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Digital Communications

>

>

We are in a global digital (r)evolution

Mobile data and telephony (GSM, EDGE, 3G, 4G, 5G)
Digital radio and television, Bluetooth, WLAN

Data storage, CD, DVD, Flash, magnetic storage
Optical fiber, DSL (long range, high rate)

Cloud computing, big data, distributed storage

Connected devices, Internet of things, machine-to-machine
communication, distributed control, cyber physical systems

The large number of different application scenarios require flexible
communication solutions (data rate / delay / reliability / complexity)

Remark storage of data falls also into the category of a
communication system (why?)
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What is communication?

» The purpose of a communication system is to transmit messages
(information) from a source to a destination

Examples: sound, picture, movie, text, etc.

» The messages are converted into signals that are suitable for
transmission

» The physical medium for transmission is called the channel

Source of Transmitter - User of
information /P /P Channel ? Recelver /P information
Information Transmitted  Received = Estimate of

signal signal signal  information signal

» The received signal is used to estimate the messages

What are analog / digital signals?
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Analog versus digital

» Analog communication:
both source and processing are analog

» Digital communication:
the source messages are digital, i.e., can be represented
by discrete numbers (digits)

Example 1: | speak and you listen to the acoustic sound wave

Example 2: | record my speech to MP3 and send it to you,
who plays it back on your computer or phone

Example 3: | use morse code and a flashlight to transmit
a message to my neighbor

In all cases some analog medium has to be used during
the transmission at some point
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Scope of this course

bJi] s(t) r(t) bIi]

Transmitter Channel Receiver ——=

» Transmitter principles: bits to analog signals (Chap. 2)
» Receiver principles: analog noisy signals to bits (Chap. 4,5,6)
» Characteristics of the communication link (Chap. 3,6)

Requirements:
» Data should arrive correctly at the receiver
» High bit rates are desirable
» Energy/power efficiency
» Bandwidth efficiency
What are the technical solutions and challenges?

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 1




Not in this course

» Analog to digital conversion, sampling theorem, quantization
= basic signals & systems or signal processing course

» Source coding (compression)
=- covered in information theory course (elective)

» Channel coding (robust and reliable communication)
=- covered in separate course (elective)

» Cryptography (secure communication)
=- covered in separate course (elective))

There exist a large number of specialized courses that can be taken
after this basic course.

There is also a project course in wireless communications.
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The Transmitter

How can we map digital data to analog signals?

pij=1 0 1 1 01 01 0 0 1 1

A simple approach:
apply some voltage A during transmission of a 1

s(t)

A

- - t

T

Basic operation: (more general)
represent the sequence of information bits b[i] by a sequence of
analog waveforms, resulting in the transmit signal s(¢)
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The Transmitter

» The analog waveform corresponding to the bit 5i] can be written
as a time-shifted version of an elementary pulse g(¢)

9(t) g(t —iTy)
A A

A A

s s

T t iT, Ty +T t

» T, is the information bit interval, while T is the pulse duration
» For now we assume that T < T}, i.e., the pulses do not overlap
» We can now represent the transmit sequence s(z) as follows

s(t) =b[0] g(1) +b[1] g(t —Tp) +b[2] g(t —2Tp) +---
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Variations of our signaling example

» In our example we only send a signal when b[i| = 1
This modulation type is called on-off signaling

» Instead we could send a pulse with amplitude —A for b[i] = 0:

s(t)

A

-

T
This modulation type is called antipodal signaling

» We could also choose a different pulse shape g(¢)

In this chapter: different modulation types and their properties

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 1



Another pulse example ( — p. 10)
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What data rate can we achieve?

» We could also choose a shorter pulse, with 7' < T}, (what for?)

s(t)
A

-

T 15

» An important parameter is the information bit rate

Ry, B bps| (bits per second) ,

=~ [
if the source produces B information bits during T seconds
» |f we avoid overlapping pulses we need T < T;, and

1 1

Rh— — < -
b =T

)

Observe: T determines the pulse length and Tj, the rate
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What bandwidth is required?

» The bandwidth W of the transmit signal is a valuable resource

» For typical pulses g(¢) the bandwidth W is proportional to %
» More details about the bandwidth of s(z) follow next week
» A challenging goal is to achieve a large bandwidth efficiency

“w i

W | Hz

o,

Question: What happens when the pulse duration gets small?
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Increasing the message alphabet

» Up to this point we have considered binary signaling only
» Each bit b[i] was mapped to one of two signals so(¢) or s;(7)

» More generally, we can combine k bits b [i], b]i], ... by|i] to a
single message m|i|, which then is mapped to a signal s,()

| |
| - |
: b,[i] > i
| -
| _ . Binary to |
b : Set;léﬂ | decimal m[i] t M-1 —!—» s(t)
1 parallel 2, conversion 16V e [
| ol | see(@22) i
| ” |
| |
| |
| I

_— - e —_—————_——_— e — 4

» In case of M-ary signaling, one of M = 2% messages m|i] is
transmitted by its corresponding signal alternative

se(t) € {so(t),s1(2),...,sp—1(2)}
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M-ary signaling

Example: k=2, M =2% =4
The binary sequence

bijl=1 0 1 1 0 1 0 1 0 0 1 1
IS mapped by L
mli] =Y byli] 2" = by [i] + bafi] -2
n=1
to M = 4 signal alternatives

bli] =00 <> mli] =0 <> so(r)  bli] = 10 < m[i] = 1 <> 51 (1)
i =01 < mli] =2 s2()  bli] = 11 < m[i] = 3 <> 53(1)

The message sequence becomes
mliij=1 3 2 2 0 3

With k = 14 there are M = 16384 signal alternatives
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Symbol rate versus bit rate

» Since k information bits are transmitted with each symbol, the
symbol interval (symbol time) becomes

T, = kT,

» Accordingly, the symbol rate (signaling rate) is given by

Ry =

1 [symbols] Ry

T, S k

» When the message equals m|i| = j then s;(r —iT;) is sent
S(t) = Sm|0] (t) + Sp[1] (l‘ — TS) + Sm2] (I — ZTS) + .-

How does k affect the bandwidth efficiency p?

Remark: Be careful with the different definitions of time:
t: time variable T: pulse duration Tj: bit time Ty: symbol time
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The Channel

» The channel is often modeled as time-invariant filter with noise

---------------------------------------------------------------------------------

> h(t) is the channel impulse response and w(t) the additive noise
» The received signal becomes

F(t) = s(t) % h() + w(t) = / h(7) st — 1) dT+w(t)
» For now we assume the simple case (a: attenuation)

ht)=ad(t) =r(t)=as(t)+w(r)
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Example: noisy signal at the receiver (p. 13)
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The Receiver
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» Due to the attenuation o during transmission, the noise w(¢) has
a strong impact on the received signal r(r)

» A well designed receiver can still detect the symbols correctly!
In this example, only 1 of 10° bits will be wrong in average

» We will learn about the receiver and its performance later,
in Chapters 4 and 5
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Bit Errors

» The bit error probability is an important measure of
communication performance

» It is defined as the average number of information bit errors per
detected information bit

_ E{Berr)
B

Py

Example:

» Assume a bit rate of 1 Mbps and that 10 bit errors occur per hour
on the average. What is the bit error probability?

» The total number of bits in an hour is
B = 1000000-60-60 =3.6-10°
This gives
10 9
P,=—=278-10
B

= Computer simulations become very time consuming!
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Signal energy and power

» The symbol energy E, of a signal alternative s,(¢) is given by
T
Eg:/ s2()dt < oo, £=0,1,....M—1
0

» An important system parameter is the average symbol energy

M1
Es= )Y P(E;, Py=Pr{mli]=1{(}
(=0

and the average signal energy per information bit
_ E
Eb — ?

» The average signal power is then given by
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Signal energy and power

» The attenuation o and the noise w(¢) determine the quality of a
communication link
r(t) = as(t) +w(r)
Example:

If a transmitted signal s(¢) has energy Ej;, how much energy &, is then
in the received signal z(t) = - s(t) if @ =0.0017

» Using z?(¢) = a®s*(t) we obtain

FZ 062P = OCszEb

P P _
and & = —= = o>*— = ’E,
Ry Ry
» If @ =0.001 then the power is reduced by a factor 10~°

This will increase the bit error probability!
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How well can we distinguish two signals?

» The squared Euclidean distance between two signals s;(¢) and
si(t) is defined as

D2, = / " (si(0) — 5;(0))
—/ —25i(1)s; (1) dr
:Ei+Ej_2/()TS Si(t)Sj(t)dt

» Two signals are antipodal if

si(t) = —Sj(t) , 0<r<T;

» Two signals are orthogonal if

T
/ s:(1)s; () di = 0
0

Antipodal signals have larger Euclidean distance
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Euclidean distance example M =2

Case 1: on-off signaling
s(t)

A

t

B

T
so(t) =A and sy (r) = 0 for 0 <t < Ty = T, which gives Dj | = 2E,
Observe: on-off signaling is orthogonal
Case 2: antipodal signaling

s(t)

A

-

T
so(t)=Aand s1(t) = —Afor0<t< T, =T, and D(2>,1 = 4E,
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Examples of pulse shapes: Appendix D
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Examples of pulse shapes: Appendix D
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Figure D.9: g,.(t)/A. Figure D.10: % in dB.

5. The time raised cosine pulse:
41— <t<
() =1 2 (1 —cos(2nt/T)) , 0<t<T
0 , otherwise

E, = 3A%*T/8
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Example: noisy signal at the receiver (p. 13)
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Euclidean distance example M =2

Case 1: on-off signaling
s(t)

A

t

B

T
so(t) =A and sy (r) = 0 for 0 <t < Ty = T, which gives Dj | = 2E,
Observe: on-off signaling is orthogonal
Case 2: antipodal signaling

s(t)

A

-

T
so(t)=Aand s1(t) = —Afor0<t< T, =T, and D(2>,1 = 4E,
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How well can we distinguish two signals?

» The squared Euclidean distance between two signals s;(¢) and
si(t) is defined as

D= [ () (o)

T,
= | 57 (t)+s7(t) — 25i(t)s;(r) dt
0
T,
:Ei+Ej—2 Si(t)Sj(t)dt
0

» The symbol energy E, of a signal alternative s,(¢) is given by

Ty
Eg:/ s5()dt <o, £=0,1,....M—1
0
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Signal constellations

Serial Binary to

b to . decimal mfi] | ot} M-1 s(t)
parallel b,[i] .| conversion, R AL

b.[i] see (2.22)

o e ——— e — a1

» In case of M-ary signaling, one of M = 2% messages mli] is
transmitted by its corresponding signal alternative

se(t) € {s0(t),s1(t),-.,sp—1(2)}

» The signal constellation is the set of possible signal alternatives
» The mapping defines which message is assigned to which signal
» When the message equals m|i] =j then s;(r —iTy) is sent

S(I) = Sm|0] (f) + Sp[1] (t — TS) + Sm2] (t—2T)+---

Question: how should we choose M distinguishable signals?
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Pulse Width Modulation (PWM)

» In pulse width modulation the message modulates the duration T
of a pulse c(¢) within the symbol interval T

5

Sg(t):c(—> , £=0,1,.... M—1

Iy

» The duration of the pulse c(¢) isequalto T =1
» It follows that s/(¢) is zero outside the interval 0 < <y,
» |t is assumed that 1, < T
» Average symbol energy: E; = E. 7,
Example:
s(t) T
A

Used in control applications, not much for data transmission
(e.g., speed of CPU fan, LED intensity)
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Pulse Position Modulation (PPM)

» In pulse position modulation the message modulates the position
of a short pulse c¢(z) within the symbol interval T;

M

» The duration T of the pulse ¢(¢) has to satisfy T < T,/M
» The pulses are orthogonal and we get

E,=E,, D;;=E;+E =2E,

I
Sg(t):c(t—ﬁ—) , £=0,1,....M—1

Example:

ey ) ey (1) ey ©  ©

Tb 2Tb 3Tb 4Tb STb 6Tb 7Tb

Used for low-power optical links (e.g. IR remote controls)
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Pulse Amplitude Modulation (PAM)

» In pulse amplitude modulation the message is mapped into the
amplitude only:

se(t)=Apg(t), £=0,1,....M—1

» PAM is a natural generalization of binary on-off signaling and
antipodal signaling, which are special cases for M =2

» A common choice are equidistant amplitudes located
symmetrically around zero:

Ap=—-M+1+20. (=0,1,... M—1
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Example of 4-ary PAM

> Example: M=4,A¢0=—-3,A1=—-1,A, =41, A3 =43
37

2

1Al p
3 vz t/vve 8

» The same constellation, defined by the amplitudes

s(t)/A

(A = {£1,£3,£5,.. ., £(M - 1)}
could also be used with other mappings

What is the message sequence m]i|?
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Symbol Energy of PAM

» The symbol energy of a PAM signal is

» Using

0
we can write the average symbol energy as
M—1

E,=E, Y P AZ
/=0

» Often the messages are equally likely, i.e., P, = - =27%, and for
the symmetric constellation from above we get

_ M?*—1
E,=E, .
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Euclidean distances of PAM signals

» The squared Euclidean distance between two PAM signal
alternatives is

T
D} = [ ()= 5(0))” di =B, (4,4,
» With Ay = —M + 1 4 2/ this becomes
D;; =4E, (i—j)°

Compare this with Example 2.7 on page 28

» We will later see that the minimum Euclidean distance min; ; D; ;
strongly influences the error probability of the receiver

» For this reason, equidistant constellations are often used
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Bandpass Signals

» In many applications we want to transmit signals at high
frequencies, centered around a carrier frequency f,

» A typical bandpass signal has the form

s(t) =A(r)-cos (2m f(1) t + @(1))

» The general idea of carrier modulation techniques is to map the
messages m/i| to the different signal parameters:

> PAM: amplitude A(r)

» PSK: phase ¢(1)

» FSK: frequency f(¢)

> QAM: amplitude A(¢) and phase ¢()

> OFDM: amplitude A(z), phase ¢(¢), and frequency f(¢)

Remark:
analog modulation (AM or FM) changes the parameters
by means of a continuous input signal
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Bandpass M-ary PAM

» To modulate the pulse amplitude, we can multiply the original
PAM signal s(¢) with a sinusoidal signal

oo

sp(6)=30) 00527 ) = L Ay £(1—iT,) cos(2m 1
BRI "
ERRE i
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Phase Shift Keying (PSK)

» We have seen that with PAM signaling the message modulates
the amplitude A, of the signal s,(¢)

» The idea of phase shift keying signaling is to modulate instead
the phase v, of s/()

so(t) =g(t) cosm fot + vy), £=0,1,...M—1,
» M =2: binary PSK (BPSK) with vy =0 and v; = & is equivalent to
binary PAM with Ag = +1 and A; = —1

» M =4: 4-ary PSK is also called quadrature PSK (QPSK)

» |If we choose
fc —n Rs

for some positive integer n, then n full cycles of the carrier wave
are contained within a symbol interval T
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Example of QPSK

17

0.8

i 0.6 -
* 0.4

@ ]
0.2 1

o T
0.2
0.4
~0.6 -
0.8
_q

~
o
(V) ]
e

fc:2Rs, V()ZO, V1:7l'/2, Vo =T, andv3:37r/2

What is the message sequence m]i|?
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Symmetric M-ary PSK

» Normally, the phase alternatives are located symmetrically on a

circle

21l
V€:7+VCOTZSZ‘7 620717"'7M_17

where v..,s; IS a contant phase offset value

> If Py = % and f. > R;, then the average symbol energy is

_  E
)
and D;; = Eg (1—cos(vi—v))

» PSK has a constant symbol energy
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Frequency Shift Keying (FSK)

» Instead of amplitude and phase, the message can modulate the
frequency f;

se(t)=A cosm frt +v), £=0,1,... M—1

» Amplitude A and phase v are constants

» In many applications the frequency alternatives f; are chosen
such that the signals are orthogonal, i.e.,

T
/ si0) i) di =0, i#]
0
» If v=0o0r v=—x/2 (often used), then we can choose

R R
fg:noj‘wlj‘ ©oarlf, £=01,...M—1,

where ng and I are positive integers
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Example of 4-ary FSK

i

o
NI
\” =4
N

: |

T
V = —5 , f() = Ry, f1 = 2RS, f2 = 3Rs, andf3 = 4R,

What is the message sequence m]i|?
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Quadrature Amplitude Modulation (QAM)

» With QAM signaling the message modulates the amplitudes of
two orthogonal signals (inphase and quadrature component)

se(t) =Ay g(t) cos(2m f. t) — By g(t) sinm f.t), £=0,1,....M—1
» We can interpret sy(¢) as the sum of two bandpass PAM signals

» Motivation: We can transmit two signals independently using
the same carrier frequency and bandwidth

With QAM we can change both amplitude and phase
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Quadrature Amplitude Modulation (QAM)

so(t) =Ay g(t) cos(2m f. t) — By g(t) sin(2x f; t)

» The signal s,(¢) can also be expressed as

so(t) = g(t)\/AZ+B7 cos(2m fo t + Vp)

» |t follows that QAM is a generalization of PSK:
selecting A7 + B = 1 we can put the information into v, and get

Ay =cos(vy), By=sin(v)
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Energy and Distance of M-ary QAM

» Choosing f. > R, it can be shown that

E
E, = (A%+B%) 7g

E
D} = ((Ai—4))" + (Bi— B))?) 7g
» A common choice are equidistant amplitudes located

symmetrically around zero: (two v/M-ary PAM with k/2 bits each)

(AN (g Ml {il,i3,i5, " (\/1\7— 1)}

» For equally likely messages P, = % this results in the average
energy

M—1
_ 1 2(M 1) E,
E=)Yybi=—75"7

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 2




Geometric interpretation

» It is possible to describe QAM signals as two-dimensional
vectors in a so-called signal space

» For this the signal
so(t) =Ayp g(t) cos(2m f. t) — By g(t) sin(2x f, t)
IS written as
se(t) = se1 ¢1(2) + 502 $2(1)

» Here s, =Ay\/E,/2 and s;» = B¢/ E,/2 are the coordinates

» The functions ¢;(z) and ¢,(¢) form an orthonormal basis of a
vector space that spans all possible transmit signals:

g(t) cos(2m f, t) g(t) sin(2x f, t)

¢1 (1) = 772 , ;1) =— £ /2

This looks abstract, but can be very useful!
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Signal space representation of QAM

» Now we can describe each signal alternative s,(¢) as a point with
coordinates (s;1,s,2) within a constellation diagram

4-QAM 16-QAM 64-QAM

?,
?, 9, 4
4 4 EEEENEEKEXK)
EEEREXEEKK)
eoleo o EEEREIXEEKX)
3 eoleo e . EEEREEEEK) .
oo o I 04 A EEX IR 04
eeolo e EEEREEEX)
EEEREEXEEKXK)
EEERNEEK)

S&l:Ag Eg/2, Sg)zZBg Eg/z

» The signal energy E; and the Euclidean distance Dl%j can
be determined in the signal space
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Signal space representation of PSK and PAM

» PSK and PAM can be seen as a special cases of QAM:

2-PSK 4-PSK (QPSK) 8-PSK

9, 9, oy
4 o X A A
| (Ve_zn M ) S92
: ?1 830 ? o5t

$1 1 50 52 S0 o 34. .50 .

