0.01:6;

5 - G=sin(pi.#®x)./(pi.®x).*exp(-j*pi*x); % T=1

6

7- figure(2)

8 - subplot(3,1,1);

9 - plot(x,real(G), 'r',x,imag(G), 'g'); xlabel('fT');

10 - grid on;

11

il = subplot(3,1,2);

13 - plot(x,abs(G).”2); xlabel('fT"); |

14 - grid on;

15

16 - subplot(3,1,3);

i|= plotix,10.=logl@(abs(G).~2)); xlabel('fT');

18 - set(gca, 'YLin', [-30 @]);

19 - grid on;

script Ln 13 Col 34
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Frequency shift operations

» We have seen the effect of a time shift on the Fourier transform
glt—1a) +— G(f) e ™1
» In a similar way we can characterize a frequency shift f. by
g(t) ¥ — G(f 1)

» Let us make use of the relation &/?%" = cos(2xf. 1) +j sin(2xf.t)
» We can now express this in terms of cosine and sine functions,

G(f +f) +G(F —fe)
2

. G(f +fo) = G(f —fe)
/ 2

= by simply changing the carrier frequency f. we can move
our signals to a suitable location along the frequency axis

g(t) cos(2mf.t) +—

g(t) sin(2rmfet) «—
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Fourier transform of other pulses

» The Fourier transforms G(f) and sketches of the energy spectra
|G(f)|? are given for a number of different elementary pulses g(r)
in Appendix D

» Example: half cycle sinusoidal pulse

L 6 4 2 2 /T4
0.8
o
=
= 0.6 20
z -30
S04
—40
. VT T
-60
0 02 04 06 08 1
T 2
o Figure D.8: ‘G"Eg({” in dB.
Figure D.7: gpes(t)/A.
2AT  cos(nfT) -
. Ghes(f) = Flgnes(t)} = =—— 5 e
_ { Asin(rt/T) , 0<t<r  relD=Floell == 755
Yhes = .
0 , otherwise Ghes(f = £1/2T) = FJAT/2
B, = A’T/2 Ghes(n/T) = 0 if n = +3/2, £5/2,£7/2, ...
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Example: time raised cosine pulse

g(t)/A v
G(f)/AT
05
08 04
03
04 0.2
02 0.1
06 04 -02 O 02 04 80 20 o Y] 10 20 30
/T T

x(t) =g(t)-cos(2mf.t) = gre(t+T/2) -cos(2xf.t) , f.=20/T
X(f)/AT
.’l,‘(tf JA 054

0.4

0.2

0.17
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Back to the transmitted signal

» We have seen how the Fourier transform can be used to
calculate the energy spectrum |X(f)|? of a given signal x(r)

» Let us now look at the transmitted signal for M-ary modulation

$() = Syufo] (1) + Smp1) (£ = Ts) 4 801 (1= 2T) +--- = Y sy (1
i=0

» Message mli| selects the signal alternative to be sent at time 7

» Since the information bit stream is random, the transmitted signal
s(t) consists of a sequence of random signal alternatives

How can we determine the bandwidth W of the transmitted signal?

Does the information sequence influence the spectrum? How?
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Power Spectral Density
Assumptions:

» The random M-ary sequence of messages m|i] consists of
independent, identically distributed (i.i.d) M-ary symbols

» The probability for each of the M = 2* symbols (messages) is
denoted by P;,¢=0,1,.... M —1

» All signal alternatives s,(r) in the constellation have finite energy

» The average signal over all signal alternatives is denoted a(z),
ie.,

M—1
a(t)="Y Py si(t)
(=0

M—1
= 2‘6 Py Sn(f)

Remark: Source coding (compression) can be used to
remove or reduce correlations in the information stream
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Power Spectral Density

» Since the signal has no predefined length the energy is not a
good measure (could be infinite according to our model)

» On the other hand, we know that the signal has finite power

» The power spectral density R(f) shows how the average signal
power P is distributed along the frequency axis on average

FZEbRbZ/;R(f) daf

» Most of the average signal power P [V2] will be contained within
the main-lobe of R(f) [V?/Hz]
= we can determine the signal bandwidth from R(f)

Our aim is to find R(f) for a given modulation order M and set of M
signal alternatives (constellation)
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R(f): Main Result

» The power spectral density R(f) can be divided into
a continuous part R.(f) and a discrete part R;(f)

R(f) = Re(f) +Ra(f)

» The general expression for the continuous part is
1 M—1 )
== Z Py |Sa(f) —A(F)]
1 M—1 A 2
< ¥ r. 0 )_ )
T, T

» For the discrete part we have

Rulf |A(f Z 57—

n=-—oo
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R(f): Main Result R(f): Binary Signaling

» Assume now that the average signal a(r) =0 for all ¢ . _
> It follows that A(f) = 0 for all f » In the general binary case, i.e., M = 2, we have
» This simplifies the result to A(f) = Po So(f) +P1 S1(f)
M—1 L . . .
_ _ 2 2 » This simplifies the expression for the power spectral density to
R(f) =Re(f) =Rs ) Pu |Su(F)* = Re E{|S,y ()1}
n=0
R(f) = Re(f) +Ra(f)
:POPI‘S (f)—S (f)‘2 +|POSO(f)+PlSI(f)|2 i 5(f—l’l/T)

» These general results can also be used to study the T, "° ! T} — b

consequences that technical errors or impairments in the

transmitter can have on the frequency spectrum (derivation in Ex. 2.20)
» We will now consider various special cases used in practice . . .

» We will now consider some examples from the compendium
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Example 2.21 Example 2.23
Assume equally likely antipodal signal alternatives, such that Assume equally likely antipodal signal alternatives below. Assume that s1(t) = —so(t) =
gre(t), where the time raised cosine pulse grc(t) is defined in (D.18). Assume also that
s1(t) = —so(t) = g(t) T =T

where g(t) = gree(t), and grec(t) is given in (D.1). Assume also that T < T,. Find an expression for the power spectral density R(f). Calculate the bandwidth W,

) ) defined as the one-sided width of the mainlobe of R(f), if Ry is 10 [kbps]. Calculate

i) Calculate the power spectral density R(f). also the bandwidth efficiency p.

%) Calculate the bandwidth W defined as the one-sided width of the mainlobe
of R(f), if the information bit rate is 10 [kbps], and if T = Tp,/2.
Calculate also the bandwidth efficiency p.

» Same as Example 2.21, but with g,.(¢) pulse
iti) Estimate the attenuation in dB of the first sidelobe of R(f) compared to R(0).

» Analogously we get

2
» M =2 with equally likely antipodal signaling s;(¢) = —so(r) = g(1) R(f) =Ry |Gre ()]

> With Po =Py =1/2 and $i(f) = =S(f) = G(f) we get » From the one-sided main-lobe we get

R(f) = Ry |S1(F)]* = Ry |So(f)|* = Ry |G(f) | W =2/T [Hz]

> Details for the pulse in Appendix D » Bandwidth efficiency p = 1,2 [bps/Hz] is the same (why?)
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Example 2.24

Assume Py = P1 and that, Lu ND
s1(t) = —50(t) = gre(t) cos(2m fet) UNIVERSITY

with T = Ty, and f. > 1/T. Hence, a version of binary PSK signaling is considered
here (alternatively binary antipodal bandpass PAM). Calculate the bandwidth W, de-
fined as the double-sided width of the mainlobe around the carrier frequency
fe. Assume that the information bit rate is 10 [kbps|. Calculate also the bandwidth

Lecture 4

EITGO5 — Digital Communications

» This corresponds to the bandpass case
> Let g, (r) denote the high-frequency pulse Bandwidth of Transmitted Signals
gif(t) = gre(t)cos(2mfet) and R(f) =R, |th(f)|2 Michael Lentmaier
. . . Thursday, September 13, 2018
» Using shift operations we get
Grc c Grc —Je :
R(f) =Ry (f;_f)-l- (fz fe)
» From the two-sided main-lobe we get
W =4/T [Hz]
Fourier transform Some useful Fourier transform properties
glat) < \¢17| G(f/a) g(T—t) & G (fle T
_ _ [ st
X() = F(a(0)} = [ a0 e P a o) o G 50 o 1
= Xge(f) +J Xim(f) :
— IX(f)[ ) Gt) < g(=f) 1(dc) (f)
g(t —to) & G(fle 7wk eftnlet o(f = fe)
X0 =F X} = [ X¢) e gt o G~ fo) Cs(Onf) 5 (O + L)+~ 1)
_ / IX(F)| e 00 g L9ty o jmf o) sm(rfd) o LG+ 1)~ 8~ 1)
PEOREN N C) ac ™o eI
— full list in Appendix C of the compendium




Some useful Fourier transform properties Spectrum of time-limited signals

» Consider two signals x(r) and y(¢) and their Fourier transforms ~ Consider some time-limited signal sz (1) of duration T, with
x(t) «— X(f), y(t) «— Y(f) st(t)=0fort<Oandt>T
» Assume that within the interval 0 <t < T, the signal sr(z) is equal

» Recall the convolution operation z(r) = x(t) * y(¢): to some signal s(7), i.e

X(t) y(t)

A B ‘ ST(’) :S(t)'grec(l) )

t

t
T 10t

o where g,..(t) is the rectangular pulse of amplitude A =1
W () = a(t) * y(t)=/+ y(w) - 2t — v) dv rec(1) gularp P

» Taking the Fourier transform on both sides we get

AB1

: t0r e ‘ St(f) = S(f) * Gree(f) = S(f) * AT mgctij;n e JTT

» Filtering: x(t) * (1) X(F)-Y(f) » Since Gr.(f) is unlimited along the frequency axis, this is the
Y case for S7(f) as well (convolution increases length)
» Multiplication:

Time-limited signals can never be strictly band-limited

x(6) - y() «— X(f) * Y(f)
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Some definitions of bandwidth Some definitions of bandwidth

» Main-lobe definition:
Wiobe is defined by the width of the main-lobe of R(f) Pulse shape | Wigbe | % power | Wy Waog Wogo | Asymptotic
This is how we have defined bandwidth in previous examples in Wiobe decay

> In baseband we use the one-sided width, while in bandpass - ig o izgﬁ goﬁgg 62(;‘;//2 ;_4
applications the two-sided width is used (positive frequencies) hes 3/T | 995 | 1.56/T | 2.36/T | 5.48/T i

» Percentage definition: e 4/T 99.95 | 1.90/T | 2.82/T | 3.46/T .f*E’
Wy is defined according to the location of 99% of the power Nyquist R 100 09R. | 0.99R. | 0.999R. ideal

» For bandpass signals Wy is found as the value that satisfies
Table 2.1: Double-sided bandwidth results for power spectral densities according

et Woo /2 RF)df = 0.99 °°R d to (2.212). The grec(t), giri(t), gnes(t) and g,.(t) pulse shapes are defined in
/fc Weo /2 (f) If =0. /0 (f) If .Append.ix'D, al'nd T denotes‘th.e duration' of the pulse.. The Nyquist pulse shape
is not limited in time and it is defined in (D.49) with parameters § = 0 and
» Other percentages can be used as well: Wy, Wog o T =Ts.
» Nyquist bandwidth
Assuming an ideal pulse with finite bandwidth (see Chapter 6)

R
2

» This table is useful for PAM, PSK, and QAM constellations

Wiyg = = [Hz] » Except bandwidth W, the asymptotic decay is also relevant
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Pulse spectrum examples

-,

T
1 2 3 4 5 6 7 8

N
© o
|

—20 1

=307

—401

—50 1

in dB: rec, hes, and rc pulse

—60 7

2

T

g%
g|=-70-

See also Example 2.26.
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Example 2.21

Assume equally likely antipodal signal alternatives, such that
s1(t) = —so(t) = g(t)
where g(t) = gree(t), and grec(t) is given in (D.1). Assume also that T < T,.

i) Calculate the power spectral density R(f).

%) Calculate the bandwidth W defined as the one-sided width of the mainlobe
of R(f), if the information bit rate is 10 [kbps], and if T = Tp,/2.
Calculate also the bandwidth efficiency p.

iti) Estimate the attenuation in dB of the first sidelobe of R(f) compared to R(0).

» M =2 with equally likely antipodal signaling s;(¢) = —so(r) = g(1)
» With Py =P, = 1/2 and Sl(f) :—So(f) :G(f) we get
R(f) =Ry [S1(F)I> = Ry |So(f)* = Ry |G(f)|?

» Details for the pulse in Appendix D
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From last lecture: R(f) for Binary Signaling

» In the general binary case, i.e., M =2, we have

A(f) = Po So(f) +P1 S1(f)

» This simplifies the expression for the power spectral density to

R(f) = Rc(f) +Ra(f)

PP s+ PSOEPSDOE § 5,

2
T s

(derivation in Ex. 2.20)

» We will now consider some examples from the compendium
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Example 2.23
Assume equally likely antipodal signal alternatives below. Assume that s1(t) = —so(t) =

gre(t), where the time raised cosine pulse grc(t) is defined in (D.18). Assume also that
T="T.

Find an expression for the power spectral density R(f). Calculate the bandwidth W,
defined as the one-sided width of the mainlobe of R(f), if Ry is 10 [kbps]. Calculate
also the bandwidth efficiency p.

» Same as Example 2.21, but with g,.(¢) pulse
» Analogously we get

R(f) =Ry |Gre(£)I?
» From the one-sided main-lobe we get
W =2/T [Hz]

» Bandwidth efficiency p = 1/2 [bps/Hz] is the same (why?)
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Example 2.24
Assume Py = P1 and that,
51(8) = —s0(t) = gre(t) cos(2m fet)

with T = Ty, and f. > 1/T. Hence, a version of binary PSK signaling is considered
here (alternatively binary antipodal bandpass PAM). Calculate the bandwidth W, de-
fined as the double-sided width of the mainlobe around the carrier frequency
fe. Assume that the information bit rate is 10 [kbps|. Calculate also the bandwidth

» This corresponds to the bandpass case
> Let g, (r) denote the high-frequency pulse

g (1) = gre(r) cos2nfe1) and  R(f) = Ry |Gy ()
» Using shift operations we get

2
R(f) :Rb Grc(f2+fc) + Grc(];_fc)

» From the two-sided main-lobe we get
W =4/T [Hz]
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From last lecture: general R(f)

» The power spectral density R(f) can be divided into
a continuous part R.(f) and a discrete part Ry(f)

R(f) = Re(f) + Ra(f)

» The general expression for the continuous part is
1 M—1 )
== Z Py |Sa(f) —A ()

1 M—1 A 2

( o) - 40

» For the discrete part we have

n—=—oo
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Example: discrete frequencies in R(f)

» Assume M =2
> Let so(r) =0 and s;(r) = 5 with a pulse duration T = T,,/2
» With this the average signal becomes

t t
a(t):w:Z.S, 0<1<T

» We can then write (within the pulse duration T')

so(t) =—-254a(t), s1(t)=4+254+a(r)

Observe:
1. this method is a waste of signal energy since a(r) does not carry
any information
2. repetition of a(z) in every symbol interval creates some
periodic signal component in the time domain, which leads
to discrete frequencies in the frequency domain
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R(f): M-ary PAM signals
» With M-ary PAM signaling we have
se=Apg(t), £=0,1,....M—1
> Then
M—1
Si(f)=AG(f), and A(f)= ) PiAG(f)
=0
» With this we obtain the simplified expression
2
O
R(f) = ZH|G(I* + IG(f |5 Z 6(f—n/Ty)

where m, denotes the mean and o = E,/E, —m3 the variance of
the amplitudes Ay

» Assuming zero average amplitude my = 0 and using P = o3 E, Ry
this reduces to

R(f) = Re(f) = IG(f)I E%I ()P
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Example 2.28 What does bandwidth efficiency tell us?

