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Sampling and reconstruction
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A/D and D/A

Signal Output
z(?) ’ ~y(@)

sampling RAM >| Processing ——>| Reconstruction

x(t)

To process a signal digitally, we need to first convert an
analog signal to a discrete one (Sampling)

Then we often need to convert it back to analog (Reconstruction)
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Xq(F)

: t
Signal *1) sampling

Key step is to understand what X(f) looks like in terms of X (F)
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Xd(F)
Signal %(t) - z(n)

—>| sampling |——

Key step is to understand what X(f) looks like in terms of X (F)

If sampling is to sparse, there is aliasing.
We find X(f) by the “folding technique”
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Example: Folding

Folding
Step 1: Identify F./2

e

Xq(F)

: t
Signal *1) sampling

F. = 4000 Hz

Xq(F)

: —
F./2 =2000 Hz F=5000 Hz
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X

: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F./2 X, (F)
Step 2: Fold at F./2

e .

| »
F./2 =2000 Hz F=5000 Hz

>
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: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F./2 X, (F)
Step 2: Fold at F./2
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Example: Folding

Folding

Step 1: Identify F./2
Step 2: Fold at F./2

e

Xq(F)

: t
Signal *1) sampling

F. = 4000 Hz

Xq(F)

>
O Hz
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X

: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F./2 X, (F)
Step 2: Fold at F./2

I
L1

| :
F./2 =2000 Hz F=5000 Hz

>
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X

: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F./2 X, (F)
Step 2: Fold at F./2

/

v /
/ /
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2 | >

| :
F./2 =2000 Hz F=5000 Hz
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: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F./2 X, (F)
Step 2: Fold at F./2

: —
F./2 =2000 Hz F=5000 Hz
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X

: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F./2 X, (F)
Step 2: Fold at F./2

: —
F./2 =2000 Hz F=5000 Hz
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X

: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F /2 X, (F) If this happens:
Step 2: Fold at F./2

: —
F./2 =2000 Hz F=5000 Hz
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X

: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F /2 X, (F) If this happens:
Step 2: Fold at F./2 Stop at O

: —
F./2 =2000 Hz F=5000 Hz
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X

: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F /2 X, (F) If this happens:
Step 2: Fold at F./2 Stop at O

Fold again

: —
F./2 =2000 Hz F=5000 Hz
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X

: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F /2 X, (F) If this happens:
Step 2: Fold at F./2 Stop at O

Fold again

: —
F./2 =2000 Hz F=5000 Hz
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X

: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F /2 X, (F) If this happens:
Step 2: Fold at F./2 Stop at O

Fold again

/ | N !

| :
F./2 =2000 Hz F=5000 Hz
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X

: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F /2 X, (F) If this happens:
Step 2: Fold at F./2 Stop at O

Fold again

/ \
N |

| :
F./2 =2000 Hz F=5000 Hz

>
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Example: Folding

Folding

Step 1: Identify F./2
Step 2: Fold at F./2

e

Xq(F)

: t
Signal *1) sampling

F. = 4000 Hz

X, (F) If this happens:
Stop at O
Fold again
Done

N
a |

: —
F./2 =2000 Hz F=5000 Hz
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X

: t
Signal *1) sampling

F. = 4000 Hz

Folding

Step 1: Identify F./2 X, (F)
Step 2: Fold at F./2
Step 3: Add

/ ' —
l
F./2 =2000 Hz F=5000 Hz




EITF75 Systems and Signals

Example: Folding

Folding

Step 1: Identify F./2
Step 2: Fold at F./2
Step 3: Add

e

Xq(F)

: t
Signal *1) sampling

F. = 4000 Hz

N

' —
l
F./2 =2000 Hz F=5000 Hz
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Example: Folding

Folding

Step 1: Identify F./2
Step 2: Fold at F./2
Step 3: Add

e

Xq(F)

: t
Signal *1) sampling

F. = 4000 Hz

AN

' >

| :
F./2 =2000 Hz F=5000 Hz




Folding
Step 1:
Step 2:
Step 3:
Step 4:
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Identify F./2
Fold at F./2
Add

repeat at lhs

Xq(F)

: t
Signal *1) sampling

F. = 4000 Hz

4N

| I
: —
F./2 =2000 Hz F=5000 Hz



Folding
Step 1:
Step 2:
Step 3:
Step 4:
Step 5:
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Identify F./2
Fold at F./2
Add

repeat at lhs
multiply with F,

Xq(F)