——+—e—» O O >

I 1 1 ]
| o
| T S3 S5 T ¢ S7
| S6

se1 =cos(Ve)\/Eg/2,  spp=sin(Vy)y\/E,/2

2-PAM 4-PAM 8-PAM

S0 S1 So S1 S22 83 So S1 S22 S3 S4 S5 S S7

—o—T——> 0, —60,06>¢1 ——0—0—0 0 —0—0—0—> 0
0 0 0

se1=(—M+1+27) \JE,
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Multitone Signaling: OFDM

» With FSK signaling, orthogonal signal alternatives are
transmitted at different frequencies

» Disadvantage: only one frequency can be used at the same time

» Orthogonal Frequency Division Multiplexing (OFDM):
use QAM at N orthogonal frequencies and transmit the sum

» OFDM is widely used in modern communication systems:
WLAN, LTE, DAB (radio), DVB (TV), DSL

Example:
N = 4096
64-ary QAM at each frequency (carrier)

Then an OFDM signal carries 4096 - 6 = 24 576 bits
How does a typical OFDM signal look like?

How can such a system be realized in practice?
= OFDM will be explained in detail in the advanced course
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Example of an OFDM symbol

N =16, 16-ary QAM in each subcarrier (p. 52)

S 40
= |
2
% 20i
5
;C: ] A AAAA AT A A/\/\/\,/\/\/\A —
0 6.5\/\1)\4/ 06 0.8 1
] /T
20
—40
N—1
x(t) =Y (ar[n] g(t) cos(2m f, 1) —agp[n] (1) sin(2m f, 1)) , 0<t<T;
n=0

In this example the symbol x(z) carries 16 -4 = 64 bits
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What did we do last week?

Concepts of M-ary digital signaling:
» Modulation of amplitude, phase or both: PAM, PSK, QAM
» Orthogonal signaling: FSK, OFDM
» Pulse position and width: PPM, PWM

We have paid special attention to:
» Average symbol energy E;
» Euclidean distance D; ;
» Both values could be related to the energy E, of the pulse g(t)
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Signal space representation of QAM

» Now we can describe each signal alternative s,(¢) as a point with
coordinates (s;1,s,2) within a constellation diagram

4-QAM 16-QAM 64-QAM

?,
?, 9, 4
4 4 EEEENEEKEXK)
EEEREXEEKK)
eoleo o EEEREIXEEKX)
3 eoleo e . EEEREEEEK) .
oo o I 04 A EEX IR 04
eeolo e EEEREEEX)
EEEREEXEEKXK)
EEERNEEK)

S&l:Ag Eg/2, Sg)zZBg Eg/z

» The signal energy E; and the Euclidean distance Dl%j can
be determined in the signal space
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Geometric interpretation

» It is possible to describe QAM signals as two-dimensional
vectors in a so-called signal space

» For this the signal
so(t) =Ayp g(t) cos(2m f. t) — By g(t) sin(2x f, t)

IS written as
s¢(t) =501 91(2) +502 P (2)

» Here sy =A¢\/E,/2 and s;» = B;+/E;/2 are the coordinates

» The functions ¢;(z) and ¢,(¢) form an orthonormal basis of a
vector space that spans all possible transmit signals:

o1 (1) = 8w Coziz/zfc ) 0 (1) = —

This looks abstract, but can be very useful!
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Signal space representation of PSK and PAM

» PSK and PAM can be seen as a special cases of QAM:

2-PSK 4-PSK (QPSK) 8-PSK

9, 9, oy
4 o X A A
| (Ve_zn M ) S92
: ?1 830 ? o5t

$1 1 50 o 52 S0 o 34. .50 .

—eo—eo—» O O >

I 1 1 ]
| o
| T S3 S5 T ¢ S7
| S6

se1 =cos(Ve)\/Eg/2,  spp=sin(Vy)y\/E,/2

2-PAM 4-PAM 8-PAM

S0 S1 So S1 S22 83 So S1 S22 S3 S4 S5 S S7

—o—T——> 0, —60,06>¢1 ——0—0—0 0 —0—0—0—> 0
0 0 0

se1=(—M+1+27) \JE,
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Multitone Signaling: OFDM

» With FSK signaling, orthogonal signal alternatives are
transmitted at different frequencies

» Disadvantage: only one frequency can be used at the same time

» Orthogonal Frequency Division Multiplexing (OFDM):
use QAM at N orthogonal frequencies and transmit the sum

» OFDM is widely used in modern communication systems:
WLAN, LTE, DAB (radio), DVB (TV), DSL

Example:
N = 4096
64-ary QAM at each frequency (carrier)

Then an OFDM signal carries 4096 - 6 = 24 576 bits
How does a typical OFDM signal look like?

How can such a system be realized in practice?
= OFDM will be explained in detail in the advanced course
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Example of an OFDM symbol

N =16, 16-ary QAM in each subcarrier (p. 52)

S 40
= |
2
% 20i
5
;C: ] A AAAA AT A A/\/\/\,/\/\/\A —
0 6.5\/\1)\4/ 06 0.8 1
] /T
20
—40
N—1
x(t) =Y (ar[n] g(t) cos(2m f, 1) —agp[n] (1) sin(2m f, 1)) , 0<t<T;
n=0

In this example the symbol x(z) carries 16 -4 = 64 bits
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Bandwidth of Transmitted Signal

» The bandwidih W of a signal is the width of the frequency range
where most of the signal energy or power is located

» W is measured on the positive frequency axis
» The bandwidth is a limited and precious resource
» We must have control of the bandwidth and use it efficiently

Questions:
What is the relationship between information bit rate
and required bandwidth?

How does the bandwidth depend on the signaling method?
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United States Frequency Allocations (2016)

UNITED

STATES
FREQUENCY
ALLOCATIONS

ﬂ e
E s

H
ﬂﬁﬁﬁmﬂ ﬂﬂ || =

Source: https://www.ntia.doc.gov/category/spectrum-management
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Energy Spectrum

» We have seen last week that the energy of a signal x(¢) can be
determined as

Ex:/ x> (1) dt

» The function x*(¢) shows how the energy E, is distributed along
the time axis

» According to Parseval’s relation we can alternatively express the
energy as

E= | X()Pdr.

where X(f) denotes the Fourier transform of the signal x(z)

» The function |X(f)|*> shows how the energy E, is distributed in the
frequency domain

=- We need the Fourier transform as a tool for finding the
bandwidth of our signals
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Fourier Transform

» The Fourier transform of a signal x(z) is given by
X() = Fixh = [ x(t) e di=Xeof) +) Xin(f)

where j = v/—1, i.e., the solution to j> = —1

» We can also express X(f) in terms of magnitude |X(f)| and
phase ¢(f) = arg X(f) (argument)

X(f) = X(f)] &2V
» Then

X()] = /X3, () + X3, (F)
Xre(f) = IX(f)] cos(o(f))
Xin(f) = IX(f)] sin(o(f))
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Fourier Transform

» The original signal x(z) can then be expressed in terms of the
inverse Fourier transform as

() =F X)) = [ X() P dp =[x ()] 100 g

» Interpretation: any signal x(¢) can be decomposed into
sinusoidal components at different frequencies and phase offsets

» The magnitude |X(f)| measures the strength of the signal
component at frequency f

» Assuming x(z) is a real-valued signal this can be written as

x(f) =2 /O X(f)| cos2rf 1+ o(f)) df
and it can be shown that

X(f)] = [X(=f)], (even) o(f) = —@(—f) , (0dd)
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Example: rectangular pulse
» Let us compute the Fourier transform of the following signal:

T T
xrec(t) _ A ) < Z‘.S 5
0 otherwise

» We get

Xrec(f) — F{xrec(t)} — /_o:oxrec(t) e 2T gt

i +T/2

- / T e g = [_Ae- Jﬂft]
_7)2 27f 1 1

A YT T AT sin(zf T)

- xf 2j N nfT
» We have found that
I T
Xrec(t) — AT smyi;j; ) = AT sinc(fT)

Notation: x(¢) «— F{x(1)}
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Example 2.17: sketch of X,..(f)

Xrec(f)/ rec(o)

~ /) A AN
o A/ - 5 6

0.2 -

» the Fourier transform X(f) is centered around f = 0: baseband
» we observe a main-lobe and several side-lobes
» Note: /T =2 meansthatf=2-1/T

Sketch the function for T = 10°sand T=2-10"9

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 3




Example 2.17: sketch of |X,..(f)|?

» Consider now the normalized energy spectrum in dB

X (F)|? i )\ 2
1010g10(| EC(;” ):mlogm(sm(nf ))

X nfT

s 4 2 g5 2114 6
—10 -
5

el g

=- most energy is contained in the main-lobe (90.3 %)
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Fourier transform of time-shifted signals

» Did you notice the difference between x,..(¢) in this example and
the elementrary pulse g,..(t) which we used last week?

0 A —fT<i<i ” A 0<:<T
Xrec — : ; rec — .
0 otherwise 5 0O otherwise

» The pulse grec(t) = xpec(t — T /2) is a time-shifted version of x,..(¢)

» In general, the Fourier transform of a signal y(z) = x(¢r —t;) with a
constant delay r; becomes

Y(f) = / x(t—tg) e/ dr = / x(T) e T2 (5Ha) gr = X (f) ¢ 2R 1a

» Observe: the delay r; changes only the phase of Y (f)
» The energy spectrum is not affected by time-shifts

Xree ())|* = |Gree(f)|*  (compare App. D.1)
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A simple Matlab exercise
Let us plot the spectrum of the pulse g;..(?)

1 Re{Grec(f)} Im{Grec(f)}
1 Gree(f)I? "

10 log10 G rec(f

£nmﬂﬂﬂ[\ﬂﬂﬂmm

-30
-6 6
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A simple Matlab exercise

And this is how it was done:

1 % Example: rect pulse spectrum ]
2
3
4 - X=-6:0.01:6;
5 - G=sin(pi.=x)./(pi.*x).xexp(-ixpixx); % T=1 —
b
7 - figure(2)
8 - subplot(3,1,1);
9 - plot(x,real(G),’'r',x,imag(G), " 'g"'); xlabel('fT");
10 - grid on;
11
12 - subplot(3,1,2);
13 - plot(x,abs(G).”~2); xlabel('fT'); |
14 - grid on;
15
16 - subplot(3,1,3);
17 - plot(x,10.*logl@(abs(G)."2)); xlabel('fT');
18 - set(gca, 'YLim',[-30 @]);
B grid on;
script Ln 13 Col 34
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Fourier transform of other pulses

» The Fourier transforms G(f) and sketches of the energy spectra

|G(f)|* are given for a number of different elementary pulses g(¢)
iIn Appendix D

» Example: half cycle sinusoidal pulse

08
=
TR
S04
02 \mm
0 02 04 o6 o8 1
tr Figure D.8: 195t iy 4B,
Figure D.7: gp.s(t)/A.
2AT  cos(mfT)  _josr
G cs =F est)f = I
_ { Asin(rt/T) , o<t<T  Crel) =l === 70 s ¢
h = :
s 0 , otherwise Gres(f = +1/2T) = FJAT)2
E, = A’T/2 Ghes(n/T) = 0if n = +3/2,+5/2,£7/2, ...
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Frequency shift operations

» We have seen the effect of a time shift on the Fourier transform
g(t—17) «— G(f) e 7?1
» In a similar way we can characterize a frequency shift f. by
g(r) & «— G(f —f)

» Let us make use of the relation %/’ = cos(2xf.t) +j sin(2xf, 1)
» We can now express this in terms of cosine and sine functions,

G(f —l_fc) + G(f _fc)
2

g(t) Sin(27l'fct) — G(f+fc);G(f—fc)

= by simply changing the carrier frequency f. we can move
our signals to a suitable location along the frequency axis

g(t) cos(2mf.t) «—
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Example: time raised cosine pulse

s/ G(f)/AT

0.5

0.4
0.34

0.2H

0.1

06 -04 -02 O 02 04 ‘ 30 20 -0 917" 10 20 30
t/T /T

x(t) =g(t)-cos(2rfot) = g (t+T/2)-cos(2nf.t), f.=20/T

/\M% y
I

Tt

30 -20 -10 O

0.4
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Back to the transmitted signal

» We have seen how the Fourier transform can be used to
calculate the energy spectrum |X(f)|? of a given signal x(z)

» Let us now look at the transmitted signal for M-ary modulation

5(t) = $yujo) (£) + Sy (t = Ty) + 8y (0= 2T) + -+ =Y Sy (t— i T)
=0

» Message m]i] selects the signal alternative to be sent at time Ty

» Since the information bit stream is random, the transmitted signal
s(t) consists of a sequence of random signal alternatives

How can we determine the bandwidth W of the transmitted signal?

Does the information sequence influence the spectrum? How?
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Power Spectral Density

» Since the signal has no predefined length the energy is not a
good measure (could be infinite according to our model)

» On the other hand, we know that the signal has finite power

» The power spectral density R(f) shows how the average signal
power P is distributed along the frequency axis on average

P—E,Ry— /_O;R(f) df

» Most of the average signal power P [V?] will be contained within
the main-lobe of R(f) [V?/HzZ]
= we can determine the signal bandwidth from R(f)

Our aim is to find R(f) for a given modulation order M and set of M
signal alternatives (constellation)
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Power Spectral Density

Assumptions:

» The random M-ary sequence of messages m/|i] consists of
iIndependent, identically distributed (i.i.d) M-ary symbols

» The probability for each of the M = 2¥ symbols (messages) is
denoted by P,,/ =0,1,...,.M —1

» All signal alternatives s,(¢) in the constellation have finite energy

» The average signal over all signal alternatives is denoted a(1),
l.e.,

M—1
a(t) = Z Py Sg(l‘)
=0

M—1
A(f) — Zopn Sn(f)

Remark: Source coding (compression) can be used to
remove or reduce correlations in the information stream
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R(f): Main Result

» The power spectral density R(f) can be divided into
a continuous part R.(f) and a discrete part Ry(f)

R(f) = Rc(f) +Ra(f)

» The general expression for the continuous part is

1 M—1

Rc(f) = Fs ;)Pn |Sn(f) _A(f)‘z

M—1 2

» For the discrete part we have

7 oo
Ra(r) =20y s mymy

S n=—00
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R(f): Main Result

» Assume now that the average signal a(¢) =0 for all ¢
» It follows that A(f) =0 for all f
» This simplifies the result to

M—1
R(f) :RC(f) = R; ;)Pn |Sn(f)‘2 = R; E{‘Sm[n] (f)‘z}

» These general results can also be used to study the
consequences that technical errors or impairments in the
transmitter can have on the frequency spectrum

» We will now consider various special cases used in practice
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R(f): Binary Signaling

» In the general binary case, i.e., M =2, we have
A(f) = Po So(f) +P1 S1(f)
» This simplifies the expression for the power spectral density to

R(f) = Rc(f) + Ra(f)

P0P1 |So(f) S, (f)|2 4 |PO SO(f) ;:2})1 S1 (f)‘
b

Z O(f —n/Tp)

N—=—o0

(derivation in Ex. 2.20)

» We will now consider some examples from the compendium
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Example 2.21

Assume equally likely antipodal signal alternatives, such that
s1(t) = —so(t) = g(t)
where g(t) = grec(t), and grec(t) is given in (D.1). Assume also that T < T.

i) Calculate the power spectral density R(f).
it) Calculate the bandwidth W defined as the one-sided width of the mainlobe
of R(f), if the information bit rate is 10 [kbps|, and if T = Ty /2.
Calculate also the bandwidth effictency p.
i11) Estimate the attenuation in dB of the first sidelobe of R(f) compared to R(0).

» M =2 with equally likely antipodal signaling s;(¢) = —so(t) = g(¢)
» With P =P, =1/2 and S (f) = —So(f) = G(f) we get

R(f) = Rp|S1(£)1> = Ry |So(F)I* = Ry | G(f)|?

» Details for the pulse in Appendix D

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 3



Example 2.23

Assume equally likely antipodal signal alternatives below. Assume that s1(t) = —so(t) =
grc(t), where the time raised cosine pulse grc(t) is defined in (D.18). Assume also that
T ="1T,.

Find an expression for the power spectral density R(f). Calculate the bandwidth W,
defined as the one-sided width of the mainlobe of R(f), if Ry is 10 [kbps]|. Calculate
also the banduwidth efficiency p.

» Same as Example 2.21, but with g,.(¢) pulse
» Analogously we get

R(f) =Ry |Gre(f)]?
» From the one-sided main-lobe we get

W =2/T [Hz]

» Bandwidth efficiency p = 1/2 [bps/Hz] is the same (why?)
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Example 2.24

Assume Py = Py and that,
s1(t) = —so(t) = gre(t) cos(2m fet)

with T =Ty, and fo > 1/T. Hence, a version of binary PSK signaling is considered
here (alternatively binary antipodal bandpass PAM). Calculate the bandwidth W, de-
fined as the double-sided width of the mainlobe around the carrier frequency
fe. Assume that the information bit rate is 10 [kbps|. Calculate also the bandwidth

» This corresponds to the bandpass case
> Let g;r(¢) denote the high-frequency pulse

gif(t) = gre(t) cos(2mf.r) and  R(f) = R, |Gy (f)]?

» Using shift operations we get

Grc c Grc —Jc g
R() = Ry (fz+f)+ (f2 fe)
» From the two-sided main-lobe we get
W =4/T [Hz]

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 3




UNIVERSITY

EITGO0S — Digital Communications

Lecture 4
Bandwidth of Transmitted Signals

Michael Lentmaier
Thursday, September 13, 2018

—




Fourier transform

X(f) = Fix()} = / ix(z) e 21 gy

= Xeef) +J Xinf)
G

W)= F X} = [ X() e g

_ /Oo X(f)| e 7100 gr
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Some useful Fourier transform properties

dlat) o o Gl ST —t) & G (fei>IT
g(—t) < G(=f) 5(t) & 1
G(t) < g(-f) 1(de) < O(f)

glt —to) < G(f)e7>mit 7 o 5(f — fe)

g()e?™ et o G(f - fe) cos(2mfot) <> %(5(f+fc)+5(f— 7))
%9@) & g2rf G(f) sin(27fet) %<6<f+fc)—5(f—fc>>
(1) & G(=f) ae” el

— full list in Appendix C of the compendium
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Some useful Fourier transform properties
» Consider two signals x(¢) and y(¢) and their Fourier transforms
x(t) «— X(f), (1) > Y(f)
» Recall the convolution operation z(z) = x(¢) * y(¢):

< o

T 10t 11z

» Filtering:
x(t) * y(1) «— X(f)-Y(f)

» Multiplication:

x(2) - y(t) «— X(f) * Y(f)
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Spectrum of time-limited signals

» Consider some time-limited signal s7(¢) of duration T, with
s(t)=0fort<Oand¢r>T

» Assume that within the interval 0 <t < T, the signal s7(¢) is equal
to some signal s(1), i.e.,

sT(1) = 5(1) - 8rec (1)
where g,..(t) is the rectangular pulse of amplitude A =1

» Taking the Fourier transform on both sides we get

_ Sin(ﬂ:fT) —jnfT
St(f) = S(f) * Gree(f) =S(f) * AT T iy

» Since G (f) is unlimited along the frequency axis, this is the
case for S7(f) as well (convolution increases length)

Time-limited signals can never be strictly band-limited
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Some definitions of bandwidth

>

Main-lobe definition:
Wiope is defined by the width of the main-lobe of R(f)
This is how we have defined bandwidth in previous examples

In baseband we use the one-sided width, while in bandpass
applications the two-sided width is used (positive frequencies)

Percentage definition:
Wy Is defined according to the location of 99% of the power

For bandpass signals Wqg is found as the value that satisfies

fet+Wog /2 00
/ R(f)df = 0.99 /O R()df

fc—W99/2

Other percentages can be used as well: Wy, Wyg 9

Nyquist bandwidth
Assuming an ideal pulse with finite bandwidth (see Chapter 6)

R;

Wiyg = D) [Hz]
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Some definitions of bandwidth

Pulse shape | Wiose | % power Woo Wag Wag.9 Asymptotic
in Wiobe decay

rec 2/T 90.3 1.70/T | 20.6/T | 204/T f=

tri 4/T 99.7 1.70/T | 2.60/T | 6.24/T f*

hcs 3/T 99.5 1.56/T | 2.36/T | 5.48/T =

re 4/T 99.95 1.90/T | 2.82/T | 3.46/T f°

Nyquist R, 100 0.9Rs | 0.99Rs | 0.999R; ideal

Table 2.1: Double-sided bandwidth results for power spectral densities according
to (2.212). The grec(t), giri(t), gres(t) and g,.(t) pulse shapes are defined in
Appendix D, and T" denotes the duration of the pulse. The Nyquist pulse shape
is not limited in time and it is defined in (D.49) with parameters 8 = 0 and
T ="1Ts.