Assume the bit rate Ry, = 9600 [bps], M-ary PAM transmission and that ma = 0. In the previous example we had a bandwidth efficiency of
Determine the (baseband) bandwidth W, defined as the one-sided width of the mainlobe
of the power spectral density R(f), if M =2, M = 4 and M = 8, respectively. Fur- o Ry —k
thermore, assume a rectangular pulse shape with amplitude Ay, and duration T = Ts. p= W -
Calculate also the bandwidth efficiency p. . .
Saving bandwidth
» What is W for a given pulse shape and different M? » The prevg)u_s example showed that the bandwidth W can be
» Using T =Ty, my =0 and g(r) = gre(t), we have reduced by mpreasmg M_
» T =T, = kT, increases with M
2 .
o = =
R(f) = 7A G ()2 » W=1/T =R,/k decreases accordingly
s
» For the given pulse we get W = 1/T, where Ty = k T}, Improving bit rate
» Assume instead that the bandwidth W is fixed in the same
k=1 = M=2 = W=9600Hz| example, i.e., the symbol duration Ty = T is fixed
k=2 = M=4 = W=4800[Hz] » Then R, = kW increases with M
k=3 = M=8 = W =3200[Hz

» Assume for example W = 1 MHz:
Ry =1Mbpsif M =2 (k=1)

» Bandwidth efficiency: p =R,/W =k T, /T, = k Ry, = 10Mbps if M = 1024 (k = 10)
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R(f): M-ary QAM signals R(f): M-ary QAM signals
» With M-ary QAM signaling the signal alternatives are

» Remember that M-ary QAM signals contain M-ary PSK and

M-ary bandpass PAM signals as special cases:

se(t) =Ap g(t) cos(2m f. t) — By g(t) sinn fo 1), (=0,1,....M—1
BP-PAM: B, =0

» Then the Fourier transform becomes PSK: Ay =cos(v)), By=sin(vy)

sur) = a, SUHILOUZSe) OV —GU o)

» = our results for R(f) of M-ary QAM signals include these cases

2 2
_ Gl +fe) Gl —1e) » For symmetric constellations, such that a(r) = 0, the simplified
=(Ac—jBe) — 5 +(Ac+jB) — 5 version applies
. . B . » The bandwidth W is determined by |G(f —f.)|? and hence the
> g;sglriﬂgsgtﬁ zero average signal a(t) =0 and £, T > 1 this two-sided main-lobe of |G(f)?
2 Y = if the same pulse g(7) is used then M-ary QAM, M-ary bandpass
R() = R.() — P 1GU TP +1GU o) |

°E PAM and M-ary PSK have the same bandwidth W
8
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Example R(f): M-ary FSK signals

Bandwjdth consumption for BPSK, QPSK and 16-QAM » With M-ary frequency shift keying (FSK) signaling the signal
assuming equal R, and f. = 100R, alternatives are
3, o M o e si(t) = A cos2rfit +v), 0<t<T,
§ ~10] » Choosing v = —x/2 this can be written as
<7
T 20 s50(1) = grec(t) sin(2mfyr) , With T =T, ,
; —301 since s,(r) = 0 outside the symbol interval
f —40] » The Fourier transform is then
>_ - / Grec - Grec -
& 2
Figure 2.20: The power spectral density for binary QAM (BPSK, widest main- » The exact power spectral density R(f) can now be Computed

lobe), 4-ary QAM (QPSK), and 16-ary QAM (smallest mainlobe). The figure
shows 101log;o(RyR(f)/P) [dB] in the frequency interval 98R, < f < 102R,.
The carrier frequency is f. = 100R;, [Hz], and a Ty = kT, long gpes(t) pulse is
assumed. See also (2.227) and (2.230).

by the general formula (2.202)—(2.204)
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R(f): M-ary FSK signals Example 2.36
» Let us find an approximate expression for the FSK bandwidth W Assume that orthogonal M-ary FSK is used to communicate digital information in the
frequency band 1.1 < f < 1.2 [MHz].
> Assume that For each M below, find the largest bit rate that can be used (use bandwidth approzima-
fo=fo+lfa, £=0,....M—1 tions):
» Then the bandwidth W can be approximated by YyM=2 w@)M=4 d)M=8 w)M=16  v)M=32
Which of the M -values above give a higher bit rate than the M = 2 case?
w %Rs +fM71 _fO + Rs - (M_ l)fA + 2Rs Solution:
1t is given that Wy—rskx = 100 [kHz]. From (2.245), the largest bit rate is obtained
» Consider now orthogonal FSK with f, =1-R;/2 for some I > 0 with =1 0. Joma(M)
. .. . b~ AT —_1V/0 1o
» The bandwidth efficiency is then (M-1)/2+2
Ry _ Ry B Ry ~ log;M M| orfhjse R,
W (M—1)fa+2R,  (M—1)I/2+2)R, (M—1)I/2+2 25 =04 40 kbps
4|3, =2m05714 | ~57 kbps
. . 8 ﬁ:%z0.5455 ~ 55 kbps
ObslTrfve: _thle bandwidth efficiency of orthogonal M-ary FSK gets 16| 1y = & ~ 04211 | ~ 42 kbps
smallif M'is large 32 | 2 = 22 ~ 0.2857 | ~ 29 kbps

Last week we saw: M-ary FSK has good energy and Euclidean
distance properties = trade-off
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R(f): OFDM-type signals R(f): OFDM-type signals

» An OFDM symbol (signal alternative) x(z) can be modeled as a lllustration of R, (f) contributed by three neighboring sub-carriers:
superposition of N orthogonal QAM signals, each carrying k, 0041
bits, that are transmitted at different frequencies (sub-carriers)

o
Q
@

N—1
x(t) = ;) Sn,0am (1)

Subchannel contributions
o o
) o
= o

» Assuming each QAM signal has zero mean and that the different
carriers have independent bit streams we get

079 98 100 r 102 104 106
N—1
R(f) =R.(f) = R, E{|X(f)]*} = Z Ru(f) » Assuming f, = fo +n/(Ts — Ap) we can estimate the bandwidth as
—0 N+1
, , _ ! _ Wz(NJrl)fA:;RSxN-Rs, N>1, A, <Ts
» Using our previous results for QAM in each sub-carrier we get 1—Ay/Ty
» The bandwidth efficiency is then approximated by
N5 IGE+£)P + G —f) N1 N1
R(f)=Re(f)= Y. P _Ry _ R ~ L
n=0 2E, P=w =W P ky ~ N k;) k, [bps/Hz]
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Example: R(f) for OFDM Example 2.35

o
o
=

ADSL: uses plain telephone cable (twisted pair, copper)

i
90 100 10 120 130

o
Q
@

-107 POTS: telephony, modem, FAX

1
o
=]

!

(f)/PT for OFDM with N = 16

R(f)/PT in dB: OFDM with N = 16
&
o

0027 Power
Zpec:al ADSL uplink ADSL downlink
0011 ensity ~64-1024 kbps #0.5-8 Mbps
& 407 L } - —> f[kHz]
I
501 0790 100 110 120 130 04 25 138 1104
T In ADSL, a coded OFDM technique is used. The level of the power spectral density
in the downstream is roughly -73 dB. As a basic exzample, let us here assume that the
OFDM symbol rate in the downlink is 4000 [symbol/s], and that the subchannel carrier
o . spacing is 5 kHz. Furthermore, it is here also assumed that uncoded 16-ary QAM is
» N = 16 sub-carriers used in each subchannel (assumes a very “good” communication link).
» T = Ts =0.1 [ms} For the ADSL downlink above, determine the bit rate in each subchannel, the total bit
rate, and the bandwidth efficiency.
> fa=R;/0.95=10.53 [kHz]
~ 17 —
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What about filtering away the side-lobes? Nyquist Pulse

» Let us use a spectral rectangular pulse Xy (f) of amplitude A = 1

. . . . . nc(r) Xnc
and width f, to strictly limit the bandwidth * © 1
=Tg
» Similar to the time-limited case we can write "0/Rayq R:yq”\e %0 /Rnyq
S (1) =S Xoreelf) gt R TN
a) b) 1

» Taking the inverse Fourier transform on both sides we get i

Figure 6.6: a) Ideal Nyquist spectrum; b) Ideal Nyquist pulse.

spy (1) = 5(1) * Xgree(t) = 5(1) * Afoy sméf#ftot)
’ Tpe(t) = rosm;;ﬂ:t) , —co<t< oo (6.39)
» Since xy.. (1) is unlimited along the time axis, this is the case for ID/RZT‘(Z 1< Buge/2
the filtered signal sy, (r) as well Xnelf) = {0 YOS R (6.40)

» The signal x..(r) defines the ideal Nyquist pulse

As a consequence of filtering, the transmitted symbols will
overlap in time domain = inter-symbol-interference (I1SI)
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How can we further improve p?
MIMO MODEL LUND

wy UNIVERSITY
: @ w,ol
I3
d, f en

d 4
Ny

=
S

EITGO5 — Digital Communications

N( Lecture 5
Receivers in Digital Communication Systems

mrco® ZO—-0-0mo

N,
ry = Z Wy + W Michael Lentmaier
Monday, September 17, 2018

MIMO: multiple-input multiple output
transmission over multiple antennas in the same frequency band
challenge: the individual wireless channels interfere
5G world record 2016: (team from Lund involved)
spectral efficiency of 145.6 bps/Hz with 128 antennas

vy vy vYyy
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Where are we now? Chapter 4: Receivers

What we have done so far: (Chapter 2) bli]

Bl
Transmitter H Channel H Receiver }%
o ‘ {0.13 {0.13
| |
i b,fi i Figure 4.1: A digital communication system.
| . |
! . Binary to |
! Serial . . |
S 0 | o | oemen, [ ey [ S0
! parallel b see (2.22) i 19 -
| 1 - 0.8 3
| | = 06y =
O = 04 hg
L
%gi T g8 | o 11 HH \ “H ‘ 1 \ i
» Concepts of digital signaling: bits to analog signals o4
061
» Average symbol energy E, Euclidean distance D;; 08
44

» Bandwidth of the transmit signal

» How can we estimate the transmitted sequence?
» |s there an optimal way to do this?
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The Detection Problem An optimal decision strategy
N » Suppose we want to minimize the symbol error probability P,
- .. .. cceiver m[o] » That means we maximize the probability of a correct decision
[O]HJ {sz(t)}i/l;(l) & h(t) & iy ll;ased onr(t) —=
Pr{m=in(r(0)) | (1)}
Assumptions: where m denotes the transmitted message
» A random (i.i.d.) sequence of messages m|i] is transmitted > This leads to the following decision rule:
» There are M = 2* possible messages, i.e., k bits per message (r(t)) = mg
» All signal alternatives z,(r), ¢=1,...,M are known by the receiver where ¢ = argmax Pr{m — m;|r(1)}
» T is chosen such that the signal alternatives z,(¢) do not overlap !
» N(t) is additive white Gaussian noise (AWGN) with Ry (f) = No/2 » We decide for the message that maximizes the probability above
Questions: » A receiver that is based on this decision rule is called

» How should decisions be made at the receiver? maximum-a-posteriori probability (MAP) receiver

» What is the resulting bit error probability P;,?

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 5
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Structure of the general MAP receiver

» We know that one of the M messages must be the best
» Hence we can simply test each my, £ =0,1,... .M —1

MAP-receiver

I
|
|
| l
l Yo ‘
} Pr{m=mq Ir(t)} }
|
|
I U1 }
} Pr{m=m, Ir(t)} }
o r(t)} SELECT A—» m
— . LARGEST
sent re(l;elve‘d : }decision
noisy ‘
message ) | ‘
signal | !
| Pr{m=m,, Jr(t P |
! rim=m, {r(t} |
|
‘ 1

This receiver minimizes the symbol error probability Py
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The Minimum Euclidean Distance Receiver

N()
() Receiver based
m=mj = Zj(t) — on r(t) in ——=
0<t<Ts

» For our considered scenario with Gaussian noise:
maximizing Pr{r(r)|m; sent} is equivalent to minimizing the
squared Euclidean distance D},.

» The received signal is compared with all noise-free signals z;(¢)
in terms of the squared Euclidean distance

5 T )
D2, = /0 (r(t) — (1)) dt
» The message is selected according to the decision rule:

m(r(t)) =my: £ =argmin D?;
; .
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A slightly different decision strategy

» The maximum likelihood (ML) receiver is based on a slightly
different decision rule:

m(r(t)) =my: € =argmax Pr{r(t)|m; sent}
1
» Using the Bayes rule we can write

Pr{r(t)|m; sent} - P;
Prir(t)}

» The decision rule of the MAP receiver can be formulated as

Prim=m; | r()} =

m(r(t)) =my: ¢ =argmax Pr{r(t)|m; sent}-P;

» |t follows that the ML receiver is equivalent to the MAP receiver
for equally likely messages, P, =1/M,i=0,1,...,.M —1.
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The Minimum Euclidean Distance Receiver

» The squared Euclidean distance is a measure of similarity
» An implementation is often based on correlators with output

Ts
/ Fz() di, i=01,... . M—1
0

T T
D, = / (r(t) —2(1)* di = E, —2 / r(1) 2i(1) di +E:
' 0 0
we can write
Ty
¢ = argmin D?; = argmax / r(t)zi(t) dt —E; /2
i ’ i 0
» The received signal is compared with all possible noise-free

signal alternatives z;(z)
The receiver needs to know the channel!
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Correlation based implementation

Ty
¢ = argmin D?; = argmax / r(t)zi(t) dt —E; /2
i ? i 0

: RECEIVER :
! (0 “Eg/2 1
| |
T.

| S |
: %&% f( )de %&L :
| 0 :
: z1(t) -Eq2 i

T ¢ 2 .