: t
Signal *1) sampling

F. = 4000 Hz

N

' >

| :
F./2 =2000 Hz F=5000 Hz



Folding
Step 1:
Step 2:
Step 3:
Step 4:
Step 5:
Step 6:

EITF75 Systems and Signals

Identify F./2
Fold at F./2
Add

repeat at lhs
multiply with F,
change F to f

Xq(F)
Signal %(%)

—

sampling

F. = 4000 Hz

N
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A/D and D/A

X(F)
Signal *{t) i)

—>| sampling |——

Key step is to under's'rand what X(f) looks like in terms of X (F)

Sampling Theorem (Shannon 1948)

If F;>2B, where B is the highest frequency of |Tf there is aliasing,
the analog signal, then the analog signal can be

. ! we cannot, in general,
recovered from its sampled version recover x(t) from x(n)
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Xq(F)
Signal %(t) z(n)

—>| sampling |——

Key step is to under's'rand what X(f) looks like in terms of X (F)

Sampling Theorem (Shannon 1948)
If no aliasing
(e.g., sampling
Theorem fulfilled)

If F,>2B, where B is the highest frequency of

the analog signal, then the analog signal can be
recovered from its sampled version
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Xq(F)

. x(t
Signal ()—> sampling Reconstruction




EITF75 Systems and Signals

Xq(F)

. x(t
Signal ()—> sampling Reconstruction

X(f) :FSXa(st)

k=0

No aliasing
z(t) = x(t)

Aliasing
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Xq(F)

. t r(n
Signal :C()_> sampling L)> Reconstruction |—— (1)

F1 Hz F2 Hz
Note: sampling and reconstruction frequencies can differ. see lecture 9

:FSXa(st)

No aliasing

z(t) = x(t)

Aliasing

= S N2 # ()
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LTI systems and z-transforms
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LTI systems
A system is LTI if-and-only if:

z(n)—{ system |—=>y(n)| |+ It is linear
e It is time-invariant

Linear system Time invariant system

z(n) = axi(n) + Bra(n) z(n) replaced by z(n — D)
— <

y(n) = ay1(n) + Bya(n) y(n) replaced by y(n — D)
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LTI systems

z(n)—| system [— y(n)

A system is LTI if-and-only if:

It is linear
It is time-invariant

Linear system

Time invariant system

z(n) = axi(n) + Bra(n)
—
y(n) = ayi(n) + By2(n)

x(n) replaced by z(n — D)
—
y(n) replaced by y(n — D)

An LTI system is fully characterized by
a difference equation

N

M
v(n)+ Zczk'yiﬂ—k} = Zbk:{:{ﬂ—k}
k=0

k=1
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LTI systems

z(n)—| system [— y(n)

A system is LTI if-and-only if:
It is linear
It is time-invariant

Assume that we turn on the circuit at n=0

System at rest if
y(—k)=0,1<EkE<N

Not at rest if (has initial conditions)
Jk, 1< k<N, :y(—k)#0

An LTI system is fully characterized by
a difference equation

N

y{ﬂj+z

k=1

M
ay(n—k)= Zbk:{:{ﬂ—k}
k=0
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LTI systems
A system is LTI if-and-only if:

z(n)—{ system |—=>y(n)| |+ It is linear
It is time-invariant

Assume that we turn on the circuit at n=0

System at rest if Not at rest if (has initial conditions)
y(=k)=0,1<k<N Ik, 1 <k <N, : y(—k) #0

An LTI system is fully characterized by
a difference equation Impulse response h(n)

N M Output if input is
v(n)+ Zilk}‘{ﬂ—k} = Zbk:{:{ﬂ—k} z(n)=06(n)=[100 ---]
k=0

k=1 and system at rest
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What is output for a given input
Found by z-transform
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z(n) —{ system |[— y(n)

What is output for a given input
Found by z-transform

defined as

The z-transform of h(n)is

h(n)

= i h(n)z~

TlI.IiI?

1

> z-transform

What is H(z)?

« A complex function of a
complex number

What is the z-transform?

8 q
« A map from sequences to = TR “r‘k\‘m\“
complex valued functions B i

;If' t\\‘\\‘ ;m"_t!