» This table is useful for PAM, PSK, and QAM constellations
» Except bandwidth W, the asymptotic decay is also relevant
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Pulse spectrum examples

FT
1.2 8 4 5 6 7 8

L ]
= —10 -
Q' i
(&)

=~ 20 -
g

=

- =30
n

[}

-~

o —40
D]

—

m —50 -
T

£ 60
=
G=-70 -

See also Example 2.26.
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From last lecture: R(f) for Binary Signaling

» In the general binary case, i.e., M =2, we have
A(f) = Po So(f) +P1 S1(f)
» This simplifies the expression for the power spectral density to

R(f) = Rc(f) + Ra(f)

P()P1 |So(f) S, (f)|2 4 |PO SO(f) ;:2})1 S1 (f)‘
b

Z 5(f —n/Tp)

N—=—o0

(derivation in Ex. 2.20)

» We will now consider some examples from the compendium
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Example 2.21

Assume equally likely antipodal signal alternatives, such that
s1(t) = —so(t) = g(t)
where g(t) = grec(t), and grec(t) is given in (D.1). Assume also that T < T.

i) Calculate the power spectral density R(f).
it) Calculate the bandwidth W defined as the one-sided width of the mainlobe
of R(f), if the information bit rate is 10 [kbps|, and if T = Ty /2.
Calculate also the bandwidth effictency p.
i11) Estimate the attenuation in dB of the first sidelobe of R(f) compared to R(0).

» M =2 with equally likely antipodal signaling s;(¢) = —so(t) = g(¢)
» With P =P; =1/2 and S (f) = —So(f) = G(f) we get

R(f) = Rp|S1(£)1> = Ry |So(F)I* = Ry | G(f)|?

» Details for the pulse in Appendix D
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Example 2.23

Assume equally likely antipodal signal alternatives below. Assume that s1(t) = —so(t) =
grc(t), where the time raised cosine pulse grc(t) is defined in (D.18). Assume also that
T ="1T,.

Find an expression for the power spectral density R(f). Calculate the bandwidth W,
defined as the one-sided width of the mainlobe of R(f), if Ry is 10 [kbps]|. Calculate
also the banduwidth efficiency p.

» Same as Example 2.21, but with g,.(¢) pulse
» Analogously we get

R(f) =Ry |Gre(f)]?
» From the one-sided main-lobe we get

W =2/T [Hz]

» Bandwidth efficiency p = 1/2 [bps/Hz] is the same (why?)
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Example 2.24

Assume Py = Py and that,
s1(t) = —so(t) = gre(t) cos(2m fet)

with T =Ty, and fo > 1/T. Hence, a version of binary PSK signaling is considered
here (alternatively binary antipodal bandpass PAM). Calculate the bandwidth W, de-
fined as the double-sided width of the mainlobe around the carrier frequency
fe. Assume that the information bit rate is 10 [kbps|. Calculate also the bandwidth

» This corresponds to the bandpass case
> Let g;r(¢) denote the high-frequency pulse

gif(t) = gre(t) cos(2mf.r) and  R(f) = R, |Gy (f)]?

» Using shift operations we get

Grc c Grc —Jc g
R() = Ry (fz+f)+ (f2 fe)
» From the two-sided main-lobe we get
W =4/T [Hz]
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Example: discrete frequencies in R(f)

» Assume M =2
» Let so(r) =0 and s;(r) =5 with a pulse duration T = T;,/2
» With this the average signal becomes

4 A
a(r):s(’();sl():z.s, 0<t<T

» We can then write (within the pulse duration T)

so(t) = —=2.5+a(t), si1(t)=+2.5+a(r)

Observe:

1. this method is a waste of signal energy since a(¢) does not carry
any information

2. repetition of a(z) in every symbol interval creates some
periodic signal component in the time domain, which leads
to discrete frequencies in the frequency domain
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From last lecture: general R(f)

» The power spectral density R(f) can be divided into
a continuous part R.(f) and a discrete part Ry (f)

R(f) =Rc(f) +Ra(f)
» The general expression for the continuous part is

1 M—1

Re(f) = 7 ;)Pn S4(F) —A(f)I”

= <T1MZ1Pn |Sn(f)2) - ‘A(T’?‘z

S n=0

» For the discrete part we have

7
Ri() =20y sy

) NN——o0
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R(f): M-ary PAM signals
» With M-ary PAM signaling we have
=Asg(t), ¢=0,1,....M—1
» Then

M—1
Se(f) =AcG(f), and A(f)= ) PiA/G(f)
(=0
» With this we obtain the simplified expression
2
o
lie(f)ZT“‘iG(f)l2 + 24 IG(f )[? Z o(f —n/T;) ,

where m, denotes the mean and o3 = E,/E, —m5 the variance of
the amplitudes A,

» Assuming zero average amplitude my = 0 and using P = o E, R;
this reduces to

R = R() = 160 = 1 160
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Example 2.28

Assume the bit rate Ry = 9600 [bps|, M-ary PAM transmission and that ma = 0.
Determine the (baseband) bandwidth W, defined as the one-sided width of the mainlobe
of the power spectral density R(f), if M = 2, M = 4 and M = 8, respectively. Fur-
thermore, assume a rectangular pulse shape with amplitude Ay, and duration T = Ts.
Calculate also the bandundth efficiency p.

» What is W for a given pulse shape and different M?
» Using T =T, ma =0 and g(¢) = grec(t), we have

o 2
R(f) — T |GreC(f)‘
» For the given pulse we get W =1/T,, where T, =k T},

= M=2 = W=09600[Hz
M=4 = W =4800[Hz]
M=8 = W =3200[Hz]

=
=

» Bandwidth efficiency: p =R,/ W=k T,/T, =k
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What does bandwidth efficiency tell us?

In the previous example we had a bandwidth efficiency of
_ Ry _
==

P k

Saving bandwidth

» The previous example showed that the bandwidth W can be
reduced by increasing M

» T =T, =kT, increases with M
» W=1/T =R, /k decreases accordingly

Improving bit rate
» Assume instead that the bandwidth W is fixed in the same
example, i.e., the symbol duration T, = T is fixed
» Then R, = kW increases with M
» Assume for example W = 1 MHz:
Ry, =1MbpsitM =2 (k=1)
R, = 10Mbps if M = 1024 (k = 10)
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R(f): M-ary QAM signals

» With M-ary QAM signaling the signal alternatives are

so(t) =Ay g(t) cos(2m f, t) — By g(t) sin2nwf.t), ¢=0,1,....M—1

» Then the Fourier transform becomes

G(f"’fc) + G(f _fc) _iB G(f""fc) o G(f_fc)
2 /B 2
G(f _fc)
2

Se(f) = Ay

G(f +1.)
2

= (A —jBy) + (A¢+JjBy)

» Assuming a zero average signal a(¢r) =0 and f, T > 1 this
simplifies to

—_p |G(f+f6)‘2 + |G(f_fc)|2

R(f) = Re(f) E
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R(f): M-ary QAM signals

» Remember that M-ary QAM signals contain M-ary PSK and
M-ary bandpass PAM signals as special cases:

BP-PAM: B, =0
PSK: A, =cos(vy), By=sin(v)

» = our results for R(f) of M-ary QAM signals include these cases

» For symmetric constellations, such that a(¢) = 0, the simplified
version applies

» The bandwidth W is determined by |G(f —£.)|> and hence the
two-sided main-lobe of |G(f)|?

= if the same pulse g(¢) is used then M-ary QAM, M-ary bandpass
PAM and M-ary PSK have the same bandwidth W
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Example

Bandwidth consumption for BPSK, QPSK and 16-QAM
assuming equal R, and f. = 100R,,

= R
= 99 %Qb 101 102
é o 1 . | . . . . | . . . . | . . . . |
- ] RN
= :
10 |
= :
S
- 201
¥
; 30 |
M ' '
"‘j :
£ 40 1
[ag i
~ |
= 50 A [
o
At

Figure 2.20: The power spectral density for binary QAM (BPSK, widest main-
lobe), 4-ary QAM (QPSK), and 16-ary QAM (smallest mainlobe). The figure
shows 10log,o(RyR(f)/P) [dB] in the frequency interval 98R, < f < 102R,.
The carrier frequency is f. = 100R;, [Hz], and a Ty = kT}, long gpes(t) pulse is
assumed. See also (2.227) and (2.230).
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R(f): M-ary FSK signals

» With M-ary frequency shift keying (FSK) signaling the signal
alternatives are

sp(t)y=A cosrfrt +v), 0<t<T;
» Choosing v = —x/2 this can be written as
s¢(t) = grec(t) sin(2mfyt) , with T =Ty,

since s (t) = 0 outside the symbol interval
» The Fourier transform is then

Grec(f _|_f€) T Grec(f _ff)

Se(f) =Jj >

» The exact power spectral density R(f) can now be computed
by the general formula (2.202)—(2.204)
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R(f): M-ary FSK signals

» Let us find an approximate expression for the FSK bandwidth W

» Assume that
fi=fo4+0lfr, £=0,....M—1

» Then the bandwidth W can be approximated by

W ~ R +fM—1 _fO + Ry = (M_ l)fA + 2R;
» Consider now orthogonal FSK with fA =1-R;/2 for some [ > 0
» The bandwidth efficiency is then

Rb N Rb o Rb o 10g2M
W (M—1)fa+2R,  ((M—1)I/2+2)R, (M—1)1/2+2

p:

Observe: the bandwidth efficiency of orthogonal M-ary FSK gets
small if M is large

Last week we saw: M-ary FSK has good energy and Euclidean
distance properties = trade-off

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 4



Example 2.36
Assume that orthogonal M-ary FSK is used to communicate digital information in the
frequency band 1.1 < f < 1.2 [MHz].

For each M below, find the largest bit rate that can be used (use bandwidth approrima-
tions):

i) M =2 it) M =4 i) M =8 iv) M =16 v) M = 32
Which of the M -values above give a higher bit rate than the M = 2 case?

Solution:
It is given that Wy—rskx = 100 [kHz]. From (2.245), the largest bit rate is obtained
with [ = 1:

log, (M)
Ry ~ 10° - 2
’ (M —1)/2+2
logo (M)
M (M—g%)/2+2 Ry
2 ﬁ =04 40 kbps
4| =% =2~05714 | ~ 57 kbps
8 | 1is = 11 ~ 0.5455 | ~ 55 kbps

16 | 2= = & ~0.4211 | ~ 42 kbps
32 | 225 = 2 ~0.2857 | ~ 29 kbps

From this table it is seen that M = 4,8, 16 give a higher bit rate than M = 2.
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R(f): OFDM-type signals

» An OFDM symbol (signal alternative) x(z) can be modeled as a
superposition of N orthogonal QAM signals, each carrying k,
bits, that are transmitted at different frequencies (sub-carriers)

N—1
x(t) = ;) Sn,0AM (1)

» Assuming each QAM signal has zero mean and that the different
carriers have independent bit streams we get

N—1
R(f) = R.(f) = Rs E{|X(f)|*} = ZO R (f)

» Using our previous results for QAM in each sub-carrier we get

N—1 2 2
() -r)- T 7 G +£)F 416G 1)
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R(f): OFDM-type signals

lllustration of R, (f) contributed by three neighboring sub-carriers:

0.04 -

o
o
@

Subchannel contributions
o o
o o
= ~o

0 96 08 100 102 104 106
fr

» Assuming f, = fo +n/(Ts — A,) we can estimate the bandwidth as

N+1
Wa (N+1)fa= Ri~N-Ry;, N>1,AN, KT,

» The bandwidth efficiency is then approximated by

Rb R N—1 1 N—-1
=2 =_ k, ~ — k, [bps/H
P=w =W /gb N kg [bps/Hz]
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Example: R(f) for OFDM

fT
90 190 10 120 130
= 0]

| 1

= 1

= =10

= i

=

= o0

= 20

=

o

m —30

=

g

‘E —40 -

P

=

e —50 -

» N = 16 sub-carriers
> fa=R,/0.95 = 10.53 [kHz]

> W= 5ile Ry =179 [kHz]

0.04

o
o
@

o

o

o —
T S O S S R

f)/PT for OFDM with N = 16
=
N

R(

90

100

120
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Example 2.35
ADSL: uses plain telephone cable (twisted pair, copper)

POTS: telephony, modem, FAX

Power /

spectral
dpn ’ ADSL uplink ADSL downlink
ensity A264-1024 kbps ~0.5-8 Mbps
| | | — f [kHZz]
0 4 25 138 1104

In ADSL, a coded OFDM technique is used. The level of the power spectral density
in the downstream is roughly -78 dB. As a basic example, let us here assume that the
OFDM symbol rate in the downlink is 4000 [symbol/s/, and that the subchannel carrier
spacing 1s 5 kHz. Furthermore, it is here also assumed that uncoded 16-ary QAM is
used in each subchannel (assumes a very “good” communication link).

For the ADSL downlink above, determine the bit rate in each subchannel, the total bit
rate, and the bandwidth efficiency.
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What about filtering away the side-lobes?

» Let us use a spectral rectangular pulse Xg...(f) of amplitude A = 1
and width f, to strictly limit the bandwidth

» Similar to the time-limited case we can write
Sfx (f) =5 (f) + Xsrec (f)

» Taking the inverse Fourier transform on both sides we get

si (1) = 8(1) * Xgpec(1) = 5(1) * Afo

» Since xg..(t) is unlimited along the time axis, this is the case for
the filtered signal sy, (¢) as well

» The signal x..(7) defines the ideal Nyquist pulse

As a consequence of filtering, the transmitted symbols will
overlap in time domain = inter-symbol-interference (1SI)
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Nyquist Pulse

Xne(D) Xnc(t)
1
1 =T
*0/Rnyq " Ruyq” -Ts X Rnyg
f [Hz] —t— F—k——t—=t
~Rnyq/2 R nyq/2 N/ N/,
a) b) = 1
nyq

Figure 6.6: a) Ideal Nyquist spectrum; b) Ideal Nyquist pulse.

) o
Tne(t) = o smi;R ytq ) , —00 <t <00 (6.39)
nyq
_ 20/ Ruyq 5 |f| < Ruyqe/2
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How can we further improve p?

MIMO MODEL

ML
Kg% D
@ c
c
Y !
S d
k
J%@ <+% | |
O —» d= :
- N -
: A
d
D . .
U
dNt I’Nr L
E

Ny
TR = E gy, + W

n=1

MIMO: multiple-input multiple output
transmission over multiple antennas in the same frequency band
challenge: the individual wireless channels interfere
5G world record 2016: (team from Lund involved)
spectral efficiency of 145.6 bps/Hz with 128 antennas

vV v.v Y
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Where are we now?

What we have done so far: (Chapter 2)

| |
| _ '
| b, [i] R i
| .
I . : Binary to I
b | Setgal . decimal m(i] X M-1 | s(t)
| b,[i] conversion, " {5l )}€=0 |
| parallel 7 see (2.22) |
| b, [i] ' :
| > |
| |
| |
| |

—_—_— - — — 4

» Concepts of digital signaling: bits to analog signals
» Average symbol energy E;, Euclidean distance D;
» Bandwidth of the transmit signal
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Chapter 4: Receivers

/\ .
b[i] . s(t) 1(t) . b[i]
——= Transmitter Channel Receiver ——=
{0,1} {0,1}

Figure 4.1: A digital communication system.

§ EZ /\/\ /\/\/\ /\ : : il t L | h |m xHI{ Wi |
o \/ W/T | \/W ‘Y “‘W”"U TV

» How can we estimate the transmitted sequence?
» Is there an optimal way to do this?




The Detection Problem

N(t)

[0}=m;
T (oM

5;()

A
z(1) /L r(t) | Receiver m[0]
h(t) (+) based on r(t) ——=
in 0<t<Tyg

Assumptions:
» A random (i.i.d.) sequence of messages mli] is transmitted

» There are M = 2* possible messages, i.e., k bits per message

» All signal alternatives z,(z), £ =1,...,M are known by the receiver
» T, is chosen such that the signal alternatives z,(¢) do not overlap
» N(¢) is additive white Gaussian noise (AWGN) with Ry (f) = Ny /2

Questions:
» How should decisions be made at the receiver?

» What is the resulting bit error probability P;,?
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An optimal decision strategy

» Suppose we want to minimize the symbol error probability P
» That means we maximize the probability of a correct decision

Prim=im(r(t)) | r(2)}
where m denotes the transmitted message

» This leads to the following decision rule:

m(r(t)) =my ,
where ¢ = argmax Pr{m = m;|r(t)}

» We decide for the message that maximizes the probability above

» A receiver that is based on this decision rule is called
maximume-a-posteriori probability (MAP) receiver
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Structure of the general MAP receiver

» We know that one of the M messages must be the best
» Hence we can simply test each my, £ =0,1,... M —1

MAP-receiver

|
| |
| |
: U0 |
N P{m=mglr(t)} —— |
!

I
| U, |
: —»  Pr{m=mqIr(t)} —— |
| !
m ~— 4 L SELECT _:_» rﬁ
Ve - LARGEST

sent regelvald ) :decision
noisy | !
message . | |
signal !
Uni-1 |
—  P{m=m,, Jr)} —> |
I
I
I

This receiver minimizes the symbol error probability Py
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A slightly different decision strategy

» The maximum likelihood (ML) receiver is based on a slightly
different decision rule:

o

m(r(t))=my: €= argml_aXPr{r(t) |m; sent}

» Using the Bayes rule we can write

Prim=m; | r(t)} = Pr{r(f;L?;(?)e}nt} - P;

» The decision rule of the MAP receiver can be formulated as

m(r(t)) =my: £ =argmaxPr{r(t)|m; sent}- P,

» It follows that the ML receiver is equivalent to the MAP receiver
for equally likely messages, P;=1/M,i=0,1,... M —1.
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The Minimum Euclidean Distance Receiver

N(t)
J\ () Receiver based
A
m=mj -~ z i® (+) on 1(t) in ——=m
0<t<Ts

» For our considered scenario with Gaussian noise:
maximizing Pr{r(t)|m; sent} is equivalent to minimizing the
squared Euclidean distance Dy ;.