‘ St ! ——=m
© (t) ! 0 SELECT I
“ = | : : LARGEST !
M-1 | : |

{2 O} ! :
£=0 ! EYRIC) -EM-1/2 :
| |
Ts
| 13 |
M-1
! SO !
| 0 |
| |
| |
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Example 4.4: 64-QAM receiver

Assume that {Zz(t)évial is a 64-ary QAM signal constellation. Draw a block-diagram
of a minimum Euclidean distance receiver that uses only two integrators.

Solution:

A QAM signal alternative can be written as zi(t) = Aig(t) cos(wet) — Big(t) sin(wct),
where g(t) is a baseband pulse. The output value from the i:th correlator in Figure 4.8
s,

/0 D r(D)zi(t)dt A, /O "1 (1)g(t) cos(wet)dt —Bi /O (D) g(t) sin(wet)dt =

T -y
= Aix+ By
Observe that x and y do not depend on the index i.
Hence, a possible implementation of the receiver is to first generate x and y, and then
calculate the M correlations A;x + By, i =0, ,...,M — 1. By subtracting the value
E;/2 from the i:th correlation, the decision variables &o, ..., Enm—1 are finally obtained.

For M-ary constellations with fixed pulse shape g(¢) the
implementation can be further simplified
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Example: M =4

r(t) = zo(t) + N(t)
20(t) | £ = DATTRE

0.5 1.0 v, & = -05011E
1

i 5 10 £ =—14T54 E
alt), ! —Ty

Stronger noise:

r{t) = z(t) + N (1)

£ =02187TE
& = —14575 E
&= —1.204TE
£ =045T5 E
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Example 4.4: 64-QAM receiver

The implementation of this receiver is shown below:

cos(® Ct) g(t)

&
r(t)
&

-sin( wcl) a(t)

The complexity of this receiver is significantly reduced compared to the receiver in Figure
4.8 on page 241! Only two integrators are here used, instead of 64 (= M) in Figure
4.8.

= these parts are very similar to the transmitter
» integration and comparison can be performed separately
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A geometric interpretation Matched filter implementation

» Our receiver computes: (maximum correlation)
» A filter with impulse response ¢(r) is matched to a signal z;(z) if
max i+ yBi — Ey/2} p p q(t) gnal z(1)
1

t)=zi(—t+Ty) =zi(—(t—T
» Equivalently we can compute: (minimum Euclidean distance) 9(0) =z( ) =a(= )

AEN2 BEN2 » Let the received signal r(¢) enter this matched filter ¢(¢)
min { ( - ’2 g) + <yf %) } » The matched filter output, evaluated at time r = (n+ 1)Tj, can be
' written as
Ex. QPSK: received point (x,y) is closest to the point of message m3 (n+1) T,
z = message points, ® = noisy recewed values (z,y) I’(I) *Q(t)|t:(n+l)T = / F(T) Zi(T— I’lTs) drt
y s nTs
A=t E2 e » Observe:
By= Bp=1 this is exactly the same output value as the correlator produces
T T > X
-Eg/?E P B¢ @ () = noisy received values = We can replace each correlator with a matched filter which is
Ao=1x 9 X Ag=1 sampled at times t = (n+1) 7,
By=-1 By=-1
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Matched filter vs correlator implementation Summary: receiver types

CORRELATION RECEIVER |

T -Ep2 - - . .
L e - | > Minimum Euclidean distance (MED) receiver:
ol | . . . .
NEL ! decision is based on the signal alternative z;(z) closest to r(z
2Ty [T Ep2 :
No (n+D)Tg in ' ; .
B = SO [ b canest | | » Correlation receiver:
: nTy : il . . .
: : an implementation of the MED receiver based on correlators
BTy B !
T [ i » Matched filter receiver:
77777777777 e an implementation of the MED receiver based on matched filters
B : » Maximum likelihood (ML) receiver:
@M ! equivalent to MED receiver under our assumptions: ML = ED
-Ey2 !

t | seecr | | » Maximum a-posteriori (MAP) receiver:
EARGEST L L minimizes symbol error probability P
| equivalentto ML if P, =1/M,i=0,...,M —1: ML = ED = MAP

2)(Ts-)

EM-1/2

ey ]

t=(n+1)Tg
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Bit error probability

» Because of the noise the receiver will sometimes make errors
» During a time interval T we transmit the sequence b of length

B=R)7
» The detected (estimated) sequence b will contain B.,, bit errors
Berr = dy(b,b) <B

» The Hamming distance dy(b,b) is defined as the number of
positions in which the sequences are different

» The bit error probability P, is defined as

1 & < E{dy(b,b
Py=5 Y Pr{blil #bli} = E{dn(b.b)} Hé )}
i=1
» It measures the average number of bit errors per detected
(estimated) information bit
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Receiver for Binary Signaling
» Only one correlator or one matched filter is now required:

z,(t-nT S)-zo(t-nTs)

(n+1)T My
Mo y &n) > EyEy :
or —= r(t) JO)at e —5— > mhnl
m, nTs m,
M —
Correlator Threshold unit

E,-E, — rrA\[n]
Vl)=z (T 42T ) VEN e > Eio
=T m
%/—/

Matched filter i
Sampling N
Threshold unit

» Matched filter output needs be sampled at correct time
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Analysis Binary Signaling
» Binary signaling (M =2, T, = T}) simplifies the general receiver
» Consider the two decision variables
(n+1) Ty
En] =/ F()zit—nTy) di—Ei2, i=0,1
nT;
» The decision 7i[n] is made according to the larger value, i.e.,

m[n]=m

Gl = Sl
in]=my
» This can be reduced to a single decision variable only

(n+1)T;
Eln] = /T 1) (21— nTy) — 2o(t—nTy)) dr
which is compared to a threshold value

Mln)=m

gl =
m[n]=my

E|—Ey
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When do we make a wrong decision?

» Assuming m = my is sent, the decision variable becomes

Ts

Ty
&= [ @) —20(0) di= [ (a0 +N0) - (a0~ 2(0)

0

» We can divide this into a signal component , and
a noise component N

Sl =Po+N
T T
Bo:/o 20(t) (z1(r) — 20(2)) dr , N:/O N(t) (z1(2) — 20(r)) dr

» Wrong decision: if £[n] > (E| — Ep)/2 then lv=m; #£my=m
» Analogously, when m = m, is sent we get

Shl=p+N

B = /Orsm(t) (z1(1) —20(r)) dt

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 5



Decision regions Probability of a wrong decision

GE » There exist two ways to make an error:
|
- | L. T : I
I, (decision m) | T, (decision m,) 0 Pu “ : v Pe 1
T ; T > £[n] : i T » £[n]
Po. Threshold P Bo 1 B,
Threshold
> With T, T, Pp: false alarm probability Py missed detection probability
_ 2 2 _
Pot+ B = */0 @) dt+/() a(r) dt=Ei—E » The two probabilities of error can be determined as
the decision threshold lies in the c;ntelr;between Bo and By: Pr = Pr{im[n) =m|lm=mo} =Pr{fo+N > (Bo+p1)/2}
E1—Ey o + b1 N
) Py = Pri{m[n]=molm=my} = Pr{Bi+N < (Bo+B1)/2}
» Furthermore we see that » We can express these in terms of the Q(x)-function:
Ty | —
Bi-fo= [ (a0 ~20())" dr=D}y =D}, rr=ru=o(P R
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Gaussian Noise The QO(x)-function
» The noise component N\ is a Gaussian random variable with o
1 2 /952
_ —(N—m)=/20
= ¢
with mean m = 0 and variance 6> = Ny /2 E, ol ]
» Our bit error probability is related to the probability that the noise
value \V is larger than some threshold A = 0l ]
— A— A—
Pr{N > A} —Pr{N 7> m} 0 <m)
o o o 107k E
» The Q(x)-function is defined as
10°% E
< 1 2 1 X
0(x)= [ —— e ?dy=-erfc (—)
x Vam 22 T I B e N LR
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The Q(x)-function (page 182) Bit error probability

] Q@ [=] 0@ [+] Q@ [ = | Q@ The bi i ,
HEEHEE SEE SIBE = > The bit error probability can be written as
2| tamin | 2 el &2 i) 6| Liges
04 | SI98C01 | 33 | 33005001 | 64 | Trossc1t | 04 | 27ome0t Py =PyPp+P Py = (PO +P1)PF =Pr=Py
05 | 3.0854e-01 | 3.5 | 2:3263¢-04 | 6.5 | 4.0160e-11 | 95 | 1.0495e-21
06| g | 18| Lokt | 86 2ol g6 | pedn With B, — By — D3, and o = No/2- D2, we obai
0.8 | 2:1186e-01 | 3.8 | 7.2348¢-05 | 6.8 | 5.2310e-12 | 9.8 | 5.6293¢-23 > it ﬁl_ﬁO*DO,l and o *NO/Q"DO,l we obtain
0.9 | 1.8406e-01 | 3.9 | 4:8096¢-05 | 6.9 | 2:6001e-12 | 9.9 | 2.0814e-23
1.0 | 1:5866e-01 | 4.0 | 3:1671e-05 | 7.0 | 1:2798¢-12 | 10.0 | 7.6199-24
1 | 1.3567e-01 | 4.1 | 2.0658¢-05 | 7.1 | 6:2378¢-13 D? D2
12 | L1507e-01 | 412 | 1334605 | 7.2 | 3.0106e-13 ﬁl Bo 0.1 0.1
HE = = e Py = =035 =2V,
15 | 6.6807-02 | 45 | 339770-06 | 75 | 311900014 20 20 2Ny
| e | LR
18 | 3550300-02 | 438 | 7.9333¢-07 | 78 | 3.095dc-15 » This fundamental result provides the bit error probability P, of an
HE Ry s ML receiver for binary transmissi AWGN channel
50 Trseacos | 20 | Toesaer [ 81 | S7asocie recelver 1or pinary transmission over an channe
22 | 1.3003¢-02 | 5.2 | 9.964de-08 | 8.2 | 1.2019-16 . . . . .
23 | 1.0724¢-02 | 5.3 | 57901e-08 | 8.3 | 5.2056e-17 » The additive noise N is sampled from a filtered noise process
24 | 8197503 | 5.4 | 3.3320e-08 | 8.4 | 2:2324e-17
i g on | T ) B
35| 5353003 | 55 | 515700 | 85 | cRdose 1y NO — v =z, T 2T — ¥—> N
2.9 | 1:8658¢-03 | 5.9 | 1.8175e-09 | 8.9 | 2:7923e-19 t=(n+1)T
S
Q(1.2816) ~ 10" | Q(5.1993) ~ 10~
Q(2.3263) ~ 1072 | Q(5.6120) ~ 10~%
Q(3.0902) ~ 10:3 Qb5 f)g7§) i 107?” 2
ghrim i |t = No/2 B =No/2 [ ()~ 2a(0)’
Q(4.7534) ~ 107 | Q(7.0345) ~ 10~ "2
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Example An energy efficiency perspective
» Let z0(r) = 0 and z; (¢) rectangular with amplitude A and T = T, > Consider the case Po = P = 1/2
» The information bit rate is R, = 400 kbps » The average received energy per bit is then
» Regarding the noise we know that A% /Ny = 70 dB 1 /Tb 20 dr & 1 /Th ) Ey+E;
_ z -
2Jo 0 2 2
Task: determine the bit error probability P . . .
P Y » We can then introduce the normalized squared Euclidean
. distance
Solution: Dj, Tb
2 &3, = (1) — dt
> First we find that Dj | = A*/R, 01~ 25 28, / 21(1) Zo())
» Then : ; .
e D2 2 » With this the bit error probability becomes
0,1
oL _ 2 125
2Ny No 2R, D2 g
Py=0( />t | =0/},
> Pp=0 (\/12.5) ~0(3.536) =2.3-10~ 2N, 0.1 Ny

» Last step: check Table 3.1 on page 182

v

The parameter d&l is a measure of energy efficiency
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LUND

UNIVERSITY

EITGO5 — Digital Communications

Lecture 6

Receivers continued:
System design criteria, Performance for M-ary signaling

Michael Lentmaier
Monday, September 24, 2018

Example: (see Matlab demo)

z(t) (random data, rectangular pulse)

A1 [TT] [ ] -

1 |2 |3 |4 s 6 |7 |8 9 o it f2 p3 4 5 [6 7 8 [i9 20
05
Ak L

Ey/Ny = 2.0 dB

£[n)

Errors: 2 Total errors: 21 Total symbols: 360 Error rate: 0.05833

T,
s
““?‘TmT
12&!5571}391011 2&13£4l‘5167181920
2
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Last week: Analysis Binary Signaling
» Only one correlator or one matched filter is now required:

zy (t-nT 5)-zo(t-nT S)

m (+1)T ¢ my £ X
o:) —a r(t) j'( ) dt Sn) &n] Z '20 —» min]
my nTg m

Correlator

E €, —> min]
(t)=z | (T -z (T ) TV e > -
~~ t:(n+1)Ts
Matched filter N

My

Sampling Y
Threshold unit

» Matched filter output needs be sampled at correct time
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An energy efficiency perspective

» Consider the case Py =P, =1/2
» The average received energy per bit is then

_Ey+E;

=t "20a+ L [" 204
b_E/o zo(t)t+§/0 z1(¢) dt 3

» We can then introduce the normalized squared Euclidean

distance 5

D 1 Ty
2 _ Por _ 2
d071 = 28b = 25b A (Zl (t) ZO(I)) dt

» With this the bit error probability becomes

| D% g
Py=0 271(:}(1) :Q< d(2),11\,l;)

» The parameter d(%’l is a measure of energy efficiency
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Special case 1: antipodal signals Special case 2: orthogonal signals
» In case of antipodal signals we have z; (1) = —z(¢) and > In case of orthogonal signals we have
T

/0 bzo(t)zl(t) dt=0

2 Ty 2 T,
Dy, :/ (21(t) —z0(1)) dt:4/ 7j(f) dt = 4E
0 0 and hence (compare page 28)

» From E, = E; = E follows T, 5
D3, =/O (21(1) — 20(1))? di = Eo + Ey

E+E
& = E+E _p o
2 » This gives
and , g, — Ey+E,
5 D071 4F 2
b= 58, T " and >
b 2. Doy Ey+E;
» The bit error probability for any pair of antipodal signals becomes 01728, Eyt+E

» The bit error probability for any pair of orthogonal signals is

el )

el %)
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Comparison Antipodal vs orthogonal signaling
Antipodal vs orthogonal signaling:

10° ; ; < ; , ‘ ; » There is a constant gap between the two curves
» We can measure the difference in energy efficiency by the ratio
107 E E
2
: : gb,atp _ dO,l,ort _ l
:410’2 E E gb,ort d(z) 1Latp 2
2 Auiipod N\ Othogonal | » In terms of dB this corresponds to
[ : ; . 2
=l | | ] 101og (b’") = 10log;o | -2 | = —3 [dB]
: : 8b,0rt dO,l,atp
107 B
= antipodal signaling requires 3 dB less energy for equal P,
0% 0 2 ; 6 : 0 12 14
& /Ny in dB

Larger values of d(z),] give better energy efficiency
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Example 4.11: rank pairs with respect to dj | Can we do better?

