
EITF75	Systems	and	Signals

Recap

EITF75, Introduction 

Some notation and basics Some recap, notation and other basics 

In general, a signal        generated 
  
from        via    
 
 
can be mathematically described by  
 
 
 
 We will study this type of 

systems in detail 

Linear time invariant systems

Di↵erence equations:

y(n) +
NX

k=1

aky(n� k) =
MX

k=0

bkx(n� k) (1)

The z-transform:

Y (z) +
NX

k=1

akz
�k
Y (z) =

MX

k=0

bkz
�k
X(z) (2)

Convolution:

y(n) = h(n) ⇤ x(n) (3)

=
X

k

h(k)x(n� k) (4)

The transform of the output signal Y (z) is the product of the transforms of the input
signal X(z) and the filter H(z).

Y (z) =
b0 + b1z

�1 + · · ·+ bMz
�M

1+ a1z
�1 + · · ·+ aNz

�N ·X(z) =H(z)X(z) (5)

We have two kinds of di↵erence equations.

• An FIR system has ak = 0 for all k , 0. An FIR system therefore has no feed-
back. The impulse response is h(n) =

n
b0 b1 · · · bM

o
which is the same as

the coe�cients of the di↵erence equation.

• An IIR system has ak , 0 for some k , 0. An IIR system therefore has some
feedback.

We often describe the system equation H(z) with poled and zeros and draw them in a
pole-zero diagram.

Fourier transform

If h(n) is causal and stable we have the identity

H(!) =H(z) where z = ej! (6)

and therefore

Y (!) =
b0 + b1e�j! + · · ·+ bMe�j!M

1+ a1e�j! + · · ·+ aNe�j!N
·X(!) =H(!)X(!) (7)

The output signal Y (!) is the product of the input signal X(!) and the filterH(!). The
filter H(!) is called the frequency response. We often write H(!) in polar coordinates
and plot the amplitude and the phase of the frequency response.
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For systems at rest: z-transform
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System describes a convolution
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2

FIR filter: ak=0, k>0

IIR filter: otherwise
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Recap
For stable h(n) H(f) = H

�
ei2⇡f

�

u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
+

1

2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0

1

x(n) = exp(i2⇡f0n)

y(n) = H(f0) exp(i2⇡f0n)

u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
+

1

2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0

1

For input

We get the output

x(n) = exp(i2⇡f0n)

y(n) = H(f0) exp(i2⇡f0n)

u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
+

1

2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0

1

Today:

1. 

2. 

3.  Phase/group delay

x(n) = exp(i2⇡f0n)

y(n) = H(f0) exp(i2⇡f0n)

x(n) = cos(2⇡f0n)

x(n) = sin(2⇡f0n)

x(n) = cos(2⇡f0n)u(n)

u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
+

1

2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0

1
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EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

Find H(f)

Find b such that max|H(f)|=1

Find y(n) for x(n)=5 + 12sin(!n/2) - 20cos(!n + !/4)

Ax Xx

Z z

Next



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n) Find H(f)

Y(z)=az-1 Y(z)+bX(z) Start by z-transform

Y(z)(1 – az-1) = bX(z) Minor (standard) manipulation

Y(z) = 
b

(1 – az-1)
X(z) Minor (standard) manipulation

H(z) = 
b

(1 – az-1) Identify system 
Stable if |a|<1

e



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n) Find H(f)

Y(z)=az-1 Y(z)+bX(z) Start by z-transform

Y(z)(1 – az-1) = bX(z) Minor (standard) manipulation

Y(z) = 
b

(1 – az-1)
X(z) Minor (standard) manipulation

H(z) = 
b

(1 – az-1) Identify system 
Stable if |a|<1

Find DTFTH(f) = 
b

(1 – ae-i2!f)

jmf
2 e



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n) Find H(f)

Find DTFTH(f) = 
b

(1 – ae-i2!f)

1 – ae-i2!f = [1 – a cos(2!f)] + ia sin(2!f)

|1 – ae-i2!f| =    [1 – a cos(2!f)]2 + [a sin(2!f)]2

hk

HIM
YLA

Cn yin

41ft HA Nfl yin H



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n) Find H(f)

1 – ae-i2!f = [1 – a cos(2!f)] + ia sin(2!f)

|1 – ae-i2!f| =    [1 – a cos(2!f)]2 + [a sin(2!f)]2

|H(f)| = 
[1 – a cos(2!f)]2 + [a sin(2!f)]2

|b|

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) (assume b > 0)

EEtt

s



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
[1 – a cos(2!f)]2 + [a sin(2!f)]2

|b|

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) 

Find b such that max|H(f)|=1
Assume a > 0



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
[1 – a cos(2!f)]2 + [a sin(2!f)]2

|b|

Find b such that max|H(f)|=1
Assume a > 0

[1 – a cos(2!f)]2 + [a sin(2!f)]2 = 1 + a2 – 2acos(2!f)



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = |b|

Find b such that max|H(f)|=1
Assume a > 0

[1 – a cos(2!f)]2 + [a sin(2!f)]2 = 1 + a2 – 2acos(2!f)

1 + a2 – 2acos(2!f)

maximized

When minimized



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = |b|

Find b such that max|H(f)|=1
Assume a > 0

[1 – a cos(2!f)]2 + [a sin(2!f)]2 = 1 + a2 – 2acos(2!f)

1 + a2 – 2acos(2!f)

maximized

Minimized when f=000

Fin



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = |b|

Find b such that max|H(f)|=1
Assume a > 0

[1 – a cos(2!f)]2 + [a sin(2!f)]2 = 1 + a2 – 2acos(2!f)