» The received signal is compared with all noise-free signals z;(¢)
in terms of the squared Euclidean distance

Df,,- = /OTS (r(z) —zi(r))2 dt

» The message is selected according to the decision rule:

o

m(r(t)) =my: £=argmin D?,
) Y
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The Minimum Euclidean Distance Receiver

» The squared Euclidean distance is a measure of similarity
» An implementation is often based on correlators with output

T

/r(t)zi(t)dt, =01, . M—1

0

» Using
T, 7
1)3,:/ (r)) — () di=E,—2 | " r()zi(e) de + E;
’ 0
we can write

T
¢ = argmin D?, = argmax / r(t)zi(t) dt—E;/2
I ’ ] 0
» The received signal is compared with all possible noise-free
signal alternatives z;(¢)
The receiver needs to know the channel!
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Correlation based implementation

Ts
¢ = argmin D?; = argmax / r(t)zi(t) dt—E;/2
I ’ ] 0

l

| RECEIVER |
| 701 -By/2 I
| »L T JR : |
| CO—= [ (yar =2 |
[ 0 l
i 210 E1/2 |
N© j\ Ty |
/L | CO—= [ (e =) Sl S
OF : SELECT |
A0 A ; ; LARGEST | |
M-1 : : |
20} -0 | -1 ' -EM-1/2 |
i Ty /L |
| %@L@% e (DML |
: 0 :

—_—_— —_- —_ - —_— _— _— _— _— e e a
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Example: M =4

t [ —
20(t) - | €9 = 04778 E
05 o . m, &= —05011E
A ° 1o §o = —1.4754E
a(t), T €3 = —0.4980
t/'l's L
0.5 1.0
-1t
2(t) | Stronger noise:
T
0.5 10 . r(t) = zo(t) + N(t)
’ 0 =0.2187E
zs(t) | ;o G=—145T5F
e ' & =—1244TE
. — 0 € = 04575 B
Eo=FEi=Ey=E3=E = wrong decision: i = 3
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Example 4.4: 64-QAM receiver

Assume that {z,(t),25" is a 64-ary QAM signal constellation. Draw a block-diagram
of a minimum Fuclidean distance receiver that uses only two integrators.

Solution:

A QAM signal alternative can be written as zi(t) = Aig(t) cos(wet) — Big(t) sin(wct),
where g(t) is a baseband pulse. The output value from the i:th correlator in Figure 4.8
18,

/0 Sr(t)zz'(t)dt = Ai/o Sr(t)g(t) cos(wct)dt —Bi/O Sr(t)g(t) sin(wet)dt =

. 7 (. 7
g ng
xr

-y

Observe that x and y do not depend on the indezx 1.

Hence, a possible implementation of the receiver is to first generate x and y, and then
calculate the M correlations A;x + By, i1 =0, i,...,M — 1. By subtracting the value
E;/2 from the i:th correlation, the decision variables o, ...,Em—1 are finally obtained.

For M-ary constellations with fixed pulse shape g(¢) the
Implementation can be further simplified
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Example 4.4: 64-QAM receiver

The tmplementation of this receiver is shown below:

cos( ooct) g(t)
-
[Oa
(¥ =
rt) —
TS
JO)dt
0
. . Select .
—sin(mct) g(t) A MAX —» Decision

The complexity of this receiver is significantly reduced compared to the receiver in Figure

4.8 on page 241! Only two integrators are here used, instead of 64 (= M) in Figure
4.8.

=- these parts are very similar to the transmitter
» integration and comparison can be performed separately
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A geometric interpretation

» Our receiver computes: (maximum correlation)

max{xAi +yB; — Eg/2}
i

» Equivalently we can compute: (minimum Euclidean distance)

| AJE,\* BiE,\"
g (75) 0

Ex. QPSK: received point (x,y) is closest to the point of message m;

x = message points, ® = noisy received values (z,y)

y

A
A=t Eg2] y Ap=
B1 =1 |32=

| T > X
'Eg/ZE . Eg/‘2 ® (x,y) = noisy received values

A0=-1 X 9 X A3=1
BO=- 83:-1
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Matched filter implementation

» A filter with impulse response ¢(t) is matched to a signal z;(¢) if
q(t) = zi(—t+Ty) = zi(—(t —Ty))

» Let the received signal r(r) enter this matched filter ¢(¢)
» The matched filter output, evaluated at time r = (n+ 1)T, can be
written as
(n+1)T;

r(1) *q(t)’t:(nH)Ts = /nT r(t)zi(t—nTs) dt

» Observe:
this is exactly the same output value as the correlator produces

= We can replace each correlator with a matched filter which is
sampled attimes r= (n+1) T
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Matched filter vs correlator implementation

CORRELATION RECEIVER

7p(t-nT ) -Ep/2

I

I

\h (n+1)Tg % I
[n]

nTs -Ey2

|
I
I
I
I
I
I
I
:
I
I
Zm[n](t-nTs) 4\ O j ()de = LARGEST
~ | : : !
! . |
| . \
! I
I
I (n+1)Tg £ [n] |
| M-1
| o bt ;
I
! !

MATCHED FILTER RECEIVER

I
| I
| e |
1 /\&\ :
' [n]
o= s — g ©. %o E
| E2 |
| I
I
s ey { JQ Silnl | SELECT |
: o ~ LARGEST | -
; . .
I : él
| I
: -EM-1/2 :
| I
| Ts-1) K\L\éM 1 ] |
D v Ts ) = \g Y |
| t=(n+1)Ty |
| I
I
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Summary: receiver types

» Minimum Euclidean distance (MED) receiver:
decision is based on the signal alternative z;(¢) closest to r(¢)

» Correlation receiver:
an implementation of the MED receiver based on correlators

» Matched filter receiver:
an implementation of the MED receiver based on matched filters

» Maximum likelihood (ML) receiver:
equivalent to MED receiver under our assumptions: ML = ED

» Maximum a-posteriori (MAP) receiver:
minimizes symbol error probability P;
equivalentto ML if P,=1/M,i=0,....M—1: ML = ED = MAP
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Bit error probability

» Because of the noise the receiver will sometimes make errors
» During a time interval t we transmit the sequence b of length

B=Ry,7T
» The detected (estimated) sequence b will contain B,,, bit errors
Berr = dH(baﬁ) <B

» The Hamming distance dy(b,b) is defined as the number of
positions in which the sequences are different

» The bit error probability P, is defined as

P, = % ;Pr{g[i] #bli]} = E{dHébvb)}

» |t measures the average number of bit errors per detected
(estimated) information bit
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Analysis Binary Signaling
» Binary signaling (M =2, T, = T,) simplifies the general receiver
» Consider the two decision variables
(n+1) Ty
aj,-[n]:/ F)zit—nTy) di—E;/2, i=0,1
nT;
» The decision 7|n] is made according to the larger value, i.e.,

A

mln]=m;
Siln] = Sln]
mn]=my
» This can be reduced to a single decision variable only
(n+1) Ty
Eln] = /T K1) (21(t— nTy) — 20(t— nTy)) dr

which is compared to a threshold value
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Receiver for Binary Signaling

» Only one correlator or one matched filter is now required:

z, (t-nT S)-zo(t-nT S)

nTS

€ [n]

Correlator

A 4

v(t)=z 1 (TS-t)-z O(TS-t)

Matched filter

t=(n+1)T

~
Sampling

A 4

m,

E,-Ey

>
< 2
m

¢ [n]

0

L m[n]

7< § [n]

Threshold unit

m,

¢ [n]

>
< 2
m

0

——>» m[n]

Threshold unit

» Matched filter output needs be sampled at correct time
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When do we make a wrong decision?

» Assuming m = my is sent, the decision variable becomes

Ts

Eln| = /OTS r(t) (Z1 (7) —Zo(t)) dt :/ (Zo(t) —I—N(t)) : (21(t) —Zo(t)) dt

0

» We can divide this into a signal component B, and
a noise component N/

Sln]=Po+N

Bo= [ () (@) -=0) dr, N= [N (@10~ 2() d
» Wrong decision: if {[n]| > (E| — Ey)/2 then ii=m; Amy=m

» Analogously, when m = m; is sent we get

Sln) =B +N

P = /OTS 21(1) (21 (1) — 20(2)) dt
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Decision regions

DYo
< >
I
', (decision m ) : I', (decision m.)
< > >
| : | > & [n]
P Threshold b,

» With . .
Po+ b1 = —/0 z5(7) df+/0 z1(t) dt = E) — Ey

the decision threshold lies in the center between 3y and B

E1—Ey _ Po + Pi
2 2

» Furthermore we see that

T
Bi—ho= [ (1)) =20(0)* di =D}y = DF,
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Probability of a wrong decision

» There exist two ways to make an error:

> ¢ [n]

Threshold
Pr: false alarm probability Py missed detection probability
» The two probabilities of error can be determined as
Pp = Pr{mn] =m|m=mo} = Pr{fo+N > (Bo+B1)/2}
Py = Pri{mn| =molm=m} = Pr{Bi+N < (Bo+ B1)/2}
» We can express these in terms of the Q(x)-function:

51—[30)

20

PF:PM:Q(
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Gaussian Noise

» The noise component N is a Gaussian random variable with

p(N) = e—(]\/'—m)z/ZG2

with mean m = 0 and variance ¢ = Ny /2 E,

» Our bit error probability is related to the probability that the noise
value N is larger than some threshold A

- o)

0] (0

» The O(x)-function is defined as

O(x) = /xoo \/1271_ e/ dy = %erfc (i)
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The Q(x)-function
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The Q(x)-function (page 182)

x Q(z) z Q(z) x Q(z) x Q(z)
0.0 | 5.0000e-01 | 3.0 | 1.3499e-03 | 6.0 | 9.8659¢e-10 | 9.0 | 1.1286e-19
0.1 | 4.6017e-01 | 3.1 | 9.6760e-04 | 6.1 | 5.3034e-10 | 9.1 | 4.5166e-20
0.2 | 4.2074e-01 | 3.2 | 6.8714e-04 | 6.2 | 2.8232e-10 | 9.2 | 1.7897e-20
0.3 | 3.8209e-01 | 3.3 | 4.8342e-04 | 6.3 | 1.4882¢-10 | 9.3 | 7.0223e-21
0.4 | 3.4458e-01 | 3.4 | 3.3693e-04 | 6.4 | 7.7688e-11 | 9.4 | 2.7282e-21
0.5 | 3.0854e-01 | 3.5 | 2.3263e-04 | 6.5 | 4.0160e-11 | 9.5 | 1.0495e-21
0.6 | 2.7425e-01 | 3.6 | 1.5911e-04 | 6.6 | 2.0558e-11 | 9.6 | 3.9972e-22
0.7 | 2.4196e-01 | 3.7 | 1.0780e-04 | 6.7 | 1.0421e-11 | 9.7 | 1.5075e-22
0.8 | 2.1186e-01 | 3.8 | 7.2348e-05 | 6.8 | 5.2310e-12 | 9.8 | 5.6293e-23
0.9 | 1.8406e-01 | 3.9 | 4.8096e-05 | 6.9 | 2.6001e-12 | 9.9 | 2.0814e-23
1.0 | 1.5866e-01 | 4.0 | 3.1671e-05 | 7.0 | 1.2798e-12 | 10.0 | 7.6199e-24
1.1 | 1.3567e-01 | 4.1 | 2.0658e-05 | 7.1 | 6.2378e-13
1.2 | 1.1507e-01 | 4.2 | 1.3346e-05 | 7.2 | 3.0106e-13
1.3 | 9.6800e-02 | 4.3 | 8.5399e-06 | 7.3 | 1.4388e-13
1.4 | 8.0757e-02 | 4.4 | 5.4125e-06 | 7.4 | 6.8092e-14
1.5 | 6.6807e-02 | 4.5 | 3.3977e-06 | 7.5 | 3.1909e-14
1.6 | 5.4799e-02 | 4.6 | 2.1125e-06 | 7.6 | 1.4807e-14
1.7 | 4.4565e-02 | 4.7 | 1.3008e-06 | 7.7 | 6.8033e-15
1.8 | 3.5930e-02 | 4.8 | 7.9333e-07 | 7.8 | 3.0954e-15
1.9 | 2.8717e-02 | 4.9 | 4.7918e-07 | 7.9 | 1.3945e-15
2.0 | 2.2750e-02 | 5.0 | 2.8665e-07 | 8.0 | 6.2210e-16
2.1 | 1.7864e-02 | 5.1 | 1.6983e-07 | 8.1 | 2.7480e-16
2.2 | 1.3903e-02 | 5.2 | 9.9644e-08 | 8.2 | 1.2019e-16
2.3 | 1.0724e-02 | 5.3 | 5.7901e-08 | 8.3 | 5.2056e-17
2.4 | 8.1975e-03 | 5.4 | 3.3320e-08 | 8.4 | 2.2324e-17
2.5 | 6.2097e-03 | 5.5 | 1.8990e-08 | 8.5 | 9.4795e-18
2.6 | 4.6612e-03 | 5.6 | 1.0718e-08 | 8.6 | 3.9858e-18
2.7 | 3.4670e-03 | 5.7 | 5.9904e-09 | 8.7 | 1.6594e-18
2.8 | 2.5551e-03 | 5.8 | 3.3157e-09 | 8.8 | 6.8408e-19
2.9 | 1.8658e-03 | 5.9 | 1.8175e-09 | 8.9 | 2.7923e-19

Q(1.2816) ~ 10~ " | Q(5.1993) ~ 10~ "

Q(2.3263) =~ 1072 | Q(5.6120) ~ 10

Q(3.0902) ~ 1073 | Q(5.9978) ~ 10~°

Q(3.7190) ~ 10~* | Q(6.3613) ~ 10~ '°

Q(4.2649) ~ 107° | Q(6.7060) ~ 10~

Q(4.7534) ~ 107° | Q(7.0345) ~ 10~ *2
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Bit error probability

» The bit error probability can be written as
Py, =PoPr+ PPy = (P() —|—P1)PF — Pr = Py
» With 8, — By = D3,1 and ¢ :N()/Z-D(z),1 we obtain

 (B-B\  (Dsi\ D,
Pb_Q( 20 >_Q<2a>_Q 2 No

» This fundamental result provides the bit error probability P, of an
ML receiver for binary transmission over an AWGN channel

» The additive noise N is sampled from a filtered noise process

Nt —> v(t) =z (T -z, (T —VL» N

t=(n+1)T S

o2 =Ny/2-E, = Ny/2 /OTS (Z1(t) —Zo(t))2 dt

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 5




Example

» Let z9(t) = 0 and z;(¢) rectangular with amplitude A and T =T,
» The information bit rate is R, = 400 kbps
» Regarding the noise we know that A? /Ny = 70 dB

Task: determine the bit error probability P,

Solution:
» First we find that D§ ;| = A%/R,
» Then ,
D 2
o1 _ ALy
2No No 2R,

> Pp=0 (\/12.5) — 0(3.536) =2.3-10~
» Last step: check Table 3.1 on page 182
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An energy efficiency perspective

» Consider the case Pp=P; =1/2
» The average received energy per bit is then

1 T 1 T Ey+E
Ep = —/ 25(1) dt + —/ 75 (t) dt = o Tl
2 Jo 2 Jo 2

» We can then introduce the normalized squared Euclidean

distance ,
D 1 Ty 2)
d2:0’1=—/ t) —z0(t))” dt
017 28 =28 J; (21 () —20(2))

» With this the bit error probability becomes

D2 I3
oo ) ey )

» The parameter d(%’l IS @ measure of energy efficiency
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Last week: Analysis Binary Signaling

» Only one correlator or one matched filter is now required:

z, (t-nT S)-zo(t-nT S)

nTS

€ [n]

Correlator

A 4

v(t)=z 1 (Ts-t)-z O(TS-t)

Matched filter

t=(n+1)T

~
Sampling

A 4

m,

E,-Ey

>
< 2
m

¢ [n]

0

L m[n]

7< § [n]

Threshold unit

m,

¢ [n]

>
< 2
m

0

——>» m[n]

Threshold unit

» Matched filter output needs be sampled at correct time
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Example: (see Matlab demo)

z(t) (random data, rectangular pulse)

1

0.5 T
s

E,/Ny = 2.0 dB

Errors: 2  Total errors: 21  Total symbols: 360 Error rate: 0.05833
2_
T
T T I I T T ? I & T @ I I I I ? I T b T
1 2 f 5 6 7 J)s 9 10 M 2 3 £4 is 16 17 18 19 20
2 -
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An energy efficiency perspective

» Consider the case Py =P, =1/2
» The average received energy per bit is then

1 T» 1 [T En+E
=3 [ BUyde+ 5 [ A0 d==T
2 Jo 2 Jo 2

» We can then introduce the normalized squared Euclidean

distance )
D 1 Ty )
43, =2 = —/ 1) —z0(t))" dt
0,1 2E, 28 Jo (Zl() 20( ))

» With this the bit error probability becomes

D? I3
P,=0 2](1}(1) _Q< d(z) b)

» The parameter d&l IS @ measure of energy efficiency
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Special case 1: antipodal signals

» In case of antipodal signals we have z;(¢) = —zo(¢) and

D}, = /OT" (21(1) — 20 (1)) dit = 4/0Tb () di = AE

» From Ey = E| = E follows

E+E
Ep = 5 =F
and )
2 DOI 4E
do1 = 75 =2
’ 25]9 2F
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Special case 2: orthogonal signals

» In case of orthogonal signals we have

/OTb 20(t)z1(¢) dt =0

and hence (compare page 28)

T} 2
D%,l = /() (Zl (t) —Zo(l)) dt = Ey+ E;

» This gives
Ey+ Eq
Ep = 5
and .
01 Lo+ E

» The bit error probability for any pair of orthogonal signals is

ol
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Comparison
Antipodal vs orthogonal signaling:

100 T e e R R

a2 L . A L N DU NG . ]
S L S U P N NG . ]

S Antipodal Orthogonal

gb/No in dB

Larger values of d(z)’1 give better energy efficiency
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Antipodal vs orthogonal signaling

» There is a constant gap between the two curves
» We can measure the difference in energy efficiency by the ratio

3 —
gb,ort dO,l,atp 2

2
gb,atp . dO,l,ort 1

» In terms of dB this corresponds to

gb,atp . d(z),l,ort .
10log;q = 10log, o | = —3 |dB]

gb,ort 0,1,atp

=- antipodal signaling requires 3 dB less energy for equal P,
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Example 4.11: rank pairs with respect to a,’(z),1

7)(t) z1(V) 7o(1) z1(t)
A B A 3Tb
a1 T
t t t 4 b t
Tp B To To 3T, Th
2 e A
Pair 1 Pair 2
20() z1() 20(t)=sin2m/T}) 2,()=sin(2mU2T
A Ty A A
7 T
= 2 t b ¢ t
b T Tb T
A b ad D _A b
Pair 3 Pair 4
z9(t) z1(t) 70(t) 210
A A A
B T
t t b t t
— — b —_—
4 2 2 4
Pair 5 Pair 6
zp(H) z1(t) 70(t) 21(t)

A—/\ A A —
T
t b t t t
T_b\/ Ty, To| | Ty
-B - 2 A 2L

Pair 7 Pair 8

c*
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Can we do better?

» It is possible to show that for two equally likely signal alternatives
we always have
dg, <2

» Antipodal signaling is hence optimal for binary signaling (M = 2)

Remark:
> Channel coding can be used to further increase dj; |
» Sequences of binary pulses with large separation are designed

» This does not contradict the result from above:
coded binary signals correspond to uncoded signals with M > 2

Channel coding can be used for improving energy efficiency
Cost: complexity, latency, (bandwidth)
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Relationship between parameters

» The bit error probability can be expressed in different ways

/D(2)1 Ep P
P _— - o 2 E— p— 2 —Z
b Q< 2No ) Q( %1 No Q<\/d0’1 Ry No >
» Assuming zo(t) = aso(t) and z; (1) = as1(¢) we also get
2F d? 2F
o 2 (04 Psent . 0,1 . (04 Psent

» Recall that p = R, /W is the bandwidth efficiency and Ny W is the
noise power within the bandwidth W

The expression that is most appropriate to use depends on the
specific problem to be solved
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A "typical” type of problem
» The bit error probability must not exceed a certain level,
Py < Ppreg=0(VX)
» Example: if Py, = 1077 then X ~ 36

» Consequences:

Ep
d>. 2 > X
0,1N0
d(2)1 P
R, < - %
b= X Ny

2 —
< dO,l . azpsent
LY Ny

» Note: the received signal power P, decreases with
communication distance
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Example 4.12: transmission hidden in noise

In a specific application equally likely binary antipodal signals are used, and the pulse
shape is grc(t) with amplitude A and duration T < Tp,. AWGN with power spectral
density No/2, and the ML receiver is assumed. It is required that the bit error probability
must not exceed 1077, It is also required that the power spectral density satisfies R(f) <
No/2 for all frequencies f (the information signal is intentionally “hidden” in the
noise). Determine system and signal parameters above such that these two requirements
are satisfied.