70 210 700 2y(t)
A Y l 2 » It is possible to show that for two equally likely signal alternatives
Y 3% NN we always have
Pair | Pair 2 d(z),l <2
oo o QUCATY (e > Antipodal signaling is hence optimal for binary signaling (M = 2)
’ t —% T t " To ¢ " /\ t
L Y al Al Um Remark:
paie 3 s 4 > Channel coding can be used to further increase dj
o 0 o v » Sequences of binary pulses with large separation are designed
A e A AN » This does not contradict the result from above:
R E Y U coded binary signals correspond to uncoded signals with M > 2
Pair 5 Pair 6
00 2o oo o Channel coding can be used for improving energy efficiency
‘ I [ T t 10 l Cost: complexity, latency, (bandwidth)
Pair 7 Pair 8
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Relationship between parameters A "typical" type of problem
» The bit error probability can be expressed in different ways » The bit error probability must not exceed a certain level,
D(%] gb PZ PbSPb,req:Q(\/E)
0 © o bNO » Example: if Py, = 1072 then X =~ 36

» Consequences:

» Assuming zo(f) = aeso(t) and z; (r) = as;(r) we also get s &b
doy o =2 &

) NO

azpvent d(%l azpvent 2
Py,=0 a3, ' =0 — ‘ dy, P,
1 R, N, NoW R, < 01 Tz
»1Vo P 0 h < X Ny
. . - . d(z)l o?p
» Recall that p = R,/W is the bandwidth efficiency and Ny W is the R, < —ol. = _sent

noise power within the bandwidth W X N

» Note: the received signal power P, decreases with
communication distance

The expression that is most appropriate to use depends on the
specific problem to be solved
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Non-ideal receiver conditions

Example 4.15: unexpected additional noise wy, i.e., w = wy + wy

Example 4.12: transmission hidden in noise

In a specific application equally likely binary antipodal signals are used, and the pulse
shape is grc(t) with amplitude A and duration T < T,. AWGN with power spectral 10°
density No/2, and the ML receiver is assumed. It is required that the bit error probability
must not exceed 10™°. It is also required that the power spectral density satisfies R(f) <
No/2 for all frequencies f (the information signal is intentionally “hidden” in the
noise). Determine system and signal parameters above such that these two requirements
are satisfied. -

T T T T T T T T

Ideal case Error floor

> Py=0(V2E/Ny ) <107 = &/No > 18
> R(f) = Ry|G(f)|* has maximum at f = 0
» R(0) =R, A’T? /4 < Ny/2 (check pulse shape)

Bit error probability
s
|

> &/No=3/8AT/Ny > 18
» Hidden in noise: A>T /Ny < 2/(R,T)
> Py requirement: AZT/N() >48 Rl s 10 15 o o B 30 35 40

» Solution:

2 _
choose T < Tj/24 and A” = 48No/T Can be analyzed with our methods
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Non-ideal receiver conditions
Example 4.16: hostile bursty interference, active with p,, = 0.05

M-ary Signaling

RECEIVER

T

o2

9& )

SELECT

LARGEST

Bit error probability

» The receiver computes M decision variables &, &;,..., &y
» The selected message 7 is based on the largest value

0 5 10

. 15
/0% in dB N

m=my, @zargmlaxgi

Observe: at low power an interference in bursts is

more severe than continuous interference > Question: when do we make a wrong decision?

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 6 Michael Lentmaier, Fall 2018 Digital Communications: Lecture 6




Probability of a wrong decision

» For M =2 we have considered two error probabilities Pr and Py,
» For a given message m = m;, in general there are M — | ways
(events) to make a wrong decision,

{&>& |m=m}, i#j
» The probability of a wrong decision can be upper bounded by
M—1
Pr{m # mjlm = m;} :Pr{ Ué&>¢ ‘ m—mj}
i=0

i#f

M-1
<Y Pr{&>& | m=m} (unionbound)
> Note: given some events A and B, the union bound states that

Pr{AUB} < Pr{A}+ Pr{B},

where equality holds if A and B are independent
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Example: orthogonal signaling

v

Consider M orthogonal signals with equal energy E
Examples: FSK, PPM

v

v

For each pair z;(r) and z;(r) we get

D};=E+E=2E

From the union bound we obtain

v

M-1 M-1 2
Dl.j

2Ny

=(M—1)Q<\/22>]50)=(M—1)Q< =)

» This generalizes the binary case considered previously
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Symbol error probability
» The symbol error probability can be upper bounded by

M-1 M-1
Po< ) P ) Pri&i> G [ m=m}
j=0  i=0
i#
» From the binary case M =2 we know that (pick i=0and j = 1)

2

Dy,
Pr{§i>§j|m:mj}:Q 21\}10

where D;; is the Euclidean distance between z;(r) and z;(¢)
» We obtain the following main result for M-ary signaling:

DiZJ M—1 M-1 Di2,,'
< P, < P;
m?XQ 2Ny | S*ZG ];)Q 2Ny
7 =
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Distances D, ; are important

» Py is determined by the distances D;; between the signal pairs
» Let us sort these distances

Dyin <Dy <Dy <-+- <Dy

» Then the upper bound on P, can be written as

D2, D} D2
Py<cQ ﬁ +c1 Q0 27]\;0 +ta Q0 ZL]\Z;

» The coefficients are

M-1
= Z Pi-nje, £=0,1,2,...x
j=1

» nj . number of signals at distance D, from signal z;(r)
How many distinct terms do exist for 4-PAM?
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A useful approximation of P; Energy efficiency and normalized distances

The union bound is easy to compute if we know all distances D, » Consider the case Py =1/M, (=0,1,...,.M —1

At large signal-to-noise ratio (small Np), i.e., when P, is small, the » The average received energy per bit is given by
first term provides a good approximation

v

v

RS 1 Eg+E|+---Ey_y

2
= — S dt = -
P~co D2, & k& Mo al) k M
s C — =
2ZNo » Using the normalized squared Euclidean distances
2
» We see that the minimum distance D2, and the average number d; = Dy ,
of closest signals ¢ dominate the performance in this case 28
» Explanation: the union bound can be written as
the function Q(x) decreases very fast as x increases (faster than z z
exponentially). The other terms become negligible at some point. Pi<cQ|4/d, ﬁb +c1 0 (, [22 | 4+ 4 0
0

= at small P, (small Ny) we can compare different signal
constellations by means of D2 | similarly to the binary case

min?

» The parameters d? determine the energy efficiency
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Approximate P, for some constellations Example 4.19

Assume two signal constellations, denoted A and B respectively, with corresponding
parameters d2;, 4 and d2;, p. From the equality (see e.g. the dominating term in the
union bound),
P,~cQ &2 é Arnin,aE,4/No = dain, 55,8/ No

’ mn No we find that the difference (in dB) in received energy per information bit is (compare
with (2.13) on page 16),

» Considering the dominating term in the union bound we obtain

» This approximation is valid if % is sufficiently large .
0 10 loglo(&,,s) — 1010g10(€b1A) — 1010g10 min,

Bin,
¢ Izllill 2
M-ary PAM 2(1— 1/M) GIO%Z(JM) Calculate the value 10log,, (Z;‘”"’A) if “A” is binary antipodal PAM, and if “B” is
“ M= —1 min, B

M-ary PSK (M > 2) 9 21og, (M) sin®(x/M) 4-ary PAM. Assume, that the conditions leading to (2.50) are satiesfied.

M-ary FSK M—1 log, (M)

M-ary QAM 4(1— 1/v/31) 3log, (M) » For M-ary PAM we have (Table 4.1 or Table 5.1)

d2., = 6logy(M)/(M* 1) = doya=2, doinp=4/5

Table 4.1: The coefficient ¢, and d2;,, for some common signal constellations. min 2 min,A > Zmin,B

Equally likely signal alternatives are assumed. See Subsection 2.4.1.1 for the
M-ary PAM case, and Subsection 2.4.5.1 for the M-ary QAM case. M equal
energy orthogonal FSK signals are also assumed.

> 10loggdrp 4/doin g = 10l0g195/2 = 3.98 dB

Binary PAM is 3.98 dB more energy efficient than 4-ary PAM!
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Example scenario: M-ary QAM

» We want to ensure that P, < P; ,.,, Where for M-ary QAM

Example 4.22: adapting M to channel quality

Assume that an M-ary QAM system adapts between 4-ary QAM, 16-ary QAM, 64-ary

QAM and 256-ary QAM. Show when a new M is chosen by plotting M (or log,(M))
gb M versus P./NoW . How large is the bit rate in each case? Assume that pppskx = 1/2
Ps§4Q “drznmNio :4Q<\/X) s d,z,,,-n:?alogzm [bps/Hz].
» The pulse shape g() is chosen such that log (M)
M=256
R, d2, P 8
=log,(M where p = min -
p =1log, (M) pgpsk p WX NgW 6 M=64
M=16
» Combining these requirements we obtain N
2
5
M<iy-_> P 3 L I X X N
X pgpsk NoW X Ny 5 10 21 42 0

» Hence we want to choose M = 2% such that (QAM: k even)

3 P
X pppsk NoW

Depending on the channel quality we can achieve different
2% < 14 bit rates R, = W, 2W, 3W, or 4W bps]

< 2k+2

Michael Lentmaier, Fall 2018

Digital Communications: Lecture 6
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Recall: QAM receiver (Example 4.4)
LUND

UNIVERSITY

The implementation of this receiver is shown below:

EITGO5 — Digital Communications

Receivers continued: (o) 90
Geometric representation, Capacity,
Multiuser receiver, Non-coherent receiver

r(t)

Lecture 7

Michael Lentmaier
Thursday, September 27, 2018

The complexity of this receiver is significantly reduced compared to the receiver in Figure

4.8 on page 241! Only two integrators are here used, instead of 64 (= M) in Figure
4.8.
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Example: QPSK (see Matlab demo) Distances D, ; are important

» Py is determined by the distances D;; between the signal pairs
> Let us sort these distances

| 1 2 3 4 5 6 7 8 9 Errors: 0 Total errors: 16 Tnlal!/symhols: 1000 Error rate: 0.01600 Dmln < Dl < D2 < e < Dmax
» Then the upper bound on P, can be written as
D2, D? D2
P.<c Zmin | . il W IR —max
5 1 0 s = Q 2N() 1 Q 2N0 X Q 2N0
z[n]
T oo o o ea o, e i » The coefficients are
B 1 M—1
yln] N : . = ZPj-nj,g7 £=0,1,2,...,x
T & % % s s b & =1

> nj .. number of signals at distance D, from signal z;(z)
How many distinct terms do exist for QPSK?
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Signal Space Representation A geometric description

» As we have seen in Chapter 2 we can represent our signal
g9(t) alternatives z;(¢) as vectors (points) in signal space

$1(t) = VE:
z=(3.1) = (Aj/Ee) PAM
zi=(z1 z2)= (Aj\/g qu/%) QAM, PSK
g(t) cos(27 f. 1) » The signal energy can be written as

<b1(t) = T .

Ej= 2() dt =22, + 27
() = )5 fet) j /0 7 (1) 1+

N -

» Likewise, the squared Euclidean distance becomes

T 5
D?J:/O (i) —5())" dt = (zi1 — 211)* + (22 — 52)°

Signal energies and distances have a geometric interpretation
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Approximate P, for some constellations
» Considering the dominating term in the union bound we obtain

&
Pi~c Q| /d2, — A

» This approximation is valid |f |s sufficiently large

2
¢ min
M-ary PAM 2(1 - 1/M) 611@%2911 )
M-ary PSK (M > 2) 2 2log, (M) sin® (7 /M)
M-ary FSK M—1 log, (M)
M-ary QAM 4(1 — 1/V/M) 3 1]<\>[ng1\11 )

Table 4.1: The coefficient ¢, and d2;,, for some common signal constellations.
Equally likely signal alternatives are assumed. See Subsection 2.4.1.1 for the
M-ary PAM case, and Subsection 2.4.5.1 for the M-ary QAM case. M equal

energy orthogonal FSK signals are also assumed.
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Comparisons
P, <\/dmm N_Q) 4 55)
M=2 ZoT0< dZ,, <2, (457)
14 Pbin (2 21)
P 20-4 (\/dmm ), (5.35)
M-ary PAM | &2, %z# Table 4.1 on page 281, (2.50)

p | po—pam - logQ(]M) (2.220)
P, | <2Q <\/d2 ) (5.43)

min Fo
M-ary PSK d2.. | 2sin®(w/M)log,(M), Table 4.1, Fig. 5.11
4 PBPSK ° log2(M) (2.229)

M-ary QAM P4 ( ) (\/dmm NU)

’4<1*—) Q* (2 £) . (5:50)

(QPSK with | @2, | 228 "Taple 4.1, Subsection 2.4.5.1

min M—

M =4) P pBPSK 10g2(M) (2.229)
M-ary FSK P | <(M-1)Q (\/dm £, Example 4.18c, Table 4.1

(orthogonal dZ%n | log, (M), Table 4.1 on page 281
FSK) p | See (2.245)

Table 5.1, p. 361

(rect., k even)
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Example 4.19

Assume two signal constellations, denoted A and B respectively, with corresponding
parameters d?mn,,‘ and d?nin,B. From the equality (see e.g. the dominating term in the
union bound),

d2in, AEb,a/No = d?uin,BEbB/No
we find that the difference (in dB) in received energy per information bit is (compare
with (2.13) on page 16),

min, B

dnin
10log, (&b, 5) — 101og,(Eb,4) = 101og, <d2 A)

2
Calculate the value 10log;, (;;M) if “A” is binary antipodal PAM, and if “B” is

‘min, B

4-ary PAM. Assume, that the conditions leading to (2.50) are satiesfied.
» For M-ary PAM we have (Table 4.1 or Table 5.1)

drzmn - 610g2(M)/(M2 - 1) = drzm'n,A = 27 drznin,B = 4/5

> 1Ologl() mmA/ ‘min,B — IOIOgIOS/2 =3.98dB
Binary PAM is 3.98 dB more energy efficient than 4-ary PAM!
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Symbol error probability comparison

T

M-ary PAM

Symbol error probability
Symbol error probability

M-ary PSK

A =8 (ub) \M = 16 (ub) "\ = 32 (ub)