If we want to plot H(z), we need 2 plots, one for the real part, one for the imaginary

Z-transforms are not meant for “plotting and obtaining insights”
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An important example

Anti-causal step

h(n) = —u(-—n—1)

\

Different signals,
Same z-transform
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An important example

Anti-causal step

h(n) = —u(-—n—1)

\

Different signals,
Same z-transform
Different ROC
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Convention

If we are given an X(z), and assume that the

signal x(n) is causal, then we can be a bit sloppy
with the ROC

This is what we do in this (most) of this course

In other words. There are many x(n) for the
same X(z), and the ROC specifies the particular
one. However, there is only one that is causal.
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Illustration

Sequence Transform
x1(n)

x,(n)
x3(n)

X4(n)

x5(n)
Xe(n)

x7(n)

Assume a bunch of
different sequences
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Illustration

Sequence Transform
x1(n) > X4(2)

X2(n) > X,(2)

x3(n) > X4(2)

X4(n) » X(2)

X5(n) > XZ(Z)
X(N) . X,(2)
x7(n) _ X(2)

Assume a bunch of _
different sequences Compute their transforms
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Illustration

Sequence  _ _ _________ Transform

WJojsubdi 2Wog

Ignore others

Assume a bunch of _
different sequences Compute their transforms
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Illustration

Sequence _ ___________ Transform ________ROC ____

4

S 29 10NNVD sDO0d

Ignore others

Assume a bunch of _
different sequences Compute their transforms and ROCs
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Illustration

Transform

X
o
(Y
| 0
10O
1>
1 Z
1 Z
10
11—
o
®
7
o]
3
®

Causal

Exactly one of the ROCs corresponds to a causal signal
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Illustration

Transform

X
o
(Y
Im
10O
1>
1 Z
1 Z
10
11—
o
®
7
o]
3
®

Causa

Exactly one of the ROCs corresponds to a causal signal

So, if we know X;(z) and that we work with causal x(n),
we can establish x,(n) without knowing the ROC
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LTI systems

What is output for a given input

z(n)—| system Found by z-transform

N

M
F“’”JFZHJ:F{H—-‘E}: Zb;;x{ﬁ!—k}
k=1 k=0
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Analyzing a general difference equation (at rest)

Expression for general
difference equation

Step 2:
Solution for general P

difference equation (at rest) Change x(n-k) to z-k X(z)
N

Y(@)+) azY Zbkz_kx

k=1

Step 3:
- X(2) Express Y(z) as H(z)X(z)

bo+ bz '+ +byz™

l+az7t+---+ayzN
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Analyzing a general difference equation (at rest)

Expression for general
difference equation

N M
y(n)+ Z”k}‘{”—k} = Zbkxl[ﬂ—k}
k=1 k=0

Solution for general
difference equation (at rest)

Find the roots of the
denominator and nominator of

N

Y(z)+ Zakz Zbkz_kX

k=1

bo+biz7 '+ + by z™

- X(z)

l+ajz7t+--+ayzN
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Analyzing a general difference equation (at rest)

Expression for general
difference equation

N M
y(n)+ Z”k}‘{”—k} = Zbkxl[ﬂ—k}
k=1 k=0

Solution for general
difference equation (at rest)

Find the roots of the
denominator and nominator of

H(z)

N

Y(z)+ Zakz Zbkz_kX

k=1

bo+biz7 '+ + by z™

- X(z)

l+ajz7t+--+ayzN

H ( Z) If degree of numerator >= degree of
denominator. Perform polynomial division
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Analyzing a general difference equation (at rest)

Expression for general
difference equation

N M
y(n)+ Z”k}‘{”—k} = Zbkxl[ﬂ—k}
k=1 k=0

Solution for general
difference equation (at rest)

Find the roots of the
denominator and nominator of

H(z)

N

Y(z)+ Zakz Zbkz_kX

k=1

bo+biz7 '+ + by z™

- X(z)

l+ajz7t+--+ayzN

H(z)

Will turn up in the time-domain as a delay

(can be negative delay)
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Analyzing a general difference equation (at rest)

Assume

Expression for general

difference equation Some polynomial in z

Y(z) =

z=p1)(z—pn) z—a1) - (z—qr)

N M
y(n)+ Z:zk'y{n—k} = Zbkx'[”—k]'
k=1 k=0

N
Y(Z):Zl—z Zl—z

Assuming all poles are real and distinct —T k=

Qk

Assuming deg(num) < deg(denom)

Perform partial fraction expansion




EITF75 Systems and Signals

Analyzing a general difference equation (at rest)

Assume

Expression for general

difference equation Some polynomial in z

Yz) = z=p1)(z—pn) z—a1) - (z—qr)

N M
y(n)+ Z;zk'y{n—k} = Zbkx'[”—k]'
k=1 k=0

N
/7Y(Z):kzl—z Zl—z

Assuming all poles are real and distinct —T 1

Assuming deg(num) < deg(denom)