> Py=0(/28/No ) <107 = £/No > 18

> R(f) = Ry|G,.(f)|* has maximum at f =0

> R(0) =Ry, A’T? /4 < Ny /2 (check pulse shape)
> &,/Ny =3/8A>T /Ny > 18

» Hidden in noise: A>T /Ny <2/(R,T)

> P, requirement: A>T /Ny > 48

» Solution:
choose T < T),/24 and A? = 48N, /T

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 6




Non-ideal receiver conditions

Example 4.15: unexpected additional noise wy, i.e., w = wy +w,

10::' T T T T : T R T T

10_2 NS NG I IiiiIiiIIiiiiiiiiiiiiitiiiiiiiiiiiiiiiiiiiiiiiiiiiiiio -
>
=
;g . )
< Ideal case Error floor
a 10_3 e =
—
S)
=
)
=1
A 4
10_ s ToIIoIInoiioiiiiiINiTIiiiiiIiiiiiiiiiiiiiiiiiiiiitiiiiiiiiiiiiiiiiiiiiiiiiiiiiiio =
10_5 Eoiiiiiiiiiiin Ciiriiriiiion oo Ciiriiriiiion Cirriiiiiiion Ciiriiriiiion =
10-‘3 | | | | | | I
0 5 10 15 20 25 30 35 40

a*/c% in dB

Can be analyzed with our methods
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Non-ideal receiver conditions

Example 4.16: hostile bursty interference, active with p,,, = 0.05

0 5 10 15 20 25 30
a’/a? in dB

Observe: at low power an interference in bursts is
more severe than continuous interference
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M-ary Signaling

———————————————————————————————————

: RECEIVER :
| 20(0) -Ey/2 l
S b |
| O—= [ (e =2 |
| O |
: Zl(t) —E1/2 :
MO T .
| S &1 ! A
J\r(t): X% f ()dt & SELECT i m
20 ] ; 0 ; LARGEST !
M-1 ' ' :
t ! :
{Ze(®} ,_ : g1 O X L2 i
| TS y\ |
' EM-1 '
| J O —=(+) |
| O |
| |
| |

» The receiver computes M decision variables &y, &;,...,E u—q
» The selected message 7 is based on the largest value

o

m=my, {=argmaxé;
l

» Question: when do we make a wrong decision?
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Probability of a wrong decision

» For M =2 we have considered two error probabilities Pr and Py,
» For a given message m = m;j, in general there are M — 1 ways
(events) to make a wrong decision,

{6i>& [m=m}, i#]
» The probability of a wrong decision can be upper bounded by
M—1
i=0

i#]

M—1
<Y Pr{&>¢& | m=m;} (union bound)
» Note: given some events A and B, the union bound states that

Pr{AUB} < Pr{A} + Pr{B} ,

where equality holds if A and B are independent
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Symbol error probability

» The symbol error probability can be upper bounded by

M—1 M-1
Ps< Y P Y Pri&>¢& | m=mj}
j=0 =0
i]
» From the binary case M =2 we know that (pick i =0and j = 1)
2
Dl.J.
2Ny

Pr{&>¢& |m=mj} =0
where D;; is the Euclidean distance between z;(¢) and z;(¢)

» We obtain the following main result for M-ary signaling:

Din M—1 M-1 Dl_zJ
<P, <YPYO
2N v <) ]E(,) 2N
7]

max Q

1 .
i# J=0
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Example: orthogonal signhaling

» Consider M orthogonal signals with equal energy E
» Examples: FSK, PPM

» For each pair z;(¢) and z;(t) we get

D;;=E+E=2E

» From the union bound we obtain

M-1 M-1 Di%j
Ps S Z Pj Z Q 2N()
=g

=<M1>Q<ﬁ):<M1>Q(\/N70)

» This generalizes the binary case considered previously
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Distances D;; are important

» P, is determined by the distances D, ; between the signal pairs
» Let us sort these distances

Dyin <Dy <Dy < -+ <Dy

» Then the upper bound on P, can be written as

D2, D: D2
PrscQ\ops | ta @\ an | Tty 50

» The coefficients are

M—1
Cy = Z Pi-nij¢g, £=0,1,2,...,x
j=1

> n; . number of signals at distance D, from signal z;(¢)
How many distinct terms do exist for 4-PAM?
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A useful approximation of P;

>

= at small P, (small Ny) we can compare different signal
constellations by means of D2, , similarly to the binary case

The union bound is easy to compute if we know all distances D,

At large signal-to-noise ratio (small Ny), i.e., when P is small, the
first term provides a good approximation

D2

min

2 No

P,~cQ

We see that the minimum distance D?. and the average number

min

of closest signals ¢ dominate the performance in this case

Explanation:
the function Q(x) decreases very fast as x increases (faster than
exponentially). The other terms become negligible at some point.

min’
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Energy efficiency and normalized distances

» Considerthecase Py=1/M,¢=0,1,...,.M—1
» The average received energy per bit is given by

1Mt T 1 Eg+E1+---Epy—q
E=-Y — 2(1) dt = —
"k g(’) M Jo 4 (1) k M
» Using the normalized squared Euclidean distances
D2
dy =
g ng Y

the union bound can be written as

/ E | &
PS<CQ< d,%iian;>+le< d%N[;>+---+ch<

» The parameters dg determine the energy efficiency
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Approximate P, for some constellations

» Considering the dominating term in the union bound we obtain

Ep
Py~c0 dr%unjvo

» This approximation is valid if % Is sufficiently large

C d?nin
M-ary PAM 2(1 — 1/M) 6]1\‘}%29{ )
M-ary PSK (M > 2) 2 21og, (M) sin® (7 /M)
M-ary FSK M -1 log, (M)
M-ary QAM 4(1 — 1/v/30) 3log, (M)

Table 4.1: The coefficient ¢, and d?; , for some common signal constellations.

Equally likely signal alternatives are assumed. See Subsection 2.4.1.1 for the
M-ary PAM case, and Subsection 2.4.5.1 for the M-ary QAM case. M equal

energy orthogonal FSK signals are also assumed.
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Example 4.19

Assume two signal constellations, denoted A and B respectively, with corresponding
parameters d?nin, 4 and dfnin, 5. From the equality (see e.g. the dominating term in the
union bound),

d?nin’Agb,A/NO = dfnin,ng,B/NO

we find that the difference (in dB) in received energy per information bit is (compare
with (2.13) on page 16),

d2

min,B

d?nin
101og,4(Ep,B) — 101og,(Ep,a) = 101og;, ( ’A>

Calculate the value 10log;, (L“A) of “A7 1s binary antipodal PAM, and if “B” is

4-ary PAM. Assume, that the conditions leading to (2.50) are satiesfied.

» For M-ary PAM we have (Table 4.1 or Table 5.1)

dl%@in = 6log2(M)/(M2 -1) = di%u'n,A =2, drznin,B =4/5

> 10log1ody i 4/dmin g = 10l0g;n5/2 = 3.98 dB
Binary PAM is 3.98 dB more energy efficient than 4-ary PAM!
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Example scenario: M-ary QAM

» We want to ensure that P, < Py ,.,, Where for M-ary QAM

Ep M
Py<40| /a2, L) =4 (VX) 2 _3]
— Q ( dmm NO ) Q ’ dmm 3 08> M—1

» The pulse shape g(¢) is chosen such that

W — & NoW

p = logz(M) PBPSK where p =

» Combining these requirements we obtain

3 P _,, 3 P

M<1+ . _ |
X pppsk No W X Ny

» Hence we want to choose M = 2* such that (QAM: k even)

X pppsk No W

< 2k—|—2

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 6




Example 4.22: adapting M to channel quality

Assume that an M-ary QAM system adapts between 4-ary QAM, 16-ary QAM, 6/-ary
QAM and 256-ary QAM. Show when a new M is chosen by plotting M (or log,(M))

versus P./NoW . How large is the bit rate in each case? Assume that pppsk = 1/2
[bps/Hz].

log (M)
A
M=2
g 56
M=64

6 ]
4 M=16
2 ]

T T T T T > NZW

X 5X 10X 21X 42X 0

Depending on the channel quality we can achieve different
bit rates R, = W, 2W, 3W, or 4W bps|
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Recall: QAM receiver (Example 4.4)

The implementation of this receiver is shown below:

cos(®_ ) g(t)

-

-sin( 1) g(t)

S

()dt

S

()dt

o— | |o—d

Select

MAX —» Decision

The complexity of this recetver 1s significantly reduced compared to the receiver in Figure

4.8 on page 241! Only two integrators are here used, instead of 64 (= M) in Figure
4.8.
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Example: QPSK (see Matlab demo)

min]

i
"9 Errors: 0 Total errors: 16  Total symbols: 1000 Error rate: 0.01600

2(t)

NAMNANAAAMAAMANANAL "
BRALAVRVAVAVA TAVACVAYAVAVAVCVAVRVAVAE

r(t) = z(t) + N(t) Ey/Ny = 5.0 dB

1+ vT
s
o Q & I (0) [0) - & & P
1 2 3 d)4 5 6 7 8 9
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Distances D;; are important

» P, is determined by the distances D, ; between the signal pairs
» Let us sort these distances

Dmin <D1<D2<"‘<Dmax

» Then the upper bound on P, can be written as

D2, D? D2
P, <cQ 21”(;:; +c1 O 2—1\}0 +.i4c, O zn]i;l(;c

» The coefficients are

M—1
co=Y Pinjg, =012, x
j=1

» n; . number of signals at distance D, from signal z;(¢)
How many distinct terms do exist for QPSK?
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Signal Space Representation

4-PAM 8-PAM
zy z, Z, 1z z, z, 7, z, 2z, Zz Z,
——e o —o > § —e e e e o S (2
0 0
4-PSK (QPSK) 8-PSK
q)g ¢2
z
2
Z
z, % o
%2 z 24 %9
° —— o, ° *——> o,
° °
z z
423 5 #Ze 7
16-QAM 64-QAM
oy
0, A
4 EEERENXEXEX)
TEEXEEX
'K EEEREIXEEKXK)
I R TEEXEEXK R
I > 0 I > 0
eoce o EEEXEEREX)
TEERXEXEEX
TEENXEEREXK)

P1(t) =

P2(t) =

g(t) cos(2m f. 1)

E,/2

g(t)sin(27 f. 1)

B,/2
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A geometric description

» As we have seen in Chapter 2 we can represent our signal
alternatives z;(¢) as vectors (points) in signal space

3= (51) = (4V/Ep) PAM

5= (51 52) = (an/% Bn/%) QAM, PSK

» The signal energy can be written as

T
2 2 2
E] = A Zj (t) dt = Zj,l +Zj72

» Likewise, the squared Euclidean distance becomes
D2 o T ( (f) — (t))2 dt — ( e . )2_|_( . )2
ij = 0 <i 3j — \di,1 — 4,1 <i2 —4j2

Signal energies and distances have a geometric interpretation
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Approximate P, for some constellations

» Considering the dominating term in the union bound we obtain

Ep
Py~c0 dr%unjvo

» This approximation is valid if % Is sufficiently large

C d?nin
M-ary PAM 2(1 — 1/M) 6]1\‘}%29{ )
M-ary PSK (M > 2) 2 21og, (M) sin® (7 /M)
M-ary FSK M -1 log, (M)
M-ary QAM 4(1 — 1/v/30) 3log, (M)

Table 4.1: The coefficient ¢, and d?; , for some common signal constellations.

Equally likely signal alternatives are assumed. See Subsection 2.4.1.1 for the
M-ary PAM case, and Subsection 2.4.5.1 for the M-ary QAM case. M equal

energy orthogonal FSK signals are also assumed.
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Example 4.19

Assume two signal constellations, denoted A and B respectively, with corresponding

parameters dfmn’ 4 and dfnin, - From the equality (see e.g. the dominating term in the
union bound),

d?nin’Agb,A/NO = dfnin,ng,B/NO

we find that the difference (in dB) in received energy per information bit is (compare
with (2.13) on page 16),

d?nin
101og,4(Es,B) — 101og,(Ep,a) = 101og;, (d?—A>

min,B

2

Calculate the value 10log,, (zzm'i—“’A) of “A” is binary antipodal PAM, and if “B” 1is

min, B

4-ary PAM. Assume, that the conditions leading to (2.50) are satiesfied.

» For M-ary PAM we have (Table 4.1 or Table 5.1)

dl%@in = 6log2(M)/(M2 -1) = di%u'n,A =2, di%fzin,B =4/5

> 1010g10d;%1m,A/d31m,B = 10log;;5/2=3.98 dB
Binary PAM is 3.98 dB more energy efficient than 4-ary PAM!
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Comparisons

P, (\/dmm % 1), (4.55)

M =2 Z [ 0<d.. <2, (457
p__| Poin (2 21)
P, |2(1- 2L (\/dmm A ) (5.35)

M-ary PAM d*. ij\ffijy) , Table 4.1 on page 281, (2.50)
p | pa—pam -logy (M), (2.220)
P, | <20 (\/dmm & ) (5.43)

M-ary PSK d?. | 2sin®(w/M)log, (M), Table 4.1, Fig. 5.11
p | pepsk ‘logy (M), (2.229)

M-ary QAM | P,

(rect., k even)

(- oV %)
() @ (R B) 60

(QPSK with | d2,

31}3\%—2(1]\4) Table 4.1, Subsection 2.4.5.1

pBPSK 10g2 2 229)

(\/ dmln N ) Example 4.18c, Table 4.1

logQ(M) Table 4.1 on page 281

M =4) p
M-ary FSK P,
(orthogonal dz .
FSK) p

See (2.245)

Table 5.1, p. 361
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Symbol error probability comparison

10° ¢

Symbol error probability
3 3

_.
oI
b

107°

_.
o\
b

_.
o\
L

M-ary PAM | M-ary PSK |

Symbol error probability
3

| | L |
15 20 25 0 20 25

10 15 ] 15
& /Ny in dB &/Ny in dB

M-ary PAM, M =2.4.8.16 M-ary PSK, M =2,4,8,16,32

d> : —IO§2M d>. =2sin*(mw/M) log, M
M=—1

min

=6
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Symbol error probability comparison

10° 10°
] > ]
» M-ary QAM = . M-ary FSK
107'E 9 -_g 10 9
e}
o)
—
o 8,
+~ — .
=107 S10”
2 3
S 3
= e}
2 BPSK,(ref) g
—
510 w10
—
= )
o <
— =)
o)
=]
ﬁ _4 S
£10 ~ 10
=1
n 3
5
e}
3
107°L 210°
o]
10-5 i | 10-6 | | |
0 20 25 0 5 20 25

10 15 1‘0 . 15
5},/Ng in dB 51,/N0 in dB

M-ary QAM, M = 4,16,64,256 M-ary FSK, M =2,4,8,16,32,64

log, M 2 _
di%@in =3- Mi 1 dmin — 10g2M
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Gain in 42, compared with binary antipodal

Antipodal

0[dB]

Orthogonal

-3.01

M-ary PAM

0

-3.98

-8.45

-13.27

-18.34

=N O

-23.57

M-ary PSK

0

0

-3.57

-8.17

\] @)

-13.18

=~

-18.40

M-ary QAM

0

-3.98

M =2 -3.01
M =4 0
M-ary FSK M =28 1.76
M =16 3.01
M = 32 3.98
M =64 4.77
M =2 0
M -ary M =14 0
bi- M =28 1.76
orthogonal M =16 3.01
M = 32 3.98
M =64 4.77

=l o

-8.45

I
No| | =] s | | ol =] oo | bo| o wo| = oof kx| | 0| b

ot
(@)}

-13.27

= 1024

-18.34

SIS SIS S SIS SN SIS S S S

=~
@)
Ne)
(@)

-23.57

Large values M reduce energy efficiency
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Example scenario: M-ary QAM

» We want to ensure that P, < Py ,.,, Where for M-ary QAM

Ep M
Py<40| /a2, L) =4 (VX) 2 _3]
— Q ( dmm NO ) Q ’ dmm 3 08> M—1

» The pulse shape g(¢) is chosen such that

W — & NoW

p = logz(M) PBPSK where p =

» Combining these requirements we obtain

3 P _,, 3 P

M<1+ . _ |
X pppsk No W X Ny

» Hence we want to choose M = 2* such that (QAM: k even)

X pppsk No W

< 2k—|—2
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Example 4.22: adapting M to channel quality

Assume that an M-ary QAM system adapts between 4-ary QAM, 16-ary QAM, 6/-ary
QAM and 256-ary QAM. Show when a new M is chosen by plotting M (or log,(M))

versus P./NoW . How large is the bit rate in each case? Assume that pppsk = 1/2
[bps/Hz].

log (M)
A
M=2
g 56
M=64

6 ]
4 M=16
2 ]

T T T T T > NZW

X 5X 10X 21X 42X 0

Depending on the channel quality we can achieve different
bit rates R, = W, 2W, 3W, or 4W bps|
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Bit errors vs symbol errors

» Assume that S symbols are transmitted and S.,, are in error
» If a symbol /2 # m is decided, this causes at least 1 bit error and
at most k£ = log, M bit errors

Serr S Berr S kSerr

» This leads to the following relationship between P, and P;:

Ps _ E{Serr} S Pb S E{Serr'k}
k S-k S-k
» P, depends on the signal constellation only

» The exact P, depends on the mapping from bits to messages my
and hence signal alternatives s,,, (¢)

= P

Example: Which mapping is better for 4-PAM? (and why?)
(1) m():OO, mlzll, mZIOI, I’I’Z3:10
(2) mo=00, m =01, my =11, m3 =10
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Gray code mappings

» We have seen that for small Ny we can approximate

D2

min

PsmeQ {1\ 2N,

» This motivates the use of Gray code mappings:

Example:
16-QAM

0,
A
Zg Z, Z44 Zi0
X X 3arf X X
1000 1001 1011 1010
%12 %13 215 214
X X ar X X
1100 1101 1111 1110
] ] ] ] ]
3a a a 3a
Y4 V4 V4
4% Zsx A4 Tx 6%
0100 0101 0111 0110
ZO Z.I Z3 Z2
X X — X X
0000 0001 0011 0010

> 0,
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How can we achieve large data rates?

» The bit rate R, can be increased in different ways

» We can select a signal constellation with large M
= this typically increases the error probability P;
exception: orthogonal signals (FSK): require more bandwidth W

» Achieving equal P, with larger M is possible by increasing &, /Ny
= this reduces the energy efficiency

» We can also increase R, by increasing the bandwidth W
= this does not improve the bandwidih efficiency p = R,/W

Question:
what is the largest achievable rate R, for a given error probability P;,
channel quality &, /Ny and bandwidth W?