0 s 0 s
£/Ny in dB &/Ny in dB

M-ary PAM, M =2,4,8,16 M-ary PSK, M =2.4,8,16,32

2. =6 log, M d2,, = 2sin* (/M) log, M

min =0 327

M
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Symbol error probability comparison Gain in 42

min

compared with binary antipodal

T

) Antipodal | M =2 0[dB]
0 Arary QAN ig«z" j\[""" o Orthogonal M = -3.01
» é_ M =2 0
£ M =1 3.08
E < , M-ary PAM | M = 8.5 M=2 -3.01
S BPSK (rf) o =2 fexi : ] M=16 | -13.27 M=4 0
: £ : M =32 18.34 M-ary FSK M= 1.76
o i M =64 -23.57 M =16 3.01
’ M= 0 M =32 3.98
ol M =1 0 M =64 177
= M-ary PSK [ M = 357 M=2 0
w* : 10 M =16 -8.17 M -ary M=4 0
H— 5 v % 2 o s N 2 % =32 1318 bi- M= 1.76
M =064 -18.40 orthogonal M =16 3.01
M=41 0 M =32 3.98
M-ary QAM, M =4,16,64,256  M-ary FSK, M =2,4,8,16,32,64 e M =61 | 47
M-ary QAM | M =64 -8.45
log, M 2 _ M =256 | -13.27
d,z,,m —3.28 dypin =logy M M = 1024 | -18.34
M—1 M = 4096 | 23.57
Large values M reduce energy efficiency
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Example scenario: M-ary QAM Example 4.22: adapting M to channel quality
» We want to ensure that Py < Ps,reqa where for M-ary QAM Assume that an M-ary QADM system adapts between 4-ary QAM, 16-ary QAM, 64-ary
QAM and 256-ary QAM. Show when a new M is chosen by plotting M (or log,(M))
&y 2 M versus P-/NoW. How large is the bit rate in each case? Assume that pppsx = 1/2
po<ao( @, | =40 (VX)) =3 log [bps/Hz].
o _
» The pulse shape g() is chosen such that log5(M)
R d2 P 8 M=256
b i 4
=log, (M) papsk where p = — < 2. M=64
p =1og,(M) pgpsk P=W =% Now 6
. . . 4 M=16
» Combining these requirements we obtain
2
M<1+; Pz =1 i.’PZT‘S T T T T T > EJDZW
= X pgpsk NoW X Ny X 5% 10X 21X 42X 0

v

Hence we want to choose M = 2% such that (QAM: k even)

L 3 P
X pppsk NoW

Depending on the channel quality we can achieve different

bit rates R, = W, 2W, 3W, or 4W(bps]

2k <1 < 2k+2
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Bit errors vs symbol errors Gray code mappings

» Assume that S symbols are transmitted and S, are in error » We have seen that for small Ny we can approximate
» If a symbol /1 # m is decided, this causes at least 1 bit error and n
at most k = log, M bit errors P~cQ Dvin
Serr S Berr S kSerr 2N0
» This motivates the use of Gray code mappings:
» This leads to the following relationship between P, and P;: y o, Pping
Ps E{Serr} E{Serr . k} ‘
— = < < - - - = z z z z
kosk ST e b Y Ral Y ¥
1000 1001 1011 1010
» P, depends on the signal constellation only s LT
z z
» The exact P, depends on the mapping from bits to messages m, Example: ”f X al- 11x'151 1%‘1‘
and hence signal alternatives s, (¢) 16-QAM © o TN
) -3a -a a 3a >0
. . . . z z 1% Zg
Example: Which mapping is better for 4-PAM? (and why?) s o, o
(1) mo=00, my =11, my =01, m3 = 10 2, T 2,
X X T X X
(2) my = 00’ my = 017 my = 11’ my = 10 0000 0001 0011 0010
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How can we achieve large data rates? A fundamental limit: channel capacity

» Consider a single-path channel (|H(f)|* = a?) with finite
bandwidth W and additive white Gaussian noise (AWGN) N(¢)

The capacity for this channel is given by

v

The bit rate R, can be increased in different ways
We can select a signal constellation with large M
= this typically increases the error probability P
exception: orthogonal signals (FSK): require more bandwidth W P,
Achieving equal P, with larger M is possible by increasing &, /Ny C=Wlog, <1 + N0W> [bps]
= this reduces the energy efficiency

We can also increase R, by increasing the bandwidth W
= this does not improve the bandwidth efficiency p = R,/W

v
v

v

v

Shannon showed that reliable communication requires that

v

R, <C

Question: » Observe: the capacity formula does not include P, (why?)
what is the largest achievable rate R, for a given error probability P, » Shannon also showed that if R, < C, then the probability of error
channel quality &,/Ny and bandwidth W? P can be made arbitrarily small

This question was answered by Claude Shannon in 1948: Py —0
"A mathematical theory of communication”

Course EITN45: Information Theory (VT2) if messages are coded in blocks of length N — oo
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Bandwidth efficiency and gap to capacity How does channel coding work?

(p- 369) P » We have seen that a large minimum distance 42, between

in

signals is required to improve the energy efficiency
00 » For binary signaling (M = 2) we have seen that &2, <2
. C/W Ep 2C/W—] .
10 Impossible N No = ow Idea of coding:
64-QAM » generate M binary sequences of length N
4t 16-QAM 16-PSK » use binary antipodal signaling to create M signals s;(r)
8-PS 8-PAM
2 QPSK < Example: N =5, M =4, g,..() pulse with T =T,/N (whatis D2, ?)
18 1 S T BPSKlb p” —= 10log0(Ep/No) AT T S
! 20 [dB]
} L1 BFSK A _I
| 8-FSK : .
: ~1/4 16-FSK —A
| 32.FSK sy o0 0 0 0 0
=178 A
t
» p < C/W: reliable communication is impossible above A
» this limit can be approached with channel coding
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= 2 - - . agm
Increasing 4;;,, with coding Example: symbol error probability

» In our example we have

D%, =4A’T-3=4E,3 = 12E,

min

v

Normalizing by the average energy &, = NE, /k this gives

uncoded

dz-:D'z""”:ﬂ:@E:B:zA 0” 10*
8, 2N/kE, N 5 105 E
> Let dyin,z denote the minimum Hamming distance between the 100} ot sar \
binary code sequences = in our example: dyynp =3 w07k (union bound)
» Then we can write ' o ‘ ‘ ‘ ‘ \ :
i =2 N dmin,H 0 2 4 6 Eb/Ni " 10 12 14 16

where R = k/N is called the code rate

- - =343
Larger din,z Values can be achieved with larger N

» Hamming code, N =7, k =4, dpiny =3 = d>;,
» How can we construct good codes?

EITN70: Channel Coding for Reliable Communication (HT2)

v
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Multiuser Communication
(p. 395/396) N

User 1: TA ¢,(1)
User 2: +A 0,(t) s(t) r(t)

User£: *A c.p,g(t)
User N: A (1)

A simple model:
» N users transmit at same time with orthonormal waveforms ¢,(z)
» Binary antipodal signaling is used in this example, such that

N
s() =Y Angu(t), A,c+A
n=1

» The orthonormal waveforms satisfy

I fo ifi#f,
JA @(r)@(r)dr{l i
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Receiver for Multiuser Communication

RECEIVER FOR
USER £

User 1: +A ¢,(t)
User 2: A 0,(t)

Userz: +A &)z(t)

UserN: tA o —/ Lt

» This permits a simple receiver structure for each user ¢
» The decision variable becomes

Ty Ts N
&= [Towrma= [ (;An¢n<z>+N<r>) dr

T
:A[—i-/o O(ON(1) di = Ap+ N

= receiver is only disturbed by noise and not by other users!
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Multiuser Communication
» The separation of users can be achieved in different ways
» TDMA: (time-division multiple access)

%0 1pma

User £
intime slot 2

» FDMA / OFDMA: (frequency-division multiple access)

t) = in(2 nfpt)
0l =0 sin(@ nfgh User £in

frequency slot £
t
TS
FDMA

» CDMA: (code-division multiple access)

0et) CDMA Each user is
a assigned a
unique pattern of +a's

Ts
a

» MC-CDMA: (multi-carrier CDMA) combined OFDM/CDMA 5/~
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Non-coherent receivers

» With phase-shift keying (PSK) the message m[n| at time nT; is
put into the phase 6, of the transmit signal

s(1) = g(1) V2E cosnf.t+6,), nTy<t<(n+1)T;

v

The channel introduces some attenuation ¢, some additive noise
N(r) and also some phase offset v into the received signal

r(t) = a g(1) V2E cos(2rf.t+ 6, + V) +N(t)

v

Challenge: the optimal receiver needs to know « and v
» In some applications an accurate estimation of v is infeasible
(cost, complexity, size)

Non-coherent receivers:
receiver structures that can work well without knowledge
of the exact phase offset

v

How can we modify our PSK transmission accordingly?
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Differential Phase Shift Keying Differential Phase Shift Keying (M =2)

» With differential PSK, the message m([n] = m,is mappedtothe ~ ormommmomomemoe ey

phase according to Receiver |
2nl Delay i
9,,: n_]+7 EIO,,M—I T, el g i R

gl 20 [~ bin-1]
» The transmitted phase 6, depends on both 6, and m|n] D?Iay H®—f -
» This differential encoding introduces memory and the transmitted

signal alternatives become dependent ]

» Example 5.25: binary DPSK
Addition » The receiver uses no phase offset v in the carrier waveforms
N

mociulo 2 » Without noise, the decision variable is

() 20,0 Sl = reln)re[r=1]+ryfn] ry[n —1]
=Acos(6,—1+ V) Acos(6,—p+ V) +Asin(6,_1 + V) Asin(6,_2 + V)

=A%cos(6, 1 — 6, ,) = independent of v

» Note: non-coherent reception increases variance of noise
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From last lecture: Non-coherent receivers

LUND » With phase-shift keying (PSK) the message m|n| at time nT; is
UNIVERSITY put into the phase 6, of the transmit signal

s(1) = g(1) V2E cosnf.t+6,), nTy<t<(n+1)T;

EITGO5 — Digital Communications

» The channel introduces some attenuation a, some additive noise
Lecture 8 N(r) and also some phase offset v into the received signal
Chapter 3: Carrier modulation techniques r(t) = o g(t) V2E cos(2mf.t+ 6, + V) +N(1)
Bandpass signals, digital and analog modulation
» Challenge: the optimal receiver needs to know « and v

y I\gchagl LT‘“?‘ZB ” > In some applications an accurate estimation of v is infeasible
onday, October 1, (cost, complexity, size)

Non-coherent receivers:

receiver structures that can work well without knowledge

of the exact phase offset

v

How can we modify our PSK transmission accordingly?
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Differential Phase Shift Keying

» With differential PSK, the message m[n] = m, is mapped to the
phase according to

2l
9,,2 n_]+7 6207,M—1
» The transmitted phase 6, depends on both 6, and m|n]

» This differential encoding introduces memory and the transmitted
signal alternatives become dependent

» Example 5.25: binary DPSK

Addition
modulo 2

N(t)

“ om0
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Chapter 3: Carrier modulation techniques

A

bli] ; s(t) r(t) - bli]
Transmitter H Channel H Receiver }%
{0.1} {0.1}

Figure 4.1: A digital communication system.

What we have done so far:

Chapter 2: Chapter 4:
From bli] and mi] to signals s,(z) From signals z;(r) + N(r) to /[i] and b]i]
N(t)
byl
:4’ nan ) Receiver based
b | | Serd |~ g i e m=mj TNz ——= onr(t) in =
— b b} conversion, S gy [T SO 0<t<Ts
parallel —*b‘m see (2.22)

Now more on:
» properties of bandpass signals
» the channel: from s(¢) over z(¢) to r(¢)
» efficient receivers for bandpass signals
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Differential Phase Shift Keying (M = 2)

Delay
To €inl

&Nl 20 ——> b[n-1]

Delay 1

» The receiver uses no phase offset v in the carrier waveforms
» Without noise, the decision variable is

Slnl =re[nlren—1]+ rsn]rgln—1]
=Acos(6,-1+V)Acos(6,-2+V)+Asin(6,-1+V) Asin(6,-2+ V)
=A%cos(6, 1 — 6, ,) = independent of v

» Note: non-coherent reception increases variance of noise
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Bandpass Signals
» A general bandpass signal can always be written as
x(t) = x1(r) cos(2mf.t) — xp(r) sin(2mwfet), —oo<t< oo

» x;(1): inphase component xo(t): quadrature component
» Corresponding transmitter structure:

cos(2nft)
xp (O
Original Digital
information —— signal ——= x(D)
(digital or analog) processor | X ® <: :>
-sin(2mfct)

» The information is contained in the signals x;(r) and xo(z)
(for both analog or digital modulation)
» Not only wireless systems use carrier modulation
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Spectrum of bandpass signals DSB-SC Carrier Modulation

» Computing the Fourier transform of x(r) we get » Double sideband-suppressed (DSB-SC) carrier modulation is a

) ) special case of our general model
X(f) = X1 +fe) —J Xo(f 1) + Xi(f —fe) +7 Xo(f —fe) > In this case only x;(¢) contains information and x,(f) =0, i.e.,
2 2
_ Xgsh—sc(t) = x7(t) cos(2mf, .t
» Normally, X;(r) and X, (r) have baseband characteristic, _ sh-se ). 1.( .) (2nfe1)
and f, is much larger than their bandwidth » The Fourier transform then simplifies to
» The spectrum can be symmetric or non-symmetric around f, X(f) = Xi(f+fe) N Xi(f —fc)
X012 v _ 2 2
» X;(f) is symmetric around f =0 = X;(f) is symmetric around f.
" fe 0 fe ! X1 I Xdsb-se (D1 = I F{x (Ocosnfcn} |
X1 P A a <|A 2WLp
a/2
[\ N £ [Hz] ‘ ! f [Hz)
\ ‘ f[Hz] “Wp Wrp —fe 0 fe
b) - fe 0 fe a) b)

Lower sideband Upper sideband
» Remember: real signals x(r) always have even |X(f)|

Where does the name come from?

Michael Lentmaier, Fall 2018
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Example 3.1: 4-ary PAM How can we revert the frequency shift to f.?

. Hint: check Example 2.19 (p. 68)
W ( 50 =5()= ¥ Aupirclt=nT)
(n |

s(t)/A

T T > f
-1 -fC 0 fc
~ 0.4+ .
21 & Find the frequency content of
31 4
%0.3
s g x(t) =g(t) cos 2mfot) , fo=3f./4

; 2 SUO.Q’ Solution:
= ” H H H H H ‘ ‘ ” H H H H H _1 If we apply (2.157) using G(f) above, we obtain the frequency content in z(t) as
3! B X(f)
= QAR A | =od

[N}

T T T T T T T > f
-f 0 f/4 f 7t 14
c c c c

AW —

How should we choose fj to get the baseband signal back?
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Problem 3.9

In the three-user (digital) communication system below, the frequency con-
tent in the user information signals uy(¢), u2(¢t) and us(t) are,

10,01 1,1 U, (!
.t Ik { - f [kH Lll_. f kM
0 100 [kHz] 0 200 [kHz] 0 300 [kHz]

cos(2f,t)

Usert:u, (1)

cos(2 nif,,t) Receiver

c(t
Lowpass | c(t)

User2:u,(t) filter

cos(2 nf,t)

User3: ug(t)

It is known that the individual carrier frequencies are: f; = 3.5 MHz,
f2 = 4.0 MHz, f3 = 3 MHz. The disturbance d(t) is d(t) = cos(2m2fqt)
where fq = 1.7 MHz.