Invert
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Analyzing a general difference equation (at rest)

Expression for general
difference equation

..generates that

N

Ak (pr)"u(n)+ > Qr(qr)"u(n)
: k=1
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Analyzing a general difference equation (at rest)

Important: poles in H(z) and
in X(z) determines the output
Structure

“You can never get a term in
y(n) that doesn't exist in
either X(z) or H(z)"

Assume

Some polynomiglin z

~(z=p1)--(z—pN) (ﬁ

E_))"'(Z—QL)
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Analyzing a general difference equation (at rest)

Important: To get stable
output, all poles must be
inside the unit circle

Assume

Y(z) =

Some polynomiglin z

(z—pn---(z—pm'(q

E_))"'(Z—QL)
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A complex conjugated pair of poles

h(n) =" - sin(wn)u(n) h(n) = 1" - cos(wn)u(n)

rsin(w)z ™! 1 —rcos(w)z™?

H(z) =

~ 1-2rcos(w)z™! +r2z2

H(z) =

- 1-2rcos(w)z~t +r2z2
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A complex conjugated pair of poles

r" - sin(wn)u(n) h(n) =r" - cos(wn)u(n)

rsin(w)z ™! 1 —rcos(w)z™?

1 - Xﬁcos@)r1 +1r2z72

Polar coordinates: r is “length” and w is angle of the pole.
To get stable output: r<1 (poles inside the unit circle)

H(z) =

~ 1-2rcos(w)z™! +r2z2

H(z)

Example Quite messy to invert a mixture of the two above: Make sure
you know how to do that.

1—z1

' 1-1.27z-1+40.8122

Invert H(z)= z7!
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Systems not at rest
o0

Use the one-sided z-transform X+( ) — Z :E(n)z_n

n=0




EITF75 Systems and Signals

Systems not at rest
o0

Use the one-sided z-transform X+( ) — Z :E(n)z_n

n=0

End result: The solution at rest + contribution from initial conditions
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Systems not at rest
o0

Use the one-sided z-transform X+( ) — Z :E(n)z_n

n=0

End result: The solution at rest + contribution from initial conditions
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N

Use the one-sided z-transform X+( ) — Z :E(n)z_n
n=0

End result: The solution at rest + contribution from initial conditions

No(2) _ B(?) No(z)

Az~ A YA

k

N
No(z) = — Z apz "
k=1 n

y(—n)z"

N: highest power of z-! in A(z)




EITF75 Systems and Signals

Systems not at rest
o0

Use the one-sided z-transform X+( ) — Z :E(n)z_n

n=0

End result: The solution at rest + contribution from initial conditions

No(2) _ B(z)
A(z)

No(Z)

Y(2) = H(2)X(2) + X(z)+
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Fourier analysis. 4 cases

Periodic/aperiodic signal
Continuous/discrete signal




EITF75, Fourier transforms

NI W LIl Time signals shown, not Fourier transforms

Continuous and periodic Continuous and aperiodic

/ N

Discrete and aperiodic

4 N

Discrete spectra Continuous spectra



EITF75, Fourier transforms

4 different type of signals Aperiodic spectra

Continuous and periodic Continuous and aperiodic

/ N

Discrete and aperiodic

4 N

[ e

Periodic spectra



EITF75, Fourier transforms

4 different type of signals Aperiodic spectra

Continuous and periodic Continuous and aperiodic

/ N

Discrete and aperiodic

4 N

Transform of this is DTFT

[ e
I

| o

Periodic spectra
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o0

Z-transform X(z)= ) a(n)z"

n=—oo

DTFT - .
(discrete time X(f) — Z x(n) eXp(_Z27Tnf)
Fourier transform) n=—oo

= X(z|z = exp(i27f))

Important: DTFT is z-transform
evaluated at unit circle
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Pole-zero plot

N

Book makes a big deal out of this. But quite easy....
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Pole-zero plot DTFT is H(z) at
A unit circle

Recall




Pole-zero plot

4

N\

X

EITF75, DTFT

Value of H(z) here

DTFT is H(z) at

(f) here

unit circle

Recall

O |Is H
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Pole-zero plot DTFT is H(z) at
y unit circle

\ Wl 6 (M1 e

X

-h

O |Is H(f) here

N
o1
o
m L

Recall
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unit circle

DTFT is H(z) at

Pole-zero plot
N

O

aJ43y (2)H 40 2an|pA




Pole-zero plot

4

N\

X

EITF75, DTFT

How big is
H(z) here?