This question was answered by Claude Shannon in 1948:
"A mathematical theory of communication"
Course EITN45: Information Theory (VT2)
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A fundamental limit: channel capacity

» Consider a single-path channel (|H(f)|> = o) with finite
bandwidth W and additive white Gaussian noise (AWGN) N ()

» The capacity for this channel is given by

D
C = Wlog, (1 + NO;V> [bps]

» Shannon showed that reliable communication requires that
R, <C

» Observe: the capacity formula does not include Py (why?)

» Shannon also showed that if R, < C, then the probability of error
P; can be made arbitrarily small

P, —0

if messages are coded in blocks of length N —
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Bandwidth efficiency and gap to capacity

(p. 369) p
20
Ep C/W
. C/W “b _2 -1
10 ~ Impossible =
g - region N\ No C/wW
64-QAM
4+ 16-QAM 16-PSK
8-PS 8-PAM
2 - QPSK -5
4-PAM Ps=10
-1.6 BPSK
T 1 T oy I I 1010g10(Eb/N0)
: 0 5 10 15 20 [dB]
| BFSK
L 12
| 8-FSK
|
: —1/4 16-FSK
: 32-FSK
o 1/8

» p < C/W: reliable communication is impossible above
» this limit can be approached with channel coding

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 7




How does channel coding work?
» We have seen that a large minimum distance 42 between

min

signals is required to improve the energy efficiency
» For binary signaling (M = 2) we have seen that ¢2. <2

Idea of coding:

» generate M binary sequences of length N

» use binary antipodal signaling to create M signals s(1)
Example: N =5, M =4, g..(t) pulse with T =T, /N (whatis D2 ?)

so(t) s1(t)

0 1 1 0

A : A

t t
—_A —A
ss@)y 0 1 1 1 1 ss)y 0 0 0 0 0
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Increasing 42, with coding

in
» In our example we have

D, =4A°T-3=4E,3 = 12E,

» Normalizing by the average energy &, = N E, /k this gives

D3, 2B, _k_12_,,

min = o€, 2NJ/kE, =~ N 5

» Let dyinn denote the minimum Hamming distance between the
binary code sequences = in our example: d,i, g =3

» Then we can write L

drin =2 N dmin,H

where R =k/N is called the code rate
» Larger d,;, n values can be achieved with larger N
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Example: symbol error probability

uncoded

q® 10
107 ¢ :
10° i
10_7 _ (union bound) \ .
108 | ' ' ‘ ‘ | |

0 2 4 6 8 10 12 14 16
Eb/N 0 [dB]

» Hamming code, N =7, k=4, dpiny =3 = d=;, = 3.43

» How can we construct good codes?
EITN70: Channel Coding for Reliable Communication (HT2)
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Multiuser Communication
(p. 395/396)

User 1: +A ¢,(1)
User 2: TA ¢,(t) s(t) r(t)

Userz: tA ¢ 4(t)
User N: +A ¢, (1)

A simple model:
» N users transmit at same time with orthonormal waveforms ¢ ()
» Binary antipodal signaling is used in this example, such that

N
s(t) =Y Audn(r), A c=A
n=1

» The orthonormal waveforms satisfy

T o ifi#),
/0 ¢i(t)¢j(t)dt_{1 if i = j
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Multiuser Communication
» The separation of users can be achieved in different ways
» TDMA: (time-division multiple access)

%0 Tpma

User <4
in time slot ¢

» FDMA / OFDMA: (frequency-division multiple access)

) =c sin(2 =f,t
00) (2 mleh) User £in

frequency slot £

t

Ts
FDMA
» CDMA: (code-division multiple access)
dp(t) CDMA Each user is
a T‘ assigned a
_| upique pattern of ta's

RN
> MC-CDMA: (multi-carrier CDMA) combined OFDM/CDMA |
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Receiver for Multiuser Communication

RECEIVER FOR

' |
' |
| USER £ |
' |
' |
User 1: +A ¢,(1) i T 1 :
s |
Hser 2 TA 4 ' [ e ot 20—t i
: |
: 0 |
User£: A ¢ (1) i 0 |
: | |
' |
User N: TA ¢,(t) b !

» This permits a simple receiver structure for each user ¢
» The decision variable becomes

e= [T o= [ o) | LA +NG) ) di

T
:Ag+/() O/ ()N(1) di = Ap+ N

=- receiver is only disturbed by noise and not by other users!
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Non-coherent receivers

» With phase-shift keying (PSK) the message m|n] at time nT; is
put into the phase 6, of the transmit signal

s(t) = g(t) V2E cos(2rf.t+6,), nTy<t<(n+ 1Ty

» The channel introduces some attenuation o, some additive noise
N(t) and also some phase offset v into the received signal

r(t) = o g(t) V2E cos(2rf.t+6,+Vv)+N(1)

» Challenge: the optimal receiver needs to know « and v

» In some applications an accurate estimation of v is infeasible
(cost, complexity, size)

» Non-coherent receivers:
receiver structures that can work well without knowledge
of the exact phase offset

How can we modify our PSK transmission accordingly?
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Differential Phase Shift Keying

» With differential PSK, the message m|n] = m, is mapped to the
phase according to

21l
9,1:9,1_14—7 EZO,,M—l
» The transmitted phase 6, depends on both 6, ; and m|n]
» This differential encoding introduces memory and the transmitted
signal alternatives become dependent

» Example 5.25: binary DPSK

Addition
modulo 2 NG
' (t)
bli] , m[i] So s(t) z(t) r(t)
@ {31(’[) } — Channel
Delay
Tb

]
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Differential Phase Shift Keying (M = 2)

—_—_—————,—e—_—_—_—_ e

| Receiver i
i \/Ecos( o) :

|
i — i > o(T, - ;;ch[n] Pelay i

g 1) — nan
! ? T En) R
— &inl 20 > bn-1]

: rs[n] Delay ||1 n |
| ATy ) [~ . |
i t=nT b b :
i - \/Esin( mct) i

|

» The receiver uses no phase offset v in the carrier waveforms
» Without noise, the decision variable is

Enl =refn]ren— 114 rgn]rgn—1]
=Acos(6,_1+V)Acos(6,_»+V)+Asin(6,_1 +V) Asin(6,_,+ V)
— A cos(6,_1 — 6,_») = independent of v

» Note: non-coherent reception increases variance of noise
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From last lecture: Non-coherent receivers

» With phase-shift keying (PSK) the message m|n] at time nT; is
put into the phase 6, of the transmit signal

s(t) = g(t) V2E cos(2rf.t+6,), nTy<t<(n+ 1Ty

» The channel introduces some attenuation o, some additive noise
N(t) and also some phase offset v into the received signal

r(t) = o g(t) V2E cos(2rf.t+6,+Vv)+N(1)

» Challenge: the optimal receiver needs to know « and v

» In some applications an accurate estimation of v is infeasible
(cost, complexity, size)

» Non-coherent receivers:
receiver structures that can work well without knowledge
of the exact phase offset

How can we modify our PSK transmission accordingly?
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Differential Phase Shift Keying

» With differential PSK, the message m|n] = m, is mapped to the
phase according to

21l
9,1:9,1_14—7 EZO,,M—l
» The transmitted phase 6, depends on both 6, ; and m|n]
» This differential encoding introduces memory and the transmitted
signal alternatives become dependent

» Example 5.25: binary DPSK

Addition
modulo 2 NG
' (t)
bli] , m[i] So s(t) z(t) r(t)
@ {31(’[) } — Channel
Delay
Tb

]
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Differential Phase Shift Keying (M = 2)

—_—_—————,—e—_—_—_—_ e

| Receiver i
i \/Ecos( o) :

|
i — i > o(T, - ;;ch[n] Pelay i

g 1) — nan
! ? T En) R
— &inl 20 > bn-1]

: rs[n] Delay ||1 n |
| ATy ) [~ . |
i t=nT b b :
i - \/Esin( mct) i

|

» The receiver uses no phase offset v in the carrier waveforms
» Without noise, the decision variable is

Enl =refn]ren— 114 rgn]rgn—1]
=Acos(6,_1+V)Acos(6,_»+V)+Asin(6,_1 +V) Asin(6,_,+ V)
— A cos(6,_1 — 6,_») = independent of v

» Note: non-coherent reception increases variance of noise
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Chapter 3: Carrier modulation techniques

A .
bli] — s (0) — bli]
—={ Transmitter Channel Receiver —=
{0,1} {0,1}

Figure 4.1: A digital communication system.

What we have done so far:

Chapter 2: Chapter 4

From b[i] and m]i] to signals sy(¢) From signals z;(¢) +N(¢) to /] and b|i]

e | N()

| bi ! .

| : e | J\r(t) Receiver based .
b | | Serial ' E;ech}r'l; il Mt || m=mj > z() (+) on r(t) in —— m

- b b, | conversion, " {5 p o [T S0 0<t<Ts
i parallel o i 1 see(2.22) i

S S S S |

Now more on:
» properties of bandpass signals
» the channel: from s(¢) over z(¢) to r(z)
» efficient receivers for bandpass signals
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Bandpass Signals
» A general bandpass signal can always be written as
x(t) =x;(t) cos(2mfet) — xp(t) sin(2wfot), —oo<t<oo

» x;(t): inphase component xo(t): quadrature component

» Corresponding transmitter structure:
cos(2rf . t)

X1 (t)

Original Digital
information signal

@% x(t)
(digital or analog) processor | X( () /

_sin(2mfct)

» The information is contained in the signals x;(7) and x(t)
(for both analog or digital modulation)

» Not only wireless systems use carrier modulation
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Spectrum of bandpass signals

» Computing the Fourier transform of x(¢) we get

X(f) _ Xl(f+fc) _2j XQ(f+fc) 4 Xl(f_fc) ‘|'2j XQ(f_fc)

» Normally, X;(¢) and X, (¢) have baseband characteristic,
and f. is much larger than their bandwidth

» The spectrum can be symmetric or non-symmetric around f,

IX(F)1° -V

AL oA

b) “fe ! fe

» Remember: real signals x(z) always have even |X(f)|
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DSB-SC Carrier Modulation

» Double sideband-suppressed (DSB-SC) carrier modulation is a
special case of our general model

» In this case only x;(¢) contains information and xy(¢) =0, i.e.,

Xash—sc(t) = x1(t) cos(2xf. t)

» The Fourier transform then simplifies to

X(f) _ Xl(f;‘fc) 4+ Xl(fz_fc)

» X;(f) is symmetric around f =0 = X;(f) is symmetric around f,

I X1 1 | Xdsb-sc () I =1 F{x(t)cos(2ntct)} |
a - =
a/2
f [Hz] f [Hz]

I I
-Wip Wrp —f, 0 / f, \
a) b)

Lower sideband Upper sideband

Where does the name come from?
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Example 3.1: 4-ary PAM

3 x(t) = () :nimAm[n] Zrec(t—nTy)
i A Q: 0-1
B 1 L et b1
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How can we revert the frequency shift to /.?
Hint: check Example 2.19 (p. 68)

Find the frequency content of

X(l) — g(t) COS (ZﬂfO t) ) fO — 3fc/4

Solution:
If we apply (2.157) using G(f) above, we obtain the frequency content in x(t) as

X(f)

A/2
a4
T T T T T T T > f

-f 0 f/4 7f /4
c c c

c

How should we choose f; to get the baseband signal back?
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Problem 3.9

In the three-user (digital) communication system below, the frequency con-
tent in the user information signals ui(t), ua(t) and us(t) are,

U, ()l U, ()l U, ()l

A

> f[kHz] > f[kHz] > f [kHz]
0 100 0 200 0 300

cos(2 nf,1)

Usert:u, (1)

cos(2 nf, 1) Receiver

Lowpass | ¢(t)

User2: u,(t) filter

cos(2 nf,t)

User3:u,(t)

It is known that the individual carrier frequencies are: f; = 3.5 MHz,
5 = 4.0 MHz, f3 = 3 MHz. The disturbance d(t) is d(t) = cos(272f4t)

where f; = 1.7 MHz.
Only frequencies up to 100 kHz pass the lowpass filter.
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Envelope and Phase

» A frequency shift corresponds to a multiplication with &/?%/!
» For connecting this to the cosine and sine function we use

¢t = cos(2mf. 1) + jsin(2nf.1)

» The general bandpass signal can then be written in terms of a
frequency shifted version of a complex signal x;(z) +jxo(¢)

x(t) =x;(t) cos(2mf.t) — xo(t) sin(27f, 1)
= Re { (x;(t) +jxo(t)) ™"}
» Expressing x;(¢) +jxo(¢) in terms of magnitude and phase we get
x(t) =-e(t)cos(2mfet + 0(t)), —co<t< oo
with

e(t) = \/x%(t) +x2Q(t) >0

x1(1) = e(r) cos(8(1))
xolt) = (1) sin(6(1))
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I-Q Diagram
» In the representation
x(t) =x;(t) cos(2mf.t) — xo(t) sin(2xf, 1)

the information is contained in the inphase component x;(¢) and
quadrature component xo(¢)

» In the representation
x(t) =-e(t)cos(2mfet + 0(t)), —co<t< oo

the information is contained in the envelope e(¢) and
instantaneous phase 6(¢)

Q) (t)

XQ(t) 4 - - - - -

i I(t)
i

(t1)

connection: I-Q diagram
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Analog Information Transmission

» Suppose that the information signal is an analog waveform a(t)
Examples: music, speech, video

» If we use digital modulation, the waveform a(t) is first converted
to a binary sequence b|i], which then is mapped to signals s,(z)

» In case of analog modulation, the waveform a(¢) is used directly
to modulate the carrier signal

» Let v(¢) denote the bandpass signal of an analog transmitter

v(1)

vi(t) cos(2mf.t) — vo(t) sin(2@fet), —oo<t<oo
e(t) cos (2mf.t + 6(t))

» Amplitude modulation (AM):
the waveform a(¢) modulates the envelope e(t) only

» Frequency modulation (FM):
here a(¢t) modulates the instantaneous phase 6(¢) only
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Amplitude Modulation (AM)

cos(2mfc t+ )
a(t) %g g % v(t)

» The AM signal is the sum of a DSB-SC signal and carrier wave

v(t) = (a(t)B+C) cos(2rf.t+ @)
=a(t)Bcos(2nf.t+ @) + Ccos(2nf.t+ @)

» Let us introduce the modulation index

B apax <1,
c =

» Using the normalized signal a,(¢) = a(t) /am. We can write

V(1) = (1 +man(t)) C cos(2nf.t+ @)

m= where 4, = max |a(?)|
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Example: AM signal

e(r)/C =1+mal(t) , an(t) =sin(2xf,t) , f, = 1/Tp

[\
L

e(t)/C and v(t)/C
q(t) and v(t)/C

o

NI IR

I
—
PR
|
-t

2- 2]

» m=0.5<1:
the information signal a,(z) is contained in the envelope e(z)
» m=1.2> 1: (right picture)
overmodulation: the baseband signal ¢(¢) = (1 +1.2a,(¢))
is no longer equal to e(z)
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Frequency Modulation (FM)

a(t) ——= VvCO +H——= v(t)
FM signal
(fdev ’fc)

» With FM modulation, the transmitted signal
v(t) = V2P cos(2rf.t+ 6(1))

IS generated by a voltage controlled oscillator (VCQO)
» The information carrying signal a(z) is related to the phase 6(¢) by

1 do(r)
2w dt = Jaev-alt)
» The signal a(r) hence modulates the instantaneous frequency
B 1 do(r)
Jins(t) =Jc + T di = fe +Jaevalt)

» FM modulation is a non-linear operation, hard to analyze
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Example 3.13: FM stereo

A possible block-diagram of conventional analog FM stereo is shown below.

Frequency Frequency
x (t > .
r( ) modulator Channel demodulator
cos(2 n2f1t)
Frequency
doubling .
. £(t) Extract > xz(t)
» X,(t) and A
X, (1 > X,(1)
Acos(2 nf1t)

x¢(t) and z.(t) denotes the left and the right audio-channel, respectively, and they are

both bandlimited to 15 [kHz]. The frequency fi = 19 [kHz] (often referred to as a
so-called pilot-tone).

1Z(f)
Pilot DSB modulated
o difference signal
/ : > f [kHz]
1519 23 38 53
Left+right signal

(mono-signal)
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Digital Information Transmission

» In Chapter 2 the signal alternatives s,(¢) could have arbitrary
shape within the signaling interval 0 <t < T

» The bandpass signal for digital modulation then has the form

x(t) = x1(t) cos(2mfet) — xo(t) sin(27f, t)

= ( i Sm[n],z(t—nTs)> cos(27fc1)

Nn——oo

- ( i Sm[n},Q(t_”Ts)> sin(27f t)

N—=—oo

» In case of M-ary QAM we have

x7(t) = i A 8t —nTs) , xo(t) = i B g(t —nTy)

n——oo Nn——oo

» Also M-ary FSK signals have bandpass characteristics
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A simple Matlab example
How does a QPSK signal look like? Here is an example:

xy(t) cos(2m f.t)

1

0 l

-1 -

0 0.5 1 15 2 25 3 3.5 4 4.5 5
xqg(t) sin(27 f.t)

1+

0

1 i

o os 1 15 2 25 3 85 4 45 5
z(t) = x1(t) cos(2m fo.t) — xg(t) sin(27 f. t)

1 | | I |

or |

J l
0 05 1I 15 > 25 3 3.5 . 45 5

t/T,
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And how it was done:

1 % Example: QPSK signal s
2
cl= t=0:0.01:5;
4 - fc=4;
5 - pRec=ones(1, (length(t)-1)/5);
6 - sI=zeros(1l,length(t)); sO=zeros(1,length(t));
7
8 - dataI=[1 -1 1 -1 1];
9 - indPulse=1:(length(t)-1)/5;
10 - for i=1:1length(datall.,
11 - sI{indPulse)=datal(i)+pRec;
12 - indPulse=indPulse+length({indPulse);
il= end;
14
1l7= dataQ=[-1 -1 1 1 -1];
16 - indPulse=1:(length(t)-1)/5;
17 - for i=1:length(dataQ),
18 - sQ{indPulse)=dataQ(i)+pRec;
19 - indPulse=indPulse+Llength(indPulse);
20 - end;
21
22 - sCarI=cos(2*pixt*fc); sCarQ=sin(2xpixtxfc);
23
24 - figure(1);
25 - subplot(3,1,1); plot(t,sI.=sCarl);
26 - set(gca,'YLim', [-1.5 1.5]1); xlabel('fT_s');
27
28 - subplot(3,1,2); plot(t,sQ.xsCarQ);
20 - set(gca,'YLim', [-1.5 1.5]1); xlabel('fT_s");
30
31 - subplot(3,1,3); plot(t,sI.*sCarl - sQ.*sCarQ);
32 - set{gca,'YLim', [-1.5 1.5]); xlabel('fT_s');
33
34
|5cript Ln 32 Col 30
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Example 3.5: offset QPSK

Below, two information carrying baseband signals xr(t) and s(t) are first generated.
Binary antipodal signaling with a rectangular pulse shape is used for both xi(t) and
s(t). The signal xq(t) is a delayed version of s(t), xq(t) = s(t — Tp).

cos(m Ct)
b,[i] X_(1) /L
2t | 1 I >
b Serial " (54t} £=0 \><J
—» to X(t)
parallel - 1 s(t) [ Delay |*q(
b1 [i] > {540 £=0 - T,
s,(t) =-s,(1) -sin( o, t)
A
> t
T S=2Tb

The information bit rate (in b) is Ry = 1/T,. Hence, the signaling rate in the quadra-
ture components is Rs = Ry /2.