Only frequencies up to 100 kHz pass the lowpass filter.
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I-Q Diagram
» In the representation
x(t) =x;(t) cos(2nfe 1) — xo(t) sin(2mfe 1)
the information is contained in the inphase component x;(¢) and
quadrature component x¢(r)
» In the representation
x(t) = e(t) cosmfet + 0(t)), —o0<t1< oo

the information is contained in the envelope e(r) and
instantaneous phase ()

QM (to)
®

XQ(l) T ----= ‘
e(t) |
0(t) :

T Q]

/ w
(ty)
connection: I-Q diagram
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Envelope and Phase

» A frequency shift corresponds to a multiplication with ¢/27c!
» For connecting this to the cosine and sine function we use
&2t = cos(2mf.1) + jsin(2mf,.1)
» The general bandpass signal can then be written in terms of a
frequency shifted version of a complex signal x;(r) +jxo(z)
x(t) =x;(t) cos(2mf. 1) — xo(t) sin(2xfe 1)
=Re { (xI(t) +ij(t))ejz”f‘"}
» Expressing x;(r) +jxo(t) in terms of magnitude and phase we get
x(t) =e(t) cos(2mfet + 0(1)), —oo<t< oo
with
e(t) = /x3(1) —I—sz(t) >0
x1(t) = e(t) cos(6(r))
xo(t) = (1) sin((1))
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Analog Information Transmission

» Suppose that the information signal is an analog waveform a(z)
Examples: music, speech, video

» If we use digital modulation, the waveform a(¢) is first converted
to a binary sequence b[i], which then is mapped to signals s,(r)

» In case of analog modulation, the waveform a(¢) is used directly
to modulate the carrier signal

» Let v(r) denote the bandpass signal of an analog transmitter
v(t) = vi(1) cos(2mfet) — vo(t) sin(2xf,1), —eo<t<oo
=e(t) cos (2mf.t + 6(1))

» Amplitude modulation (AM):
the waveform a(r) modulates the envelope e(r) only

» Frequency modulation (FM):
here a(¢) modulates the instantaneous phase 6(t) only
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Amplitude Modulation (AM)

B C
a(t) i\ )+L

» The AM signal is the sum of a DSB-SC signal and carrier wave

v(1) = (a(t) B+ C) cos(2xf.1+ )
=a(t)Bcos(2xfet+ @) + Ccos(2mfet+ ¢)

cos(2mfc t+ @)

\X/ v(t)

» Let us introduce the modulation index

B ayax <1,
c =

» Using the normalized signal a,(t) = a(t) /ama: We can write

v(1) = (14+may(1)) C cos(27f.1+ )

m=

where ay,, = max |a(t)|
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Frequency Modulation (FM)

a(t) ——= vCcOo +——= V()
FM signal
(fdev ’fc)

» With FM modulation, the transmitted signal
v(t) = V2P cos(2xf. t+ 6(1))
is generated by a voltage controlled oscillator (VCO)
» The information carrying signal a(z) is related to the phase 6(¢) by

1 dé
n i =t al)

» The signal a(t) hence modulates the instantaneous frequency

1 de(r)

fins( ) ﬁ+ﬂ 7 _fc +fdev ( )

» FM modulation is a non-linear operation, hard to analyze
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Example: AM signal
e()/C=14+ma(t) , a,(t) =sin2xfyt) , f, =1/Tp

e(t)/C and v(t)/C

» m=0.5

<I:
the information signal a,(7) is contained in the envelope e(¢)

4(t) and o(t)/C

» m=1.2> 1: (right picture)

overmodulation: the baseband signal ¢(7) =

is no longer equal to e()

A

Ak

(14 1.2a,(7))

Michael Lentmaier, Fall 2018
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Example 3.13: FM stereo

A possible block-diagram of conventional analog FM stereo is shown below.

Frequency
doubling

Acos(2 nf1 t)

Frequency - Frequency
modulator Channel demodulator

8

A Extract > Xt
LU x{t) and ’Z( )

x,(t) > %0

(I

z¢(t) and x,(t) denotes the left and the right audio-channel, respectively, and they are

to 15 |kHz]. The frequency fi = 19 [kHz] (often referred to as a
so-called pilot-tone).

both bandlimited

1z

Pilot DSB modulated
{M difference signal
2 ;
53

1519 23 38

Left+right signal
(mono-signal)

> f[kHz]
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A simple Matlab example
How does a QPSK signal look like? Here is an example:

Digital Information Transmission

» In Chapter 2 the signal alternatives s,(¢) could have arbitrary

shape within the signaling interval 0 <7 < T 2;(t) cos(2r f.t)
» The bandpass signal for digital modulation then has the form 1
)=l 2]l st VWMV
e 0 015 1‘ 1.‘5 2‘ 2‘.5 C; 315 J‘ 4.‘5 5
= Z Sfn) 1 (t—nTy) | cos(2mf, 1) xg(t) sin(27 f.t)
N=—o0 T T T T T T T T T
(£ o)) s PN
T o 05 1 15 2 25 s 85 4 45 s
» In case of M-ary QAM we have a(t) = x1(t) cos(2m fot) — xo(t) sin(2w f. 1)
1 ;
xi(t) = Z Am[n]g(t_nTS) ) xQ(t) = Z Bm[n]g(t_nTS) °

» Also M-ary FSK signals have bandpass characteristics
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And how it was done: Example 3.5: offset QPSK

— — - - ) ) ) .
: Example: QPSK signal Below, two information carrying baseband signals x1(t) and s(t) are first generated.
3- t=0:0.01:5; Binary antipodal signaling with a rectangular pulse shape is used for both x;(t) and
4 - fc=4; - - . _ _

O e nes(1, (Length{l-11/5); s(t). The signal xq(t) is a delayed version of s(t), zq(t) = s(t — Ty).
6 - sI=zeros(1,length(t)); sQ=zeros(1,length{t));

7 cos(m_t

= dataI=[1 -1 1 -1 1]; ( C)

g = indPulse=1:(length(t)-1)/5;

10 - [Ifor i=l:length(datal), b, [i]

1- sI(indPulse)=datal(i)+pRec; 2 s (t)}1
12- indPulse=indPulse+length(indPulse); Serial 20
13 - end; b
14 —> to
15 -  data@=[-1 -1 1 1 -1]; parallel 1
16 - indPulse=1:(length(t)-1)/5; {5t}

17 - ©for i=1:length(dataQ), b, il £=0
18 - sQ{indPulse)=dataqQ(i)+pRec;

19 - indPulse=indPulse+Llength(indPulse);

20 - lend; s1(t) = fso(t)

n
22 - sCarI=cos(2#pist«fc); sCarQ=sin(2#pistfe); 1
23 A
24 - figure(1);
25| = subplot(3,1,1); plot(t,sI.*sCarl); t
26 - set{gca, 'yYLim', [-1.5 1.51); xlabel('fT_s');

27 Ts=2Tb
28 - subplot(3,1,2); plot(t,sQ.*sCarQ); . . . . . . . .

29 - set(gea,'viin', [-1.5 1.5]); xlabel('fT_s'); The information bit rate (in b) is R, = 1/T,. Hence, the signaling rate in the quadra-
30 ; _

3 - subplot(3,1,3); plot{t,sI.*sCarl - sQ.xsCarQ); ture components is Rs = Rb/Q'

32 - set(gca, 'YLim', [-1.5 1.5]); xlabel('fT_s');

33
3 QPSK signal with delayed transmission of xy (1)

script

Ln 32 Col 30

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 8

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 8




Example 3.5: offset QPSK

X1
1 1 0 0 1
A
A | — LI — T t
’ 2Tp 6T}, 10Ty,
XQ(V) y
1 0 1 1 1 <0 &< |->8 0<t<T},
AT | [ 4Tp<t<5Tp| 3Tp<t<4T}
A T T T T T T t
2Th 6T, 8T, 10Ty

» Special feature:
x7(t) and xp(r) can never change at the same time

» it follows that the envelope does not pass the origin, i.e., e(r) >0

» the variation of instantaneous power P(t) = ¢*(r)/2 is small,
which allows more efficient power amplifiers
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Example 3.7: GSM

N*W [MHz] N*W [MHz]
/—/%

/—/%
890-915 [MHz] 935-960 [MHz]

Uplink \ /Downlink

Each sub-band of W [Hz| carries information from X users, which are time-multiplezed
using X time-slots. The total number of speech-channels (or data-channels) in the
uplink (and in the downlink) is N - X.

A specific user is allocated one of the N sub-bands, and one of the X time-slots. A
time-slot has duration 576.92 [us], and 148 binary symbols are transmitted within this
time, see the figure below.

Start Coded bits Flag Training sequence Flag Coded bits Stop 1SI
3 57 1 26 1 57 3 margin
148
1 3046 us
>
576.92 us » | ©
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Example 3.6: constant envelope signaling

Change pulse shape: The squared envelope becomes
half cycle sinusoidal g
instead of g.(7) (1) =x7 (1) +x5(1)
' = A% sin®(mt/(2Ty)) + A% cos? (mt/ (2T}))
o =A% = constant envelope e(f) = A

XQ ®
{=2Ty, 6T}, 8T.10T},

A Y
%0.5 t X1 (0)
7 N

0 3 o, sz, 310 12 t=5Tb ’7Tb t=Tb 3Ty 9T},

=04Ty

Continuous phase modulation (CPM) is used in GSM
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From 2G to 4G

» GSM: (Global System for Mobile Communications)
based on combined time-division multiple access (TDMA) and
frequency division multiple access (FDMA)

» UMTS: (Universal Mobile Telecommunications Service)
based on wideband code division multiple access (W-CDMA)
each user has an individual code, no TDMA or FDMA

» LTE (advanced): (Long Term Evolution)
orthogonal frequency-division multiple access (OFDMA)

Multiple access:
refers to how different active users are separated
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Lecture 9

Chap. 3: N-ray channel model, noise,
Receivers for bandpass signals

Chap. 4: Filtered channel receiver

Michael Lentmaier
Thursday, October 4, 2018

White Gaussian Noise

» White Gaussian noise w(t) is a common model for background
noise, such as created by electronic equipment

» The samples of w(r) have a zero-mean Gaussian distribution
» Any two distinct samples of w(¢) are uncorrelated

r(2) = Efw(z + 1) w()} = 2 8(2)

» This leads to a constant power spectral density

) . N,
Ruf) = [ r(me ™ ar="0, —w<f<o

Ry, (D)
No/2

f [Hz]
0

All frequencies are disturbed equally strongly
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Channel Noise

» In almost all applications the received signal r(¢) is disturbed by
some additive noise N(r):

r(1) = z(t) +N(1)

Pu
n

\W’J“MFHHL

2

N/

o

-3

» Since the received noise disturbs that transmitted signal, we
need to characterize its influence on the performance
in terms of bit error rate or achievable information bit rate
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Filtered Gaussian Noise

» In reality we usually deal with filtered noise of limited bandwidth,
so-called colored noise

» Assuming that white Gaussian noise w(r) passes a filter v(r) we
obtain colored noise c(t) with power spectral density

R() = RNV = 22 V)

» For an ideal bandpass filter v(r) with bandwidth W the spectrum

is shown below:

R,
W
N, /2 {
0
T T > f[Hz]
fC fC
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Filtered Gaussian Noise Linear-Filter Channels

> Since R(f) is constant within the bandwidth W, such a process » The channel is often modeled as time-invariant filter with noise
¢(t) is usually referred to as "white" bandpass process
» Let the noise process c(t) be sampled at some time t = 1. Then Channel w(t)
the sample value c(#y) is a Gaussian random variable with 0 ) l )
T z r
1 2 /n 52
_ —(c—m)* /20
p(c) Ty h(t) @
with mean m = 0 and variance 6> = Ny/2 E, = NgW = P,

Example: matched filter output (recall Chapter 4
P put ( P ) > h(t) is the channel impulse response and w(r) the additive noise

The additive noise AV is sampled from a filtered noise process » The received signal becomes
i RN ol Sl r(0) = 1))+ () = [ R(E)x(— ) de-+ (o)
t=(n+ s —oo

» The simplest case is an attenuated noisy channel:

T
0® =No/2-Ey=No/2 /O (21(1) — 20(1))” h(e)=ad(t) = r(t) = as(t) +wlr)
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N-ray Channel Model Example 3.19: multipath propagation

» In many applications (wired and wireless) the transmitted signal og
x(t) reaches the receiver along several different paths
» Such multi-path propagation motivates the N-ray channel model

z,0)= -z,()
Delay 1 us

: 0.01A
kS W s
® ® -0.
0 0 o
» The output signal becomes A, 0<t<107
N s1(t) = —so(t) = { 0 , otherwise
o) = Z ox(t — %) = x(t) h(t) o1 =0.01,0p=-0.01,03 =0.01
= .01, .01, .
» The impulse response k() and its Fourier transform are given by » The channel (= filter) increases the length of the signals

N

h(t) = i o 8(t—7), H(f)=Y oze ™
i=1

i=1

» Signals exceed their time interval and will overlap if 7§ is not
increased accordingly = inter-symbol interference (1SI)
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Example 3.20 Features of Multipath Channels

EXAMPLE 3.20

Calculate and sketch |H(f)|? for the 2-ray channel model. Cha"enges:
Solution: » the receiver needs to know the channel
From (3.128) we obtair » training sequences need be transmitted for channel estimation
H(f) = e 4ape™?7m — » the impulse response can change over time
= I (n fage ) > the line-of-sight (LOS) component is sometimes not received
2 —j2mf(ra—T1 2r f (o —; _
S (al o )) (al Foae 1)) - Opportunities:

= 2+t (eﬂ«fm—m +e—;2«f<rz—n)) _

» with multiple paths we can collect more signal energy
» receiver can work without direct LOS component

= ai+ a3+ 2a1az cos(2mf(me — 1))

IH(DI? » channel knowledge, once we have it, can give useful information:
(0 a2 Examples: distance, angle of arrival, speed (Doppler)
(@ )2 . » positioning/navigation is often based on channel estimation
T T z

ﬁ T;T If you want to know more:
EITN85: Wireless Communication Channels, VT 1

Channel fading: some frequencies are attenuated strongly

implementation of the receiver
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Receiver for linear filter channel model ML receiver with channel matching filter

» For a simple channel with a direct transmission pathonty

1 RECEIVER f

h(t)=ad(t) = zo(t) = orse(t) | |

! -E¢/2 .