DTFT is H(z) at

unit circle

Recall
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Pole-zero plot DTFT is H(z) at
A unit circle

How big is

> H(z) here? O

We are at a zero

a2 E=z) (- 2m)
(z—p1)--(z—pnN)
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Pole-zero plot DTFT is H(z) at

A unit circle
How big is §
H(z) here?
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Pole-zero plot DTFT is H(z) at

A unit circle
How big is §
H(z) here? BIG

We are close to a pole

(z2=2z1)--(z=2m)

H(z) =
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Pole-zero plot DTFT is H(z) at
How big is

H(z) here?

unit circle




EITF75, DTFT

Pole-zero plot DTFT is H(z) at

ll::?:; :iegr ; unit circle
small

We are close to a zero

H(Z) _ (Z_Zl)”

(z=p1):--(z=pN)
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Pole-zero plot

N

-0.5 05

Non-zero everywhere else, since
no further zeros at unit circle




EITF75, DTRT "Ka-boom’

Pole-zero plot

N

Observe

Unstable




Final remark: X(f) is periodic
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DTFT Z-transform
For stable h(n) H(f)=H (e?‘%f)

For input  x(n) = exp(127fon)
We get the output y(n) = H(fo)exp(i2mfon)

Important: An LTI system cannot create frequencies
not present in the input signal
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For cos/sin

Inputs
x(n) = cos(2m fon)

x(n) = sin (27 fon)

Outputs (LTI system)

H(fo)|cos(27 fo + ©O(fo))

H(fo)| sin(27 fo + ©(fo))
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Assume oscillating input, but turned on at n=0

x(n) = cos(wgn) - u(n)

Steady state solution (i.e., y(n) at big n) is the same
as before. At small n, there is a transient behavior.

B(z) X(2)

~ A(2)
1 — cos(wg)z™
A(z) 1 —2cos(wg)z=! + 272

1
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Assume oscillating input, but turned on at n=0

x(n) = cos(wgn) - u(n)

Steady state solution (i.e., y(n) at big n) is the same
as before. At small n, there is a transient behavior.

B(z) X(2)

AR
B(z) 1 — cos(wg)z~!
A(z) 1 —2cos(wg)z=! + 272
X1+ ng_l
z=b 1 —2cos(wp)z=! + 272
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Assume oscillating input, but turned on at n=0

x(n) = cos(wgn) - u(n)

Steady state solution (i.e., y(n) at big n) is the same
as before. At small n, there is a transient behavior.

_B()
A(z)

1 — cos(wg)z™

A(z) 1 —2cos(wg)z=! + 22

X(2)

1

1 —2cos(wg)z=1 + 272

Transient (if all poles inside unit circle) Steady state (same as for infinite cos)
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Parseval's formula
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Some filter design
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Magnitude
response

FIASCO

‘ | ‘Frequepcy H]‘

-05 —-04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4 0.5

An attempt to cancel f=0.125
by using two zeros

h(n)={1 -2cos(wy) 1}
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Let us try
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Magnitude
response

\ | | TY | Freque\ncy [f] |

-05 —-04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4 0.5

Much better

NOTCH filter
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FIR filters with linear phase

Linear phase is desirable since it delays all frequencies equally much

Linear phase is defined as @(w) — Kw =+ 27/

Whenever there is a phase jump with 7T , this should be seen as a
magnitude response that is negative
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FIR filters with linear phase

Linear phase is desirable since it delays all frequencies equally much

Linear phase is defined as @(w) — Kw =+ 27/

Whenever there is a phase jump with 7T , this should be seen as a
magnitude response that is negative

h(n) = —h(N —n)  Anti-symmetry around n=(N-1)/2.

Three types of linear phase filters
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Example TYPE 1

hmy={1 2 3 2 1} H@=1+22"+322+2z7+77*
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Pole-Zero diagram for linear phase FIR filters

. . . -1
Linear phase <-> If z, is a zero, so is z,
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Pole-Zero diagram for linear phase FIR filters

. . . -1
Linear phase <-> If z, is a zero, so is z,
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Pole-Zero diagram for linear phase FIR filters

. . . -1
Linear phase <-> If z, is a zero, so is z,

A
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Pole-Zero diagram for linear phase FIR filters

. . . -1
Linear phase <-> If z, is a zero, so is z,

This is not a
real-valued h(n)
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Pole-Zero diagram for linear phase FIR filters

. . . -1
Linear phase <-> If z, is a zero, so is z,

O.-1

Z4

This is
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Pole-Zero diagram for linear phase FIR filters