QPSK signal with delayed transmission of x,(7)
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Example 3.5: offset QPSK

X1

1 1 0 0 1
A XQ(®)
t
A | | | | | | | | ST <t<8T, T, <t<3T,
2T 6T}, 10T}, -1 >e 8T
VAR
' A X1 )
XQ (t) : | 1
1 0 1 1 1 t<Q &<-|-=6 O<t<T}
A —]
I I I I I I ¢ 4Tb<t<5Tb 3TH<t<4Ty
-A
2Th 6Ty 8Th 10T}

» Special feature:
x7(t) and xp(¢) can never change at the same time

» it follows that the envelope does not pass the origin, i.e., e(t) > 0

» the variation of instantaneous power P(¢) = ¢*(t) /2 is small,
which allows more efficient power amplifiers
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Example 3.6: constant envelope signaling

Change pulse shape: The squared envelope becomes
half cycle sinusoidal g,
instead of g (7) e* (1) = x7 (1) +xp(1)
| = A? sin®(7t/(2T})) +A? cos®(mt/ (2T))
< os| m =A? = constant envelope e(r) = A
0 > o 10 12
—0.5*E XQ(t)
1 t=2T}, ,6Tb B8TH,10Ty
/
- e
= 05- t
R XI(t)
0: | | | | | | / \
e e e t=5Ty,, 7Ty, t=Ty, .3Tp. 9T
C \t=0,4Tb

Continuous phase modulation (CPM) is used in GSM

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 8




Example 3.7: GSM

N*W [MHZz] N*W [MHz]

890-915 [MHz] 935-960 [MHZz]

Uplink Downlink
Mobile

FEach sub-band of W [Hz] carries information from X users, which are time-multiplexed
using X time-slots. The total number of speech-channels (or data-channels) in the
uplink (and in the downlink) is N - X.

A specific user is allocated one of the N sub-bands, and one of the X time-slots. A
time-slot has duration 576.92 [us], and 148 binary symbols are transmitted within this
time, see the figure below.

Start Coded bits Flag Training sequence Flag Coded bits Stop ISI
3 57 1 26 1 57 3 margin
2 148 .
. 30.46 s
+—>
2 576.92 is >
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From 2G to 4G

» GSM: (Global System for Mobile Communications)
based on combined time-division multiple access (TDMA) and
frequency division multiple access (FDMA)

» UMTS: (Universal Mobile Telecommunications Service)
based on wideband code division multiple access (W-CDMA)
each user has an individual code, no TDMA or FDMA

» LTE (advanced): (Long Term Evolution)
orthogonal frequency-division multiple access (OFDMA)

Multiple access:
refers to how different active users are separated
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Channel Noise

» In almost all applications the received signal r(¢) is disturbed by
some additive noise N(7):

r(t) =z(t) +N(z)

N(t)/

» Since the received noise disturbs that transmitted signal, we
need to characterize its influence on the performance
In terms of bit error rate or achievable information bit rate
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White Gaussian Noise

» White Gaussian noise w(¢) is a common model for background
noise, such as created by electronic equipment

» The samples of w(z) have a zero-mean Gaussian distribution
» Any two distinct samples of w(¢) are uncorrelated

() = E{w(t+ 1) w(f)} = % (7)

» This leads to a constant power spectral density

Rw(f):/ rw(T)e_JZﬂdeTZTO , —oo<f<oo
Ry, ()
Ny /2
f [Hz]
0

All frequencies are disturbed equally strongly
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Filtered Gaussian Noise

» In reality we usually deal with filtered noise of limited bandwidth,

so-called colored noise
» Assuming that white Gaussian noise w(¢) passes a filter v(z) we

obtain colored noise ¢(t) with power spectral density

Re(f) = Ru(H) V(D = "2 V()P

» For an ideal bandpass filter v(¢) with bandwidth W the spectrum
is shown below:

w(t) —» v(t) ——> c(t)

| » f[HZz]
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Filtered Gaussian Noise

» Since R(f) is constant within the bandwidth W, such a process
c(t) is usually referred to as "white" bandpass process

» Let the noise process c(t) be sampled at some time ¢ = 3. Then
the sample value c(7y) is @ Gaussian random variable with

1 _
PO= e

with mean m = 0 and variance 6> = Ny/2 E, = NgW = P,

c—m)? /26>

Example: matched filter output (recall Chapter 4)
The additive noise N is sampled from a filtered noise process

N(t) —> v(t) =z (T 1)z (T —?L» N

t=(n+1)T S

2 =No/2-E, = Ny/2 /OTS (Z1(t) —Z()(t))2 dt
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Linear-Filter Channels

» The channel is often modeled as time-invariant filter with noise

----------------------------------------------------------------------------------

» h(t) is the channel impulse response and w(¢) the additive noise
» The received signal becomes

F(t) = x(£) 5 h(1) + w(t) = / h(7)x(1 — ) dT+w(i)
» The simplest case is an attenuated noisy channel:

ht)=ad(t) =r(t)=as(t)+w(r)
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N-ray Channel Model

» In many applications (wired and wireless) the transmitted signal
x(t) reaches the receiver along several different paths
» Such multi-path propagation motivates the N-ray channel model

OCNS(t'TN)

%) ) (t‘TZ )

x(t) o6 (t-1q) ) z(t)

» The output signal becomes

N
- Zl 0 x (1 — ;) = x(1) * h(r)

» The impulse response h(¢) and its Fourier transform are given by

:iaiS(t—Ti) , H(f)
i=1
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Example 3.19: multipath propagation

—»@—» Delay 2 us
z, (1) - zo(t)
Delay 1 us *\ A

0.01A

s, (1) v z. (1) _
<1)r —»é() :@—» <1)r 3 > tlus]

So(t) Z,(t) ~0.01A -

A, 0<t<107
Sl(t) - _So(t) - { 0 otgerw_ise

o =0.01,0 = —0.01, 03 = 0.01

» The channel (= filter) increases the length of the signals

» Signals exceed their time interval and will overlap if 7y is not
increased accordingly = inter-symbol interference (1Sl)
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Example 3.20

EXAMPLE 3.20
Calculate and sketch |H(f)|* for the 2-ray channel model.

Solution:
From (8.128) we obtain,

H(f) — ale—ﬂﬂfﬁ _|_a2e—j27ff’F2:

—j2m fry (al +a2€—j2ﬂf(72—71))

= e
HDP = (o1 +aze 2 (o 4 apet2m/ 02 =

_ a% + ag + a1 (ej27rf(72—7'1) +e—j2ﬁf(72—T1)> —

= a% —i—oz% + 2010 COS<27Tf(T2 —7'1))

IH(f)I2

I I f [Hz]
1 2

TZ- Tl 12‘ Tl

Channel fading: some frequencies are attenuated strongly

Michael Lentmaier, Fall 2018 Digital Communications: Lecture 9




Features of Multipath Channels

Challenges:
» the receiver needs to know the channel
» training sequences need be transmitted for channel estimation
» the impulse response can change over time
» the line-of-sight (LOS) component is sometimes not received

Opportunities:
» with multiple paths we can collect more signal energy
» receiver can work without direct LOS component

» channel knowledge, once we have it, can give useful information:
Examples: distance, angle of arrival, speed (Doppler)

» positioning/navigation is often based on channel estimation

If you want to know more:
EITN85: Wireless Communication Channels, VT 1
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Receiver for linear filter channel model

» For a simple channel with a direct transmission path only

h(t) =ao(t) = zi(t) = asy(r)

» In case of multipath propagation the channel filter can change
the shape and duration of the signals z,(7)

» It can be shown that the matched filter of the overall system can
be replaced with a cascade of two separate matched filters

Zf(Ts _t) ~ h(Th _t) ) SE(Tmax_t) ) Ts — Tmax"'Th

» The channel matching filter k(T —t) simplifies the
implementation of the receiver
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ML receiver with channel matching filter

|
| RECEIVER
i Ey2
|
: so(Tmax-t) — (i-I-L/ Solnl
|

N@p ! E1/2
| $1(Tmax)  — § é 51 (o] SELECT
|

—=1 h(t) (+) r® : h(Ty-t) ' LARGEST
Smin] (t-nTg)  Zm[n] (t-nTg) i -EM-1/2

: {L EM-1 [n]
. spp.q (Tmax -0 [ § o
: t=(n+1)Ty
|
i SYNCHRONIZATION 4/[\
|
|
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Example: three-ray channel
» Consider a channel with three signal paths
h(t) =01 0(t—1)+ 0 é(t—n)+ 03 0(t—13)

» Assuming 7; < & < 73 We have Tj, = 3
» The channel matching filter becomes

W(Ty—1) = (T3 — 1)
—i )+ md(i—(—1))+0d(t—(13—11))

RAKE receiver structure: %y
<: :> Delay
13-171
O
> 058(t-15) Delay
37T
> OC28(t'T2) N(t) (XS
- To matched
Smin](t-nTs) ——> o 8(t-7,) 0 *é() =\—D—' filters
Three-ray channel Channel matching

filter h(T ,-t)
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Recall: receiver for M-ary signaling

» Consider the general receiver structure from Chapter 4:

———————————————————————————————————

| RECEIVER :
: 20 El2 |
| Ao 3 |
O a0 |
| ne L B2 |
No J\ T fk |

J\ | ® [ ® &1 B
. b o! ) SELECT |
2 (H— ; ; LARGEST |
M-1 | ; '
1720} | Zap.1 © : -EM-1/2 :
: T, KN :
| f( " \D&M-l !
| 0 '

—_—— e a1

» Decision variables are computed by correlators or matched filters
» Each possible signal alternative is recreated in the receiver
» Question: can we apply this to bandpass signals? Yes!

But: recreating signals at large frequencies f. is a challenge
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Example: QAM Signaling

» Recall the simplified receiver considered in Example 4.4:

rt) ——

Select

-sin( wct) a(t) A MAX — Decision
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Transmission of bandpass signals

» Recall from last lecture:

cos(2rnf.t)
X Q9]
Original Digital
information ——= signal X0
(digital or analog) processor | X(y (1) /

_sin(27dt)

» A general bandpass signal can always be written as
x(t) =x1(t) cos(2mfet) — xp(t) sin(2wfet), —oo<t< oo

» x7(t): inphase component xo(t): quadrature component
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QPSK Example

x(t) cos(27 f. 1)

1

0 l

1+

0 0.5 1 15 2 25 3 3.5 4 4.5 5
xqg(t) sin(27 f.t)

1+

0

p |

0 05 1I 1o > 25 3 35 . 25 5
x(t) = x1(t) cos(2m fot) —xg(t) sin(2w f. t)

1 | | I |

ot |

il l
0 05 1I 15 > 25 3 3.5 . 45 5

t/T,
What are x;(¢) and x¢(t) in this case?
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Receivers for bandpass signhals

» Our goal: reproduce components x;(¢) and xy(¢) at the receiver
» In the transmitted bandpass signal x(r) these components were
shifted to the carrier frequency f.

X)) I
[\ T AT
- fe 0 fe

» ldea: shifting the signal back to the baseband by multiplying with
the carrier waveform again (see Ex. 2.19 and Problem 3.9)

» A lowpass filter Hpp(f) is then applied in the baseband to remove
undesired other signals or copies from the carrier multiplication

H, ()]
A
1

> f[Hz]
-WIp WIp
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Homodyne receiver frontend

Acos(u)t+¢e”(n)

r(t)

Hpp(®)

-Asin( ® t+q) (1)

err

» Receiver is not synchronized to transmitter: phase errors ¢, (t)
» Assume first r(t ) —xl(t) cos(2mf.t) (xp(t) =0 and no noise)

[xl cos(2nf.t)-Acos(2rf.t+ ¢er,,(t))}LP

[x COS ¢err( ))—I—COS(27T2fCt—|— ¢err(t)))]LP
x_<>
2

A cos(Perr(1))

» Likewise xy(t
ug(t) o)

t) = _TA Sin( @er (1))
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The impact of phase errors

» Assuming r(t) = x;(¢) cos(2xf.t) we have found that

(1) =" A cos(@un(0)) . gle) =~ A sin(9ur (1)

» Ideal case: ¢.,(1) =0
l/t[(t) :X](I)/Z-A and uQ(t) =0
= the inphase branch is independent of the quadrature branch
» Phase errors: ¢,,.(t) #0

ur(t) <xi(t)/2-A and up(t) #0 (crosstalk)

» If ¢.,(¢) changes randomly (jitter) the average u; () can vanish

» Ignoring the effect of phase errors can lead to bad performance

Question: what can we then do about phase errors?
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Coherent receivers

» Assume now that we can estimate @, (¢)
» The signal x;(¢) is contained in both u,;(¢) and ug(t)

() =0 A cos(0r (1) . uglt) = 2 A sin(0ur (1)

» Coherent reception:
by combining both components the signal can be recovered by

11 (1) = ur (1) - 08 (Gerr (1)) — ug(1)-sin(Gerr (1))

= 51 4 cos? (g (1) + 1 A sin? (90 (1) = 12

2
» Observe: same result as in the ideal case ¢.,(1) =0

can be used if phase estimation is not possible
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Overall transmission model

cos(@ct) Acos(@ct+Derr (1))
w(D+yq(D+..+yN(D
X (©
\>/ HLp() —= up(®)
Original Signal x(t) z(t) r(t) v(t)
. —= —= H(f) L+ Hpp()
information | processor|x Q(t) ~
% HLp() —= ugp®
-sin( ) -Asin( @ct+ Oerr (1))
| | | |
: Transmitter side : Channel : Homodyne reception :

» The signal y(¢) is given by
y(t) = z(t) +w(t) = x(t) * h(t) +w(z)
» |t can be written as

y(1) = yi(t) cos(2mfet) — yo(t) sin(27fe 1)

Can we express u;(t) and up(¢) in terms of x;(¢) and xp(¢)?
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Inphase and quadrature relationship

» With the complete signal r(z) entering the receiver the output
signals become

u(t) = [)’(f)A cos (27f.t + ‘Perr(t))}LP c0s@rr ()AL
y12( ) A co8(@err(1)) 10 é © e
N
+ szﬁA Sin(@err (1)) ¥

sin(§op(t)A/2

ug (1) = [ Y(O) A sin2rfet+ (1)) ], p
o(?) ,

T 0S(Perr(2))

_ @A sin (@, (1))

YQ ®

-0 O~

cos(@opr (1))A/2
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Including the channel filter

» Before we can relate y(t) = z(#) + w(¢) to x(¢) we need to consider
the effect of the channel

z(t) = x(t) = h(t) x(t) ——= h(t) ———= z(t)

» We assume that the impulse response h(z) can be represented
as a bandpass signal

h(t) = hy(t) cos(2mf.t) —ho(t) sin(27f. )

» With some calculations the signals can be written as (p. 159-160)

X (1) %hl(t) ey z1(®

(x1(2) * hy(t) =xg(t) * ho(t))

(X](Z) >I< hQ(l)+XQ(t) * h](l))

z(t) =

1
5 hqo®

O = DN —

zo(1) =

1
B hQ ®

XQ(t) % hy(© (+) ZQ(t)
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Equivalent baseband model

» Combining the channel with the receiver frontend we obtain
wi(®)  cos@ep (D)A/2

hy(® +/\ZI“)\/LYI“) PL\ (+)
— + + X + uy(t)
N \_/ I

2

x1(®)

hQ (t) —
2

sin( Qo {t))A/2

ho(®) {
z ®
h1® ()
t — X + ()
xQ (0) = 00 + Yo \?/ S\

wWQ(®  cos@er (1))A/2

» Observe that all the involved signals are in the baseband
» The same is true for channel filter, noise and phase error

Digital signal processing can be applied easily in baseband
What happened with the carrier waveforms?
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Overall transmission model

cos(@ct) Acos(@ct+Perr (1))
w(t)+y1(O+...+yN(D

xp (O
Original Signal x(t) z(t) )L r(t) v(t)

——=] —= H(f) L+ Hpp(f)

information | processor xQ(t)

HLp() —= up(®

HLp() —= ugp®

- (-

—sin( (Dd) 'ASin( Oct+ ¢err (t))

: Transmitter side ! Channel : Homodyne reception !

» The signal y(¢) is given by
(1) = z(1) +w(t) = x(t) * h(1) +w(z)
» |t can be written as
y(t) = yi(t) cos(2mfe t) — yo(t) sin(27fe 1)

Can we express u;(t) and up(¢) in terms of x;(¢) and xp(¢)?
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Inphase and quadrature relationship

» With the complete signal r(z) entering the receiver the output
signals become

ur(t) =[y(1) A cos 2xfet+ @err(2)) |,

cos(@opr (1)A/2
y’z()Acos(%,,,( 1)) 7 é (D w0
(%)
+220 4 Sin( g0 (1) ¢

$in( 0y (1)A/2

up(r) = —y(r)A s1n(277:fct+¢err(f))]Lp
= Y2 4 co5(gen (1)

2 cos(@opr (1))A/2

_ yIT(t)A $in (@ (7))

YQ (®) O UQ(t)

- O~
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Including the channel filter

» Before we can relate y(t) = z(#) + w(¢) to x(¢) we need to consider
the effect of the channel

z(t) = x(t) = h(t) x(t) ——= h(t) ———= z(t)

» We assume that the impulse response h(z) can be represented
as a bandpass signal

h(t) = hy(t) cos(2mf.t) —ho(t) sin(27f. )

» With some calculations the signals can be written as (p. 159-160)

X (1) %hl(t) ey z1(®

(x1(2) * hy(t) =xg(t) * ho(t))

(X](Z) >I< hQ(l)+XQ(t) * h](l))

z(t) =

1
5 hqo®

O = DN —

zo(1) =

1
B hQ ®

XQ(t) % hy(© (+) ZQ(t)
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Equivalent baseband model

» Combining the channel with the receiver frontend we obtain
wi(®)  cos@ep (D)A/2

hy(® +/\ZI“)\/LYI“) PL\ (+)
— + + X + uy(t)
N \_/ I

2

x1(®)

hQ (t) —
2

sin( Qo {t))A/2

ho(®) {
z ®
h1® ()
t — X + ()
xQ (0) = 00 + Yo \?/ S\

wWQ(®  cos@er (1))A/2

» Observe that all the involved signals are in the baseband
» The same is true for channel filter, noise and phase error

Digital signal processing can be applied easily in baseband
What happened with the carrier waveforms?
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A compact description

» A more compact description is possible by combining x;(¢) and
xo(t) to an equivalent baseband signal

%(1) = x1(1) +jxo(1)
» The transmitted signal can then be described as

x(1) = Re { (x;(2) +jxo(1)) e+j2”fct} = Re {X(1) e+j2”f"t}

X(F)1° w
[\ T AT
- fe 0 fe

» With Re{a} = (a+a")/2 we can write

(1 | 5 (y |
x(t) = )% e ti2mfet o xz( ) o I2mfet
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A compact description

» Let us first ignore the effect of the channel: w(r) =0, h(t) = 6(¢)
» The receiver can invert the frequency shift operation by

a(t) = [x(t) Aeinf r+¢err(r>>} .