» In case of multipath propagation the channel filter can change ol

the shape and duration of the signals z,(¢) No B2 |

| & 30 |

» It can be shown that the matched filter of the overall system can ! § N l SELECT | | a

be replaced with a cascade of two separate matched filters ana LARGEST | "2

sm[n](t—nTs) zmlnj(t-nTs) : EM-12 :

ZE(Ts*t) a4 h(Th*t) s s[(mecft) y Ty =Tpax+ Ty § % Em-1 [n] |

» The channel matching filter A(T), — ) simplifies the DT
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Example: three-ray channel
» Consider a channel with three signal paths
h(t) =0 6(t—11)+ 0 o(t—n)+ s 8(r—13)

» Assuming 7; < 7, < 73 we have T, = 13
» The channel matching filter becomes
/’Z(Th - t) = h(T3 — l‘)
= o)+ mé(t—(—n0))+o 6(t— (13— 1))

RAKE receiver structure: o

To matched
filters

Smn)(t-nTs)

Three-ray channel Channel matching
filter h(T,-t)

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 9

Example: QAM Signaling

» Recall the simplified receiver considered in Example 4.4:

cos( o) a(t)

Select

MAX —» Decision

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 9

Recall: receiver for M-ary signaling

» Consider the general receiver structure from Chapter 4:

SELECT
LARGEST

» Decision variables are computed by correlators or matched filters
» Each possible signal alternative is recreated in the receiver
» Question: can we apply this to bandpass signals? Yes!

But: recreating signals at large frequencies f, is a challenge

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 9

Transmission of bandpass signhals

» Recall from last lecture:

cos(2nf t)
Xq ®
Original Digital
information —= signal —— x(D)
(digital or analog) processor | Xy ®
-sin(2mfct)

» A general bandpass signal can always be written as
x(t) = x1(r) cos(2mfet) — xp(r) sin(2mfet), —oo<t< oo

» x;(t): inphase component xp(t): quadrature component
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QPSK Example

z7(t) cos(2m fc t)

1

0 0.5 1 1.5 2 25 3 35 4 45 5
zq(t) sin(2m fct)

T

0 05 1 15 2 25 3 35 4 45 5
x(t) = x1(t) cos(2m fot) — x(t) sin(2w f.t)

I
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
t/T;

What are x;(r) and x(7) in this case?
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Homodyne receiver frontend

Acos( ® t+¢err( )

-Asin( ® l+¢err(t))

» Receiver is not synchronized to transmitter: phase errors @,,.(¢)
» Assume first r(z ) 7x1( ) cos(2xf.t) (xo(t) =0 and no noise)

=[x (t cos(2n’fc 1)-A cos 2xfet+ @err(1)) ] p

[x (cO8(@err (1)) + OS2 2 1+ Gorr (1)) ],

_ )
- TA COS((perr(t))

> Likewise ) 1( x1(t)

A sin(@err (1))
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Receivers for bandpass signals

» Our goal: reproduce components x;(z) and x¢() at the receiver
> In the transmitted bandpass signal x(r) these components were
shifted to the carrier frequency f,

X1 WV _
[\ T AN
- fe 0 fe

» Ildea: shifting the signal back to the baseband by multiplying with
the carrier waveform again (see Ex. 2.19 and Problem 3.9)

> A lowpass filter Hp(f) is then applied in the baseband to remove
undesired other signals or copies from the carrier multiplication

ji
f[Hz]

-WIp Wlp
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The impact of phase errors

» Assuming r(t) = x;(t) cos(2xf.t) we have found that

=1 i

) Acos(Perr(1)) ,  up(t) = ———==Asin(@ (1))

> ldeal case: ¢,.-(f) =0
ur(t)=x;(1)/2-A and ugp(t)=0
= the inphase branch is independent of the quadrature branch
» Phase errors: ¢,,-(t) #0
ur(t) <xg(t)/2-A and ug(t) #0 (crosstalk)
> If ¢.,-(f) changes randomly (jitter) the average u;(¢) can vanish
» Ignoring the effect of phase errors can lead to bad performance

Question: what can we then do about phase errors?
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Coherent receivers

» Assume now that we can estimate ¢, (1)
» The signal x;(z) is contained in both u;(z) and ug(r)

() 1()

up(t) = —=Acos(err (1)), up(t) = A sin(@err(1))

» Coherent reception:
by combining both components the signal can be recovered by

i1 (6) = 1 (1) -0 (Gorr (1)) — 10 (1) -sin (9 (1))

= 1 A cos2 (1)) + 212 4 sin( 00 1)) = 1

» Observe: same result as in the ideal case ¢,,(t) =0

can be used if phase estimation is not possible

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 9

Inphase and quadrature relationship

» With the complete signal r(¢) entering the receiver the output
signals become

ur(1) =[y(t)A cos 2xfot+ derr(1)) ], p o2
t
= W#A cos(Perr (1)) HO /i\ () 3o
, .
#2240 A (1)
Sin(Per(0)A/2

ug(r) :[—y(t)A sin(27rfct+¢err(t))]LP F
_Yo(®) Q® O :
= 222 A cos(9er (1)) b

2 o5 err ()A/2
i

#A $in(@err (7))

+ uQ(l)
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Overall transmission model

cos@ct) Acos(@ct+Perr (1)

w(+y ] (D+..+yN(D

xp(©
! CO—{ Hp® = w
Original Signal x(t) (1) r(t) V()
—= * Hpp(f
information | processor xQ(t) e Bp ()
° -HLP(D uQ®

-Asin( oct+derr (1))

-sin(md)

! Transmitter side ! Channel : Homodyne reception
» The signal y(z) is given by
y(2) = z(t) +w(t) = x(t) * h(t) +w(r)
» It can be written as

y(t) = yi(t) cos(2mfe 1) — yo(7) sin(27f. 1)

Can we express u;(r) and ugp(r) in terms of x;(r) and xq(7)?
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Including the channel filter

» Before we can relate y(r) = z(r) + w(t) to x(r) we need to consider
the effect of the channel

z(t) = x(t) * h(z) x(t) 2(t)

» We assume that the impulse response k() can be represented
as a bandpass signal

h(t) = hi(t) cos(2nf. t) — ho(t) sin(27f,t)

» With some calculations the signals can be written as (p. 159-160)

. a0 = 2 a0) ) =000 + hol0)
(1) = 5 ((t) * holt)+x(t) = (1)

xQ(l) lQ(K)

R FR—




Equivalent baseband model

» Combining the channel with the receiver frontend we obtain
wy () co8(@epp(1)A/2

xq(t) up(t)

xQ(®

WQ)  cos@err(1)A2

» Observe that all the involved signals are in the baseband
» The same is true for channel filter, noise and phase error

Digital signal processing can be applied easily in baseband
What happened with the carrier waveforms?
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Overall transmission model

cos@ct) Acos(@ct+Perr (1)

w(D+y (D+..+yN(D)

Original Signal x(H) 2(t) () V(D)
ol g )
information | processor| xQ(()
(o= e
sin(0g) -Asin( oct+derr (1))
I I I
! Transmitter side ! Channel ! Homodyne reception

» The signal y(¢) is given by
() = 2(1) +wlt) = x(2) * h(r) +w(7)
» It can be written as
¥(0) = y1(1) oS fe 1) — yo 1) sin(2xfe )

Can we express u;(t) and ug(t) in terms of x;(¢) and xo(7)?
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up(t)

uQ®
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Equivalent baseband model, Compact description

Chapter 6: Intersymbol interference
ISI, Increasing the signaling rate

Michael Lentmaier
Monday, October 8, 2018

Inphase and quadrature relationship

» With the complete signal (¢) entering the receiver the output
signals become

Lt[(t) = [y(t)A cos (Zﬂfct+ ¢err(t))}Lp

=10 A cos (1)

#2240 A (g0 (1)

cos@epr(D)A/2

yi® L/i\ (+) up(®

sin(Pep()A/2

ug(t) =[—y() A sin 2xfet+ ¢rr(1) ], r

t YQ“) = + uQ(l)
=221 4 cos(orr (1)) kg
2 oS err (1)A/2
t
=210 4 sin(gur (1)

Michael Lentmaier, Fall 2018
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Including the channel filter

» Before we can relate y(r) = z(r) + w(t) to x(r) we need to consider
the effect of the channel

z(t) = x(1) * h(z) x(1) z(t)

» We assume that the impulse response k() can be represented
as a bandpass signal

h(t) = hy(t) cos(2mfet) — ho(t) sin(27f, 1)

» With some calculations the signals can be written as (p. 159-160)

.

xp (0 zy(t)

(ur(e) # halt) —xo(t) * ho(r))

(x1(1) * ho(t) +xq(r)

z(t) =

N = N =

z20(1) =

n—fpa—

zQM®
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A compact description

» A more compact description is possible by combining x;(¢) and
xp(1) to an equivalent baseband signal

(1) = x1(1) +jxo(1)
» The transmitted signal can then be described as

x(t) = Re { (x1(t) +jxo(1)) e 727t} = Re {(r) e*127e1)

X1 v
[\ T AT
- fe 0 fe

» With Re{a} = (a+a*)/2 we can write

x(t) = % R T O R YT
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Equivalent baseband model

» Combining the channel with the receiver frontend we obtain
wy (0 cos@ e (D)A/2

xy(t) up(H

uQ(

xQ®

W) cos@er(1)A2

» Observe that all the involved signals are in the baseband

» The same is true for channel filter, noise and phase error
Digital signal processing can be applied easily in baseband
What happened with the carrier waveforms?
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A compact description
» Let us first ignore the effect of the channel: w(z) =0, h(z) = §(¢)
» The receiver can invert the frequency shift operation by

ﬁ(t) — |:x(t) .Ae_j(27rfcl+¢err(t))i|LP

» Using the expression for x(r) from the previous slide we get

i(t) = [A (;C(t)e+j27rfct +)~C*(t)efj2ﬂfct) .ej(zﬂﬁ't+¢err(t>):|
2 LP

. efj(p('rr(t) — ul(l) +qu([)

),
2
» Observe that this expression is equivalent to our earlier result

() = (M52 cos(0ur 1) + 42 A sin(0.,(0)

xl(t)

+J (@A c08(@err (1)) — —5—A Si“(‘p”’(t)))
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Compact equivalent baseband model The two equivalent baseband models

» The effect of the channel filter becomes WO cosOerr(0)A2
h(t x u
2(0) = 210 +iz0) = 5(1) « 1 1
» Combining these parts and the noise we obtain the simple model
sy Al
~ 0) /\b\ /X\ ~ -
t o G
X( ) 2 \y ped ( ) XQ(I) uQ(t)
B wQ®  cos@gp(D)A/2
h(t ; A
a(r) = [ (%(t) * h() +w(t)| e T2 (h) = wi (1) +jwo(t) ‘
2 2 wo A er®
2
» Complex signal notation simplifies expressions significantly %0 ﬁ%) é & 0
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M-ary QAM signaling Matched filter receiver
» Considering M-ary QAM signals we get » At the receiver we see the complex baseband signal i(z)

wo  He Ferr(®

xI(t): Z Am[,,] t—nT )CQ(Z‘ Z B t—nTA-) B e »
X —= M) ii(0)

n=-—oo n=-—oo

> Letus now introduce » If we know the channel we can design a matched filter for

Apln| =Am +JBuin t

[n] [n] 7J Bmln] z(;),x()*ﬁ = 9()=z(T,—1)

» Then our complex baseband signal x(r) can be written as » It is often convenient to match ¥(r) to the pulse g(¢) instead
x(t) = x1(t) +j xol(t Z A 8t —nTy) W) =g (T—1) = &nl=[alt) * & (T—1)] 1y,

~ Example: (on the board) . Receiver ‘

Determine A, Byjy) @nd A, rule

|

|

|
Consider 4-QAM transmissionofb=10111001 at) 1o <", Decision LA
~ R/*Sigy 19 (Ts - t) —vV‘ m

L |

|

How can we design the receiver for QAM signals?
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Decision rule
» Consider now A(t) = §(¢) and Ww(t) = 0
» The ideal values of the decision variable are then given by

gm[n] = [ﬁ(t) * g*(TS_t)} t=(n+1)T.

s

~m[n]g(t— I’LTS) . e_j(pe”(t) . %) * g*(Ts — t):|

t=(n+1)T;
~ : A

— *]‘Pcrr(t).f — * —
Aupe S R ) F-

- w A
:Am[n]e - Gerr ((n+1)Ts) 5 Eg

» Due to noise w(r) # 0 and non-ideal channel /() the decision
variables at the receiver will differ from these ideal values

» The Euclidean distance receiver will base its decision on the
ideal value &, which is closest to the received value &[i]
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Example: 4-PSK with phase offset

» Consider now a constant phase offset of ¢,-(t) = ¢.rr = 25°
> As a result the values &, and &[n] are rotated accordingly

Im{¢}
N e
> N X s ’ . ng
.. K X ideal &
XN ’
AN 7/ ~
N ) received &
, 7| N O~ - /I Re{g}
/ N ..
g 5 e ---  decision boundary
v ’ x A N
’ AN

How can we compensate for ¢,,?
1. we can rotate the decision boundaries by the same amount
2. or we can rotate back &[n] by multiplying with e*7%

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 10

Example: 4-PSK

» Assuming ¢.,-(t) = 0 we obtain the ideal decision variables

~ A . A
Enln] = Anin] - 5 B¢ = (Anpu) +Buin)) - 5 Eg

Im{¢}
AY 4
AY 7
N 7 . ~
AN 7 X ideal &
N 7 .
N 4 . ~
S received &
, ’ e A Re{é}
L N ---  decision boundary
7 N
d AY
e AY

» Based on the received value &[n] we decide for
rh[n} : Aﬁ,[n] :(1+j~0)
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Summary: M-ary QAM transmission

» We can describe the transmitted messages A,h[n] and the
decision variables &[n] at the receiver as complex variables

» The effect of the noise () and the channel filter i(¢) on &[n] can
be described by the equivalent baseband model

» The transmitter and receiver frontends can be separated from
the (digital) baseband processing

» Assumptions:
- the pulse shape g(r) satisfies the ISI-free condition
- the carrier frequency £, is much larger than the bandwidth of g(¢)

» Under these conditions the design of the baseband receiver and
its error probability analysis can be applied as in Chapter 4
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Intersymbol Interference (ISI) Intersymbol Interference (ISI)

» Consider transmission of a single A-ary PAM signal alternative » For R, =1/T; < 1/T, we can use the ML receiver from Chapter 4
w(t) =0 » Question: can we use such a receiver for larger rates R, > 1/7,?