. . . -1
Linear phase <-> If z, is a zero, so is z,

A

Zy

%

>
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LTI systems
A system is LTI if-and-only if:

z(n)—{ system |—=>y(n)| |+ It is linear
e It is time-invariant

Linear system Time invariant system

z(n) = axi(n) + Bra(n) z(n) replaced by z(n — D)
— <

y(n) = ay1(n) + Bya(n) y(n) replaced by y(n — D)
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Minimum phase filters

H()| = [H"(f)]

6
5
4t
3
2
1

05 04 03 02 -01 0 01 0.2 0.3 0.4 0.5

0.5 04 03 02 -01 0 0.1 0.2 0.3 0.4 0.5

05 -04 03 02 -01 ] 0.1 0.2 0.3 0.4 0.5
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Minimum phase filters

This is a general rule:

A filter with all zeros
inside the unit circle has
smaller phase.

Minimum phase filter
Maximum phase filter

o(f)

T T—

05 04 03 02 D1 0 0.1 0.2 0.3 0.4 0.5 05 -04 03 02 -01 ] 0.1 0.2 0.3 0.4 0.5
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LTI (e (e Super-important for trunction

This is a general rule: \ / \
A filter with all zeros
inside the unit circle has

smaller phase. T

T

Minimum phase filter
Maximum phase filter Min-phase = Max-phase  Mix-phase

Let h(k) be any filter with magnitude response |H ( f )|
Let (k) be the minimum phase filter with magnitude |H (f)|

Let Nmaxp(k) be the maximum phase filter with magnitude |H (f)|
K

Then Y |hup(k)> > Y |A(k)[? Then > |hmaxp(K)* < ) |R(k)]?
k=0

k=0 k=0 k=0
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Background and motivation for yet another transform

The DTFT is continuous -> Cannot be evaluated by a computer/DSP

Besides, the DTFT is It should be possible to Fourier
terribly inefficient represent x(n) by 6 numbers as well

These 6 numbers, are

in the frequency domain
T ? represened by
51 5 5 4 5 > 1 |a continuous curve !
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Background and motivation for yet another transform

The discrete Fourier Transform (DFT) in one sentence:
A Fourier version of x(n) with 6 numbers

Besides, the DTFT is It should be possible to Fourier
terribly inefficient represent x(n) by 6 numbers as well

These 6 numbers, are

in the frequency domain
T ? represened by
51 5 5 4 5 > 1 |a continuous curve !
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For a sequence x(n)of arbitrary length, the
N-point DFT is defined as

XDFT(k) ]271 " for k = O 1,...,N—1

and the i se transform (IDFT) as

N-

Xiprr(n)= — X(k)eﬂ“ " forn=0,1,...,N—-1

k=0

if the length of x(71) is N, then

xiprr(n) = x(n) and Xper(k) =X (f | f = k/N)
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e

The DTFT is periodic
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\’\\_Y;/‘/: R

We can represent it like this
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oTII:;l’”’ W

A 6-point DFT would compute the samples of the DTFT

This is sufficient to represent x(n)
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UMTH

A 6-point DFT would compute the samples of the DTFT

f=0.5

This is sufficient to represent x(n)

Important: The DFT size must be at least as long as
the signal, otherwise there is a loss (aliasing in time)
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v\-\/-/‘/vk

Assume a DTFT of a 6-tap signal
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NN

Sample it
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Sample it Compute the “other domain” representation
from samples. In this case, the time domain
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W

4 5

But if sample Compute the “other domain” representation
spacing is too small... from samples. In this case, the time domain
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«—>
f
>

But if sample There is aliasing
spacing is too small...
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«—>
f
>

But if sample There is aliasing
spacing is too small...

Periodically extended
o

!
Aliasing y(n) = Z x(n—mN) No aliasing y(n) = x(n)

m=—oo
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The time-aliasing only occurs if we are
not careful with the DFT size. If it is
equal or larger than the length of the

signal, there is no time-aliasing

«—>
f
>

But if sample There is aliasing
spacing is too small...