» Using the expression for x(¢) from the previous slide we get

i(t) = [i‘ (x(t)e T2t 5 (1) e 2Rt -e—f(“fcf*%"’(f))]
2 LP
(s |
50 ) 0 gl

» Observe that this expression is equivalent to our earlier result

1) = (242 4 cos(0u (1) +*2 A sin(o.(0)

5 (9% cos(0u 1) — 2 A sin( 0, 0)
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Compact equivalent baseband model

» The effect of the channel filter becomes

l

(1)

2(r) = 2(1) +izo(t) =X(1) x —~

» Combining these parts and the noise we obtain the simple model

W e ferr®
%) —= HO %&%@L@% o

, W(t) =wi(t) +jwo(t)

i(t) = K~(r) * @) +v~v(t)] Lo Perr(1)

» Complex signal notation simplifies expressions significantly

B | >
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The two equivalent baseband models

wi(®)  cos@er(D)A/2

x1(t)

wo ® cos(@ o (1)A/2

% (t) é e'.] q)err(t)

2
X(t) h(o & % u(t)

2
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M-ary QAM signaling

» Considering M-ary QAM signals we get

5(0)= Y, Aupglt—nT) . xo()= Y. Busli—nTy)

Nn—-—oo Nn—-—oo

» Let us now introduce

Am [n] — Am[n] +ij[n]

» Then our complex baseband signal x(¢) can be written as

oo

~

(1) =x(¢) +j XQ(t) = Z Am[n] g(t—nTy)

» Example: (on the board)

Consider 4-QAM transmisgion ofb=10111001
Determine Apfn]s Bl and Al

How can we design the receiver for QAM signals?
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Matched filter receiver

» At the receiver we see the complex baseband signal #(7)

o (t) é C_‘] q)err(t)

2
(1) —= 5(70 & % i)

» |f we know the channel we can design a matched filter for

Z(1) = x(t) * @ = 9it)=7(Ty—1)

» It is often convenient to match ¥(¢) to the pulse g(¢) instead
i) =g (Tsy—1) = 5["] = [ﬁ(t) x g (T, _t)]t:(nH)Ts

(o e ———————————— —— —— —— — ——— —

i Receiver |

= I

a(t) | &l T |
o] e e

| t=(n+ 1T, |

I
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Decision rule

» Consider now A(t) = 8(¢) and w(t) =0
» The ideal values of the decision variable are then given by

Zém[n] — ﬁ(t) * g*(TS_t)} t=(n+1)Ty

= | (Appg(t—nTy)-e” ¢’e”(t)-é> . g*(Ts—t)]
_ 2 t=(n+1)Ty

:Am[n]e_jq)err(t) . é [g(t_ l’lTS) * g*(TS — t)i|

2 t=(n+1)T;

> Due to noise w(t) # 0 and non-ideal channel /() the decision
variables at the receiver will differ from these ideal values

» The Euclidean distance receiver will base its decision on the
ideal value &, which is closest to the received value gli]
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Example: 4-PSK

» Assuming ¢.,-(t) = 0 we obtain the ideal decision variables

- . A . A
b Im{g}

A X ;7

. 7 X ideal &
= Nl - - o received f

/// \\\ Re{ﬁ} o

v N - - - decision boundary

// X \\

» Based on the received value &[n] we decide for
mln] . Ay = (14)-0)
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Example: 4-PSK with phase offset

» Consider now a constant phase offset of ¢.,,(¢) = @.rr = 25°
> As a result the values &, and &[n] are rotated accordingly

} Im{¢}
N /7
. X o7 L
S 7 X ideal &
X N /
N\ / ~
N - . received &
/ NS
O e Bl
K N e - - - decision boundary
// )( \\
/7 AN

How can we compensate for ¢,,,?
1. we can rotate the decision boundaries by the same amount
2. or we can rotate back &[n] by multiplying with ¢ /%
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Summary: M-ary QAM transmission

» We can describe the transmitted messages Am[n] and the
decision variables £[n] at the receiver as complex variables

» The effect of the noise #w(¢) and the channel filter A(r) on &[n] can
be described by the equivalent baseband model

» The transmitter and receiver frontends can be separated from
the (digital) baseband processing

» Assumptions:
- the pulse shape g(¢) satisfies the ISI-free condition
- the carrier frequency f, is much larger than the bandwidth of g(¢)

» Under these conditions the design of the baseband receiver and
its error probability analysis can be applied as in Chapter 4
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Intersymbol Interference (ISI)

» Consider transmission of a single M-ary PAM signal alternative

w(t) =0
s.(t) =A g(t) z.(t)=A .u(t) y(t) = A x(t)
j j r(t) Threshol A
—s! ni) () vy — S Tl e
t=TS
Channel Receiver

» In the noise-free case (w(z) = 0) the signal x(¢) can be written as

x(t) =u(t) * v(t) =g(t) * h(t) * v(r)

Example:
u(t) X(t)
a(t) 4 A
/\ > /I\ /\ > i
‘f \ T DN
u T
t S X
o T < >
g Tg+Th T, +T,

What happens if 7, = T, + T, > T;? = ISl occurs
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Intersymbol Interference (ISI)

» For R, =1/T, < 1/T, we can use the ML receiver from Chapter 4
» Question: can we use such a receiver for larger rates Ry > 1/T,7?
» Consider the following receiver structure (compare to last slide)

w(t)

t) = S A t-nT A/\ t 1
s(t) n:goo [n]g( g h() z(t) ) r(t) v(t) y(© \g € [i] Threshold L 1’/}1[1]

detector

t:to +LTS +1T S

Transmitter Channel Receiver

» Note that z(r) now is a superposition of overlapping pulses u(t)
» The signal y(¢) after the receiver filter v(z) is

¥ = Y Alnla(t—nTy) +welr) |

Nn——oo

where w.(¢) is a filtered Gaussian process
» The decision variable is obtained after sampling

i) =y(T+iTs), T =ty+LTs, where LT, > T,
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lllustration of ISl in the receiver

Ts

y(®) - = Ty=Ts
g[0] &1l §12] 3]
AN Individual pulses
e /\ b t
\\ O/// \\ //
Ty=T;
T
S . Ts
® u=5
e 3t £12] 2
Ts I I /I\I t
? Ty 2Tg 3Ty
EI01E[11E 218 (318 [4]
s ITslTslTsI..
/ Message term Ty=2Ts
2Ts st
////>< \\y// \\y// L \//\ // \y// /\/\
// // \/\/ 4 \ \\ /\ // :(
N N e t
\\ \\ // //\\ \\ />\ // //
\\ /y\ N / // \\v//
ISI
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Discrete time model for ISI

» According to our model the decision variable can be written as

Slil =y(T +iTy) Z A x(T +iTs—nTs) +we(T +iTy)

NI——o0

» Let us introduce the discrete sequences
x[i]) =x(T +iTs) , weli] =we(T +iTy)

» This leads to the following discrete-time model of our system

& [i] Threshold AL
detection

All] —= x[1] +

Z Aln]x[i — n] +wli] = Ali] * x[i] +w,[i]

Remark: the discrete-time impulse response x[i| represents
pulse shape g(¢), channel filter i(z), and receiver filter v(z)
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Example 6.1

The transmitted sequence of amplitudes Ali] is given as,

Ali]

I‘TM t oty
$+1 ll5l 89l

Calculate, and plot, the sequence of decision variables £[i] in Figure 6.2, for 0 < i < 8,
in the noiseless case (i.e. w(t) =0) if to = 0 and if the output pulse x(t) is:

1) L=I and x(t) as below. i) L=2 and x(t) as below.
x(t) x(t)
X0 X0
T T t T 1 t
0 T 2Ty Ts 2Tg 4Ts
s ) E = xoAl] i) El] = LA+ 1]+ x0A[]+ LAl 1]

S [i]

Cr Lt

‘XOTI 1156 8
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Intersymbol Interference (ISI)

» For R, =1/T, < 1/T, we can use the ML receiver from Chapter 4
» Question: can we use such a receiver for larger rates Ry > 1/T,7?
» Consider the following receiver structure (compare to last slide)

w(t)

t) = S A t-nT A/\ t 1
s(t) n:goo [n]g( g h() z(t) ) r(t) v(t) y(© \g € [i] Threshold L 1’/}1[1]

detector

t:to +LTS +1T S

Transmitter Channel Receiver

» Note that z(r) now is a superposition of overlapping pulses u(t)
» The signal y(¢) after the receiver filter v(z) is

¥ = Y Alnla(t—nTy) +welr) |

Nn——oo

where w.(¢) is a filtered Gaussian process
» The decision variable is obtained after sampling

i) =y(T+iTs), T =ty+LTs, where LT, > T,
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lllustration of ISl in the receiver

Ts

y(®) - = Ty=Ts
g[0] &1l §12] 3]
AN Individual pulses
e /\ b t
\\ O/// \\ //
Ty=T;
T
S . Ts
® u=5
e 3t £12] 2
Ts I I /I\I t
? Ty 2Tg 3Ty
EI01E[11E 218 (318 [4]
s ITslTslTsI..
/ Message term Ty=2Ts
2Ts st
////>< \\y// \\y// L \//\ // \y// /\/\
// // \/\/ 4 \ \\ /\ // :(
N N e t
\\ \\ // //\\ \\ />\ // //
\\ /y\ N / // \\v//
ISI
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Discrete time model for ISI

» According to our model the decision variable can be written as

Eli) =y(T +iTy) ZA x(T+iTy—nTy) +we(T +iTy)

N——o0

» Let us introduce the discrete sequences
x[i] =x(T+iTs), weli]| =w(T +iTy)

» This leads to the following discrete-time model of our system

welil
€ [i]
Alil =] xlil == (iion [ I
Z Aln n|+weli] = Ali] * x[i] + we|i]

Remark: the discrete-time impulse response x[i| represents
pulse shape g(¢), channel filter i(z), and receiver filter v(z)
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Example 6.1

The transmitted sequence of amplitudes Ali] is given as,

Ali]

I‘TM t oty
$+1 ll5l 89l

Calculate, and plot, the sequence of decision variables £[i] in Figure 6.2, for 0 < i < 8,
in the noiseless case (i.e. w(t) =0) if to = 0 and if the output pulse x(t) is:

1) L=I and x(t) as below. i) L=2 and x(t) as below.
x(t) x(t)
X0 X0
T T t T 1 t
0 T 2Ty Ts 2Tg 4Ts
s ) E = xoAl] i) El] = LA+ 1]+ x0A[]+ LAl 1]

S [i]

Cr Lt

‘XOTI 1156 8
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How much ISI can we tolerate?

» We can divide the decision variable £[i] into a desired term
(message) and an undesired term (interference plus noise)

E[i] = Ali]x[0] + :i Aln] x[i — n] +w¢[i]
—— N ~ v~
message IS noise

» The influence of ISI depends on its relative strength

Decision boundaries

| |

[ [

| ISI-free |

| noise-free |

l value l

| / Alilx(O] |

| | g :
' ¢ > &l
——pet— p¢— p4¢—

: Noise Worst Worst Noise :

| margin case: case: margin |

| - + |

: ISIWc ISIWC :

»

Noise margin
without ISI = D/2
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Worst case ISI

» The IS| term can be written as

ISI = i Aln]x|i—n| = i Ali — n] x[n|

n——oco Nn——oo

n#i n7#0

» Question: when does this term become largest?
» For symmetric M-ary PAM we have max |A[i]| =M — 1 and get
ISI . = max (ISI) = Z max (Ali —n|x[n]) = (M —1) Z | x[n] |

Nn——oo Nn——oo

n#0 n#0
» Similarly, the worst case minimal IS| becomes

ISI,. = min(ISI) = —(M — 1) i | x[n] |

n#0

Observe: the worst case ISI occurs for a information sequence
Ali] consisting of a particular pattern of +(M — 1) values
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Condition for ISl free reception
» Let us assume that x[i] satisfies the following condition:
q . B 1 )Xo ifi=20
xli| =x(T +iTy) =x 0] = {O i 0
» Then

N——o0

» Otherwise there always will exist some non-zero I1SI term
» For this reason we are interested in signals

x(t) =g(t) * h(z) * v(1)

for which the above condition is satisfied

Which parts of x(z) can we influence?
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Symbol rates for ISI free reception

» Suppose that the ISI free condition is satisfied for symbol rate R;
» Then it will be satisfied for rates

R*
Ry==4, (=123,

Example 6.6:

Consider the overall pulse shape x(t) below, and T = 4/7200.

Assume the bitrate 14400 [b/s] and 16-ary PAM signalin
receiver?
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Representation in frequency domain

» The discrete sequence x[i| can be obtained by sampling a
non-causal pulse x,.(¢) at times i T,

x[i] = xpe(iTg) ,  Where x,.(1) =x(T +1) ,

» The Fourier transform X' (v) of x|i| can then be expressed in
terms of the Fourier transform X,,.(f) of the signal x,,.(¢):

- : I < V—n
— —j2nvn _
X()= ¥ xlale L X ( - ) |
where
ch(f) — / xnc(t)e_jznft dt — G(f) H(f) V(f) e+j2ﬂf7-

Observe: the spectrum of the sampled sequence x[i] consists
of the periodically repeated spectrum of the continuous signal
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Nyquist condition in frequency domain
» Let us now formulate the ISI free condition in frequency domain:
x[i]=xp0[i] =X(v)=F{xli]}=x0 VvV
» Choosing v = f T this leads to the equivalent Nyquist condition

X(GT) ¢ 1

X0
R, Z ch(f_nRs):R_s , Ry=—

Nn——ox

> Let W, denote the baseband bandwidth of x,.(¢),
ch(f) — 07 V| > Wlp

» Then |SI always will be present if the symbol rate satisfies

Ry > 2Wy,
(non-overlapping spectrum cannot add up to a constant)

> If we have Ry, <2W,,:
ISI-free reception is possible if X,,.(f) has a proper shape
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Example 6.7

Assume that Xyc(f) is given below.

Xnc ()

f [Hz]
—4000 0 4000

a) Sketch the left hand side of (6.33), Y77 Xne(f—nRs), if Rs = 12000 symbols
per second.

b) Does ISI occur in the receiver?

What happens if R, = 80007?
And R, = 40007?
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Example 6.8

Assume that Xne(f) is,

Xnc(®)

f [Hz]
—4000 0 4000

A = LBQTS.
Show that there is no ISI if the symbol rate is Rs = 8000 [symbol/s/.

Solution:

o0
> Xpe(f-n8000)

n=—oo

A

T : T : : T : T : | f [Hz]
-16000 -8000 -4000 O 4000 8000 16000 24000

Since Z Xne(f —n8000) = xo/Rs, for all f, there is no ISI in the receiver.

n=-—oo
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Ideal Nyquist pulse

» The maximum possible signaling rate for ISI-free reception is

1 .
Ry =Rs = = 2W;, (Nyquist rate)

» With ideal Nyquist signaling, the bandwidth efficiency is

p yq “7[19 Rnyq/z ng [ pS/ Z]

» The ideal Nyquist pulse must have rectangular spectrum

X (f) = = Xne (1) = Xxo
0, else TRyt
Xnc () Xpc(t)
/R 1
fIH | [N
~Rpyq/2 Rnyq/2 (H7] N Y
a) b)
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Some comments on bandwidth

>

Remember: in Chapter 2 we have seen that sirictly band-limited
signals always have to be unlimited in time

In practice we have to find compromises, which was leading to
different definitions of bandwidth for time-limited signals

Pulse shape | Wiope | % power Woo Woo Woa9.9 Asymptotic
in Wiope decay

rec 2/T 90.3 1.70/T | 20.6/T | 204/T f=

tri 4/T 99.7 1.70/T | 2.60/T | 6.24/T =

hcs 3/T 99.5 1.56/T | 2.36/T | 5.48/T =

rC 4/T 99.95 1.90/T | 2.82/T | 3.46/T f°

Nyquist R 100 0.9Rs | 0.99R, | 0.999R; ideal

We can see that time-limited signals need at least about twice
the Nyquist bandwidth

For OFDM with many sub-carriers N this is negligible (why?)

For single-carrier systems, some close-to-Nyquist pulses
are typically used in practice
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Spectral Raised Cosine Pulses

» The spectral raised cosine pulse shape is defined by the

following spectrum
9 SP Xnc (D)

v
N e

T, 2T 2T T

W, p=(1+B) =

» The name refers to the way the shape is composed

(x0T 0<f| < 77
Xoelf) = § 25 [V eos (= =550 )| 5 <l < W
U 1> Wip
148

Ry
where W, = :(1+,B)7, 0<p<I1

2T;
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Spectral Raised Cosine Pulses

» The parameter 8, 0 < 8 < 1, is called the rolloff factor and can be
used to smoothly control the bandwidth efficiency

R,  RslogpM  2log,M 2k
Wy (1+B)R/2 1+  1+p

Psrec =

» In time domain the signal can be expressed as

sin(zt/Tg) cos(nPt/Ty)

Xne(t) = X : —oo0 <t < o0
ne(?) nt/T, 1 —(2Bt/Ty)?
Xnc(t) — B
it el
LY AR
| /\/K\\v \/\|\/\|\/| <1 t
5Ty 3Ty -Ts | Tg 2Tg 3Ts4Ts 5Ts 6Tg

» Larger rolloff factors B = faster amplitude decay of x,. ()
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Spectral Raised Cosine Pulses

Tpe(t)

| 15 =IO,O.ZI3,O.5,I1

0.2+ \

o%%\_
\/

-0.2

-0.4 | | | | | | | |
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Signaling with overlapping pulses: f =1

Aln] x(t — nT's)

/ \ \
0.5F \\ // /< \ T
— < / | AN P A P l.l\f LJ‘ 1 e °
7 1 2 3 4 5. 7 6 7/ 7
Ny Ny /
3N N\ N\
y(t)
1k
0.5 /Q\ /\/-S\ YT
0.5
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Signaling with overlapping pulses: 5 =0
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Spectral Root Raised Cosine Pulse

» When analyzing the Nyquist condition we have considered the
output signal of the receiver filter v(z), i.e.,

Xne(t) = g(1) * h(t) * v(t) =u(t) * v(t)

» The matched filter for our receiver structure with delay 7 = LT,
should be equal to
v(t) =u(LT;—1)

» As a consequence, we need to choose pulse shape g(¢) and
receiver filter v(¢) in such a way that

VNI = vXie(f) and |G H()| = VX5 (f)

in order to ensure a raised cosine spectrum for

Xue(f) = |GV H(F)? = [V(F)|* = X5(f)

» Hence v(¢) is a pulse with root-raised cosine spectrum
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Introduction to equalizers

» We have considered the receiver structure

w(t)

t) = 3 A t-nT )L t .
s(t) nzgoo [n]g(t-nT g h® z(t) © r(t) O y(t) \g & [il_| Threshold A il

detector

tzto +LTS +1T S

Transmitter Channel Receiver

» When ISI occurs this receiver is suboptimal and is no longer
equivalent to the ML rule (sequence estimation, Viterbi algorithm)
» Equalization:
instead of tolerating the I1SI in the above structure, an equalizer
can be used for removing (or reducing) the effect of IS
» Linear equalizer: zero-forcing, MMSE
can be implemented by linear filters, low complexity
» Decision feedback equalizer:
non-linear device with feedback, aims at subtracting the
estimated IS| from the signal
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Introduction to equalizers

| LINEAR |
e | EQUALIZER | A
Al i
| CHANNEL L | Alll | Threshold :
| wit) | | detector
|
|

|
|
: __________ [
o 2(t) | .
s = T Almg(nT) —af He A»é—ﬂ» N i S .
n=- © |

L ! t=T )+ T | DECISION-FEEDBACK EQUALIZER | .
_____________ | ~ | .
! i 1A L ]
N Adiel | Threshold | dfe
! ff detector |
|
! !
' Peolil [ |
: fb I
a) |_ __________________________ JI
Lo
, LINEAR !
| EQUALIZER | . A
_ L LAl | Threshold | Al
w [i] ' P I
c | | detector
__________ |
Al i —»éﬂ
i] —> X b .
| DECISION-FEEDBACK EQUALIZER : A
! ~ | ,
[ i A i
Ny Adgtell [Threshotd || diel!
| ff detector :
!
! !
| Pyl * |
| © |
b) e e J
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