I X » Consider the following receiver structure (compare to last slide)

detector |~ ™ w(t)
sw= § Alnjg(eaT g 2(t) 1(t) () g [i] resho AL
Channel Receiver n=Tee e s \% Tgete:tolrd —= mlil
: : . t=tg+LTs+Ts
» In the noise-free case (w(¢) = 0) the signal x(¢z) can be written as e o WR +
Example: x(1) = u(t) * v(r) = g(1) * h(r) * v(1) » Note that z(z) now is a superposition of overlapping pulses u(t)
o) 0 » The signal y(r) after the receiver filter v(z) is
a(t) o
] ()= ¥ Alnlx(r—nT) +welr) ,
t T >t n=—oco
! \ . Ty T, T, where w,(t) is a filtered Gaussian process
o T T, < T > . » The decision variable is obtained after sampling
. i|=y(T+iTs), T=t+LTs, where LT, >T,
What happens if T, = T, + T), > T,? = IS| occurs Sl =x 5) 0 s §=
Michael Lentmaier, Fall 2018 Digital Communications: Lecture 10 Michael Lentmaier, Fall 2018 Digital Communications: Lecture 10
lllustration of ISl in the receiver Discrete time model for ISI
Y0 LI _— » According to our model the decision variable can be written as

Individual pulses

Ul g g g3
LALSS Nl El = y(T+iT) = ¥, AWX(T +iT,—nTy) +w (T +iTy)
\/ » Let us introduce the discrete sequences

il =x(T+iTy),  weli] = we(T +iTy)

Tz » This leads to the following discrete-time model of our system
/\ welil
T o B ‘ i
s s s é [1]
e A OUUl e B

EOIENTERIE1E [
Message term . . a
- A A/\ e Slil = Z Aln]x[i —n]+ weli] = A[i] = x[i] + weli]
P UK PR ¢ .

. RN >
N RS

III "

Remark: the discrete-time impulse response x[i] represents
pulse shape g(t), channel filter i(z), and receiver filter v(¢)

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 10
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Example 6.1

The transmitted sequence of amplitudes Ali] is given as,
LUND
I‘T te ¢ tee . - R
T T et EITGO5 — Digital Communications

Calculate, and plot, the sequence of decision variables £[i] in Figure 6.2, for 0 < <8,
in the noiseless case (i.e. w(t) =0) if to = 0 and if the output pulse x(t) is:

Lecture 11
i) L=1 and x(t) as below. ii) L=2 and x(t) as below.
x(0) x© Intersymbol Interference
%0 %0 Nyquist condition, Spectral raised cosine, Equalizers
0 Ts 2T t Ts oTg  4Ts t Michael Lentmaier
Thursday, October 11, 2018
> i) £[i] = x0A[d) i) Ei] = RA[i+ 1]+ x0Ali] + R A[i — 1]
& lil
X0
1 56 8 i
xo
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Intersymbol Interference (ISl) lllustration of ISl in the receiver
» For R, =1/T; < 1/T, we can use the ML receiver from Chapter 4 ) L =T,
1 2 3
» Question: can we use such a receiver for larger rates R, > 1/T,? ] b = ]\/lndwmualpu.m
» Consider the following receiver structure (compare to last slide) S \/ N '
w() WV N

== g
s®= % Alnlg(tnTy ) r® y(® € 1i]_| Threshold A
n=-o o \% detector | = ™Il T

t=to+LTg+T; - Ts
ﬁ/-—/ — W e e e T2
ransmitter Channel Receiver T/\ /\
> Note that z(r) now is a superposition of overlapping pulses u(t) T, I W T ‘ ‘
2 S S S

» The signal y(¢) after the receiver filter v(r) is

Yoy =) Alnlx(t—nTy)+we(r) , NENENEAEN)

n——oo
. . . Message term Ty=2Ts
where w.(t) is a filtered Gaussian process I e KT v
» The decision variable is obtained after sampling R R SR .
Eli] =y(T +iT,), T =to+LT,, where LT, >T, TN T
ISI
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Discrete time model for ISI Example 6.1

» According to our model the decision variable can be written as The transmitted sequence of amplitudes A[i] is given as,
Ali]
Eli)=y(T+iTy) = Z Al x(T +iTy —nTy) +we(T +iTy) ¢
n=—ce 't ¢ tre

. : T30 3358 898 !
» Let us introduce the discrete sequences t s¢ 89
Calculate, and plot, the sequence of decision variables £[i] in Figure 6.2, for 0 <1 <8,

x[i] = X(T“F iTs) y We [1] = Wc(T+ iTx) in the noiseless case (i.e. w(t) =0) if to = 0 and if the output pulse x(t) is:
» This leads to the following discrete-time model of our system D L=t and x(t) as below. i L:z?")dxmasbelow.
x(t) x(t
welil
X0 29
. . ( > gl Threshold AL mﬁt m—> t
Ali] Xi] detection | mlil 0 Ty 2T Ts 2T 4Ts
. » i) E[i] = xoAli] i) Ei] = R A[i+ 1]+ xoAli] + 2 Ali — 1]
[i]=" Y, Aln]xli—n] 4 weli] = A[i]  x[i] + wel] i)
n=—oo
Remark: the discrete-time impulse response x[i] represents ’ i
pulse shape g(t), channel filter h(¢), and receiver filter v(z) xog 8478
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How much ISl can we tolerate? Worst case ISI
» We can divide the decision variable &[i] into a desired term » The IS| term can be written as
(message) and an undesired term (interference plus noise) o o
oo ISI = Z Alnlx[i—n] = Z Ali —nx[n]
Eli] = Ali)x[0] + ). Afn]x[i—n]+wli no e
ne=—oo
n#i
meseage PY nores » Question: when does this term become largest?

» For symmetric M-ary PAM we have max|A[i]| = M — 1 and get
» The influence of ISI depends on its relative strength

‘/ Decision boundaries | ]S["" = max ]S[ Z max (A i—n ] [ ] = (M— 1) Z |x[n]
i ISHree \N: T T
| noise-free | . .
| value | » Similarly, the worst case minimal ISI becomes
| ¥/ AlIX(O] | -
‘ . >l — :
| |
< e e N IS, = min(ISI) = —(M — 1 x|n
i Noise Worst Worst Noise | e ( ) ( ) n;ml [ ]|
| margin cas_e: case: margin } n#0
i 1Sl 11+ i
|

Observe: the worst case ISI occurs for a information sequence
Ali] consisting of a particular pattern of +(M — 1) values

Noise margin
without ISI = D/2
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Condition for ISI free reception

» Let us assume that x[i] satisfies the following condition:

q . - P ) ifi=0
x[l}—x(TJrlTs)—xo@[l]—{o i %0
» Then
Eli] = Z Aln n] +weli] = A[i]x[0] +we[i]

n=-—o0
» Otherwise there always will exist some non-zero ISI term
» For this reason we are interested in signals

x(t) = g(t) * h(t) * v(1)
for which the above condition is satisfied

Which parts of x(r) can we influence?
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Representation in frequency domain

» The discrete sequence x[i] can be obtained by sampling a
non-causal pulse x,.(t) at times i Ty,

x[i] = xc(iTs) ,  where x,.(t) =x(T +1) ,

» The Fourier transform X'(v) of x[i] can then be expressed in
terms of the Fourier transform X,,.(f) of the signal x,.(¢):

X(v)= i x[n}esznwl:% i ch<v;sn) |

n=—oo S p=—o0

where

nc(f) / xnc(f) —j2nft dr = G(f) H(f) V(f) e+j27rfT

Observe: the spectrum of the sampled sequence x[i] consists
of the periodically repeated spectrum of the continuous signal
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Symbol rates for ISI free reception

» Suppose that the ISI free condition is satisfied for symbol rate R}
» Then it will be satisfied for rates

*

R
Re==. (=123

Example 6.6:
Consider the overall pulse shape x(t) below, and T = 4/7200.

N /\ AN AN )
200

x(t)

‘1’\/’\/\/’\/!‘;

7200 7 7200

Assume the bitrate 14400 [b/s] and 16-ary PAM signaling. Does ISI occur in the
receiver?
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Nyquist condition in frequency domain
» Let us now formulate the ISl free condition in frequency domain:
x[]=xp0[i] =X(v)=F{x[i|}=x VvV
» Choosing v = f T this leads to the equivalent Nyquist condition
X(fT - B
=Y Xu(f—nRy) = R Ry= —

Nn=—oo

» Let W), denote the baseband bandwidth of x,.(¢),
ch(f) =0, lf| > Wy
» Then IS| always will be present if the symbol rate satisfies

Ry >2Wy,
(non-overlapping spectrum cannot add up to a constant)

> If we have R, <2W,,:
ISI-free reception is possible if X,,.(f) has a proper shape
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Example 6.7 Example 6.8

A that Xne is,
Assume that Xnc(f) is given below. ssume tha (£) is

Xne(D) Xne(H)
A

A
’7*‘ f [Hz]

—4000 0 4000

f[Hz]
—4000 0 4000
A = moTs.
how that there is no ISI if the symbol rate is Ry = symbol /s].
a) Sketch the left hand side of (6.33), °°° __ Xne(f—nRs), if Ra = 12000 symbols _ Show that there is no ISLif the symbol rate is R = 8000 [symbol/s]
Solution:
per second.
b) Does ISI occur in the receiver? § X (f-n8000)
n=—oc
. A
What happens if Ry = 80007 ; ; ; ; ;
T L T L L T L T L T f H
And R, = 40007 -16000 -8000 -4000 O 4000 8000 16000 24000 e
Since Z Xne(f —n8000) = xo/Rs, for all f, there is no ISI in the receiver.
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Ideal Nyquist pulse Some comments on bandwidth
> The maximum possible signaling rate for ISI-free reception is » Remember: in Chapter 2 we have seen that strictly band-limited
Ruyg=R; = —=2W,, (Nyquist rate) signals always have to be unlimited in time
s . . . . .
P I . . L : » In practice we have to find compromises, which was leading to
» With ideal Nyquist signaling, the bandwidth efficiency is . - . S .
¥a ¢ g ) y different definitions of bandwidth for time-limited signals
R, Ry logy(M
,Dnyq = —= Znyg EIVT) =2 lngM =2k [bpS/HZ] Pulse shape | Wiobe | % power Woo Woo Wog.9 Asymptotic
WlP R”yq / 2 in Wigbe decay
. . rec 2/T 90.3 1.70/T | 20.6/T | 204/T 2
» The ideal Nyquist pulse must have rectangular spectrum = YT | 997 | 170/T [ 2.60/T | 6.24/T 7
. . hcs 3/T 99.5 1.56/T | 2.36/T | 5.48/T [T
Xpe(f) = xO/Rnyq , iff] < Rnyq/2 (1) = Sln(”Rnyqt) rc 4/T 99.95 | 1.90/T | 2.82/T | 3.46/T =
ne(f) = 0 else Xnell) = X0 TRyt Nyquist R. 100 0.9R. | 0.99R, | 0.999R. ideal
)
Xuel® » We can see that time-limited signals need at least about twice
nc Xpe(t)

X o the Nyquist bandwidth
s TRt 0 » For OFDM with many sub-carriers N this is negligible (why?)
» For single-carrier systems, some close-to-Nyquist pulses

f[Hz] }\/\\/\‘U UV\IV\/\\/\‘\ t N . .
“Rayq/2 Rnyg/2 \ . are typically used in practice
P 1
! K Rnyq
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Spectral Raised Cosine Pulses

» The spectral raised cosine pulse shape is defined by the
following spectrum

Xne ()
xOTs /B:()
e
/ \ f
1 1 0 1 €
T, 2T, 2T, T,

W,p=(1+B) 2

» The name refers to the way the shape is composed

xOTS7 Ogv‘lg%
Xoclf) = 2 [1cos (L - 2. 58] L <iri<w,
0 Ifl > Wy,

1 R,
whererP:%ﬁ:(lJrﬁ)?‘, 0<B<I1
s
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Spectral Raised Cosine Pulses

-'L'nr:(t)

1

3=0,0.3,0.5,1

-0.4
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Spectral Raised Cosine Pulses

» The parameter 3, 0 < 8 < 1, is called the rolloff factor and can be
used to smoothly control the bandwidth efficiency

Ry RglogyM  2logy M 2k

Poe =y T U+ PR2 - 1+B  1+B

» In time domain the signal can be expressed as

sin(7t/T;)  cos(mft/Ty)

Xne(t) = X —o0o <t < oo
nC() 0 7lft/Ts lf(Zﬁt/TS)z ’ =t =

(D)

Xnc — B0

7 ---B=l
LIELAR

—< SHw S S s S t
5Ty 3Ty -Ts | Te 2Ts3Ts4Ts 5Ts 6Ts

» Larger rolloff factors 8 = faster amplitude decay of x,.(¢)
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Signaling with overlapping pulses: =1

A[n]z(t —nT's)

1F RN
/ /
sk / \ \‘( \
’ // \\ / /N \ uT,
—_—— A Sl N R A

\ /1 2 3 4 -—h?:_—le /7
05/ A /

v N

y(t)

AVAAVARRNIVS
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Signaling with overlapping pulses: =0

A[n]z(t — nT's)

TN //“\ 77N
\
osf / N S o,
2= _ — —3,z= —f =, T = S, T
5k _'/1'?§:: TR S N N
\O5F ¥ /
\1\_/ N 7

)
>
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Introduction to equalizers

» We have considered the receiver structure

w(t)

==
s(h= X Aln]g(t-nT g (©) i
e O M0 NS it L

t=to+LTs+Tg

Transmitter Channel Receiver

» When ISl occurs this receiver is suboptimal and is no longer

equivalent to the ML rule (sequence estimation, Viterbi algorithm)

» Equalization:
instead of tolerating the ISI in the above structure, an equalizer
can be used for removing (or reducing) the effect of ISI

» Linear equalizer: zero-forcing, MMSE
can be implemented by linear filters, low complexity

» Decision feedback equalizer:
non-linear device with feedback, aims at subtracting the
estimated ISI from the signal
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Spectral Root Raised Cosine Pulse

» When analyzing the Nyquist condition we have considered the
output signal of the receiver filter v(z), i.e.,

X (1) = g(2) * h(t) = v(t) = u(t) * v(¢)

» The matched filter for our receiver structure with delay 7 = LT
should be equal to
v(t) =u(LT;—1)

» As a consequence, we need to choose pulse shape g(¢) and
receiver filter v(¢) in such a way that

VIO = vX(f) and |G H()| = VXiE(f)

in order to ensure a raised cosine spectrum for

Xue () = IGHOHP =V = X5(F)

» Hence v(¢) is a pulse with root-raised cosine spectrum
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Introduction to equalizers

CHANNEL
wit)

Agll

a)
P
! LINEAR
} EQUALIZER ~ A
‘ Alll | Threshold | All
} detector

b)
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