Periodically extended

(00

!
Aliasing y(n) = Z x(n—mN) No aliasing y(n) = x(n)

m=—0o0
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DFT defined as

N-1
Xprr(k) = Zx(n)e‘jzn'%'” fork=0,1,...,N—1

n=

Number of operations needed:
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DFT defined as

N-1
Xprr(k) = Zx(n)e‘jzn'%'” fork=0,1,...,N—1

n=

Number of operations needed:
N values Xprr(k) to be computed
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DFT defined as

N-1
Xppr(k) = Zx(n)e—izﬂ'%% fork=0,1,...

n=

Number of operations needed:

N values Xprr(k) to be computed

Each value requires N multiplications () - o—J2mkn/N
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DFT defined as

N-1
Xppr(k) = Zx(n)e—izﬂ'%% fork=0,1,...

n=

Number of operations needed:
N values Xprr(k) to be computed

Each value requires N multiplications () - o—J2mkn/N

Total complexity N2
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Test in Matlab

Gl |

500 1000 1500 2000 2500 3000 3500 4000 4500
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Test in Matlab

We see that for some
values of N, much less
time is needed

Gl |

500 1000 1500 2000 2500 3000 3500 4000 4500

N

-
w
[a)
-
=
o
-
Z
[~
(o}
Q
+—
b=
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£
o
(8
O
+—
Q
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+—
Q
=2}
c
|
Q
>
<
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Test in Matlab

2048 is 21!

2049 not power of 2

-
w
[a)
-
=
o
-
Z
[~
(o}
Q
+—
b=
[« R
£
o
(8
O
+—
Q
.g
+—
Q
=2}
c
|
Q
>
<

Let us zoom in

I

2475 2048 20485 2049

N

2048.5 2050

2050.5
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Test in Matlab

2048 is 21!

Significant speed-up
possible for N=2k

!

500 1000 1500 2000 2500 3000 3500 4000 4500

N
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(6uT441o 1) (X 1T T UL T TSI P A FFT not included in course, but good to know about
Test in Matlab

Fast Fourier transform (FFT)

If N=2k , then N log,(N) complexity to compute
N-1

Xppr(k)= ) x(njeF*N"  fork=0,1,...,N-1
n=0

Made possible by some algebraic manipulations and tricks.
Cooley and Tukey 1965

Method known to, and used by, Gauss in 1805
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(6uT441o 1) (X 1T T UL T TSI P A FFT not included in course, but good to know about
Test in Matlab

Fast Fourier transform (FFT)

If N=2k , then N log,(N) complexity to compute
N-1

Xppr(k)= ) x(njeF*N"  fork=0,1,...,N-1
n=0

Made possible by some algebraic manipulations and tricks.

The importance of the FFT cannot be underestimated. WIFI and 46,
etc could not been implemented without the FFT

For a computer,
1. It can avoid the continuous DTFT
2. It can compute the DFT extremely fast
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For DTFTs, we have

x(n)*y(n) < X(f)Y(f)

r(n) < X(f)  z(n—ng) < X(f)e 2m/no
Still true ? I.e.
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For DTFTs, we have

x(n)*y(n) < X(f)Y(f)

r(n) < X(f)  z(n—ng) < X(f)e 2m/no
Still true ? I.e.

Assume length N sequences
A\
r(n)*xy(n) < X(k)Y (k)
n

r(n) < X(f) z(n —ng) < X(k)e_i%k”o/N
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For DTFTs, we have

x(n)*y(n) < X(f)Y(f)

r(n) < X(f)  z(n—ng) < X(f)e 2m/no
Still true ? I.e.

Assume length N sequences. Follows that DFTs also length N

A\ i
2(n) x y(n) < X(k)Y(k)/

r(n) < X(f) z(n —ng) < X(k)e_i%k”o/N
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For DTFTs, we have

x(n)*y(n) < X(f)Y(f)

r(n) < X(f)  z(n—ng) < X(f)e 2m/no
Still true ? I.e.

Assume length N sequences. Follows that DFTs also length N
But this is length 2N-1

(z(n) x y(n)) X (k)Y (k)

r(n) < X(f) z(n —ng) < X(k)e_i%k”o/N
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For DTFTs, we have

x(n)*y(n) < X(f)Y(f)

r(n) < X(f)  z(n—ng) < X(f)e 2m/no
Still true ? I.e.

Assume length N sequences. Follows that DFTs also length N
But this is length 2N-1. So its DFT must be length 2N-1

B T

z(n) < X(f) r(n —ng) < X(k)e_iQWk”O/N
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For DTFTs, we have

x(n)*y(n) < X(f)Y(f)

r(n) < X(f)  z(n—ng) < X(f)e 2m/no
Still true ? I.e.

Assume length N sequences. Follows that DFTs also length N
But this is length 2N-1. So its DFT must be length 2N-1

Assume length N. Ex {1 2 3 4}

} .
z(n) < X(f) r(n —ng) < X(k)e_zQWk”O/N
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For DTFTs, we have

x(n)*y(n) < X(f)Y(f)

r(n) < X(f)  z(n—ng) < X(f)e 2m/no
Still true ? I.e.

Assume length N sequences. Follows that DFTs also length N
But this is length 2N-1. So its DFT must be length 2N-1

Assume length N. Ex {1 2 3 4}

l .
r(n) < %((f) z(n — ng) < X (k)e 2rkno/N

|
Also length N. Becomes {10 2+2i 2 2-2i}
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For DTFTs, we have

x(n)*y(n) < X(f)Y(f)

r(n) < X(f)  z(n—ng) ¢ X(f)e 2mImo
Still true ? I.e.

Assume length N sequences. Follows that DFTs also length N
But this is length 2N-1. So its DFT must be length 2N-1

Assume length N. Ex {1 2 3 4} Length N+n,. Ex {0 1 2 3 4}
-

l .
r(n) < %((f) z(n — ng) < X (k)e 2rkno/N

|
Also length N. Becomes {10 2+2i 2 2-2i}
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For DTFTs, we have

x(n)*y(n) < X(f)Y(f)

r(n) < X(f)  z(n—ng) ¢ X(f)e 2mImo
Still true ? I.e.

Assume length N sequences. Follows that DFTs also length N
But this is length 2N-1. So its DFT must be length 2N-1

Assume length N. Ex {1 2 3 4} Length N+n,. Ex {0 1 2 3 4}
-

xl(n) & %((f) r(n —ng) < X(/f)e_i%k”O/N
|

Also length N. Becomes {10 2+2i 2 2-2i} |S1'i|| length N

Makes no sense...
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For DTFTs, we have

x(n)*y(n) < X(f)Y(f)

z(n) < X(f)  x(n—ng) < X(f)e 2T/
Still true ? NO
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For DTFTs, we have
z(n) xy(n) < X(f)Y (f)
xr(n) < X(f) r(n —ng) < X (f)e 2mIno
For DFTs, we have
z1(n) ® x2(n) < X (k)Y (k)
x(n — ng modN) — X (k)et2mkno/N

—1
where z1(n) ® z2(n Z z1(k)z2(n — k modN)
k=0

Circular convolution
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Linear convolution computed via DFTs

Given: Two length N sequences, x(n), y(n)

Task: Compute their linear convolution by
using DFT and its inverse IDFT
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Linear convolution computed via DFTs

Given: Two length N sequences, x(n), y(n)

Task: Compute their linear convolution by
using DFT and its inverse IDFT

= ¥x=[1 2 3 4]:

> y=[2 2 1 1] This is the r'eSUH', But

*» yL=conv (X, ¥y)

- . not computed via DFT

& 11 17 13
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Linear convolution computed via DFTs

Given: Two length N sequences, x(n), y(n)

Task: Compute their linear convolution by
using DFT and its inverse IDFT

= ¥x=[1 2 3 4]:

> y=[2 2 1 1] This is the r'eSUH', But

*» yL=conv (X, ¥y)

- . not computed via DFT

& 11 17 13

»» Xp=[1 2 3 4 0 0 0 0];
»» yp=[2 2 1100 0 0];
»» yL=ifft (fft(xp).*E£fcivp))
yL =
2.0000 §.0000 11.0000 17.0000 13.0000 7.0000 4.0000 -0.0000

Still a circular convolution carried out, but due to zero-padding, it behaves linear.
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More examples: Resolution increase

z(n)={11111 1}
Compute DFT (N=6)

F ot

. & -y & o .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

k/N

F o 1 F..9 1 F . Wl Fa ]

o
0.
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More examples: Resolution increase

zx(n)={1111110 0}
Compute DFT (N=8)

F ot

. & -y & o .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

k/N

F o 1 F..9 1 F . Wl Fa ]

o
0.
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More examples: Resolution increase

zx(n)={1111110 0}
Compute DFT (N=8)

ARl

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

k/N
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More examples: Resolution increase

r(n)={11111100
Compute DFT (N=16)

MTTHTTM

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

k/N
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More examples: Resolution increase

r(n)={11111100
Compute DFT (N=16)

What is this line?

=

] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

k/N
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More examples: Resolution increase

r(n)={11111100
Compute DFT (N=16)

What is this line?

DFT size larger-or-equal to
the length of x(n)

=

] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

k/N
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More examples: Resolution increase

r(n)={11111100
Compute DFT (N=16)

What is this line?

DFT size larger-or-equal to
the length of x(n)

Therefore, DFT samples of DTFT

=

] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

k/N