1 + a2 – 2acos(2!f)

maximized

Minimized when f=0

max |H(f)|  = |H(0)| = 
f

|b|

1 + a2 – 2a

0



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = |b|

Find b such that max|H(f)|=1
Assume a > 0

[1 – a cos(2!f)]2 + [a sin(2!f)]2 = 1 + a2 – 2acos(2!f)

1 + a2 – 2acos(2!f)

maximized

Minimized when f=0

max |H(f)|  = |H(0)| = 
f

|b|

1 + a2 – 2a
= |b|

1 - a_I



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = |b|

Find b such that max|H(f)|=1
Assume a > 0

[1 – a cos(2!f)]2 + [a sin(2!f)]2 = 1 + a2 – 2acos(2!f)

1 + a2 – 2acos(2!f)

maximized

Minimized when f=0

max |H(f)|  = |H(0)| = 
f

|b|

1 + a2 – 2a
= |b|

1 - a

max |H(f)|  = 1   à b = 1 - a
f



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
1 + a2 – 2acos(2!f)

1-a

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) 

Find b such that max|H(f)|=1

|H(f)|, a=0.9

f=0.5
|

f=-0.5
|

1-

D



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
1 + a2 – 2acos(2!f)

1-a

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) 

Find b such that max|H(f)|=1

f=0.5
|

f=-0.5
|

-
"(f)

!

--!

???



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
1 + a2 – 2acos(2!f)

1-a

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) 

Find b such that max|H(f)|=1

f=0.5
|

f=-0.5
|

-
"(f)

!

--!

???

Relation between and            : 

x(n) = exp(i2⇡f0n)

y(n) = H(f0) exp(i2⇡f0n)

x(n) = cos(2⇡f0n)

x(n) = sin(2⇡f0n)

x(n) = cos(2⇡f0n)u(n)

x(n) = cos(2⇡f0n)

=
1

2
[exp(i2⇡f0n) + exp(�i2⇡f0n)]

y(n) =
1

2
[H(f0) exp(i2⇡f0n) +H(�f0) exp(�i2⇡f0n)]

u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
+

1

2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0

1

x(n) = exp(i2⇡f0n)

y(n) = H(f0) exp(i2⇡f0n)

x(n) = cos(2⇡f0n)

x(n) = sin(2⇡f0n)

x(n) = cos(2⇡f0n)u(n)

x(n) = cos(2⇡f0n)
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1

2
[exp(i2⇡f0n) + exp(�i2⇡f0n)]

y(n) =
1

2
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u(n) = g(n) + f(n)
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G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
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1

2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0

1

H(f) = H
⇤(�f)

HR(f) =
X

k

h(k) cos(2⇡fk) =
X

k

h(k) cos(�2⇡fk) = HR(�f)

HI(f) =
X
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EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
1 + a2 – 2acos(2!f)

1-a

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) 

Find b such that max|H(f)|=1

f=0.5
|

f=-0.5
|

-
"(f)

!

--!

Relation between and            : 
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y(n) = H(f0) exp(i2⇡f0n)
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x(n) = sin(2⇡f0n)

x(n) = cos(2⇡f0n)u(n)

x(n) = cos(2⇡f0n)

=
1

2
[exp(i2⇡f0n) + exp(�i2⇡f0n)]

y(n) =
1

2
[H(f0) exp(i2⇡f0n) +H(�f0) exp(�i2⇡f0n)]

u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
+

1

2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0

1

x(n) = exp(i2⇡f0n)

y(n) = H(f0) exp(i2⇡f0n)

x(n) = cos(2⇡f0n)
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x(n) = cos(2⇡f0n)

=
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u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
+

1

2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0
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H(f) = H
⇤(�f)

HR(f) =
X

k

h(k) cos(2⇡fk) =
X

k

h(k) cos(�2⇡fk) = HR(�f)

HI(f) =
X
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X
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h(k) sin(�2⇡fk) = �HI(�f)
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x(n) = cos(2⇡f0n)

x(n) = sin(2⇡f0n)

x(n) = cos(2⇡f0n)u(n)

x(n) = cos(2⇡f0n)

=
1

2
[exp(i2⇡f0n) + exp(�i2⇡f0n)]

y(n) =
1

2
[H(f0) exp(i2⇡f0n) +H(�f0) exp(�i2⇡f0n)]

H(f) =
X
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h(k) exp(i2⇡fk)

=
X
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h(k) cos 2⇡fk) + i
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h(k) sin 2⇡fk)

= HR(f) + iHI(f)

u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
+
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2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0
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EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
1 + a2 – 2acos(2!f)

1-a

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) 

Step 1: Identify the frequencies

Find y(n) for x(n)=5 + 12sin(!n/2) - 20cos(!n + !/4)



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
1 + a2 – 2acos(2!f)

1-a

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) 

Step 1: Identify the frequencies

Find y(n) for x(n)=5 + 12sin(!n/2) - 20cos(!n + !/4)
f=0 f=1/4 f=1/2



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
1 + a2 – 2acos(2!f)

1-a

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) 

Step 2: How to handle delay in input ?

Find y(n) for x(n)=5 + 12sin(!n/2) - 20cos(!n + !/4)
f=0 f=1/4 f=1/2

Sin121Tfn



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
1 + a2 – 2acos(2!f)

1-a

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) 

Step 2: How to handle delay in input ? LTI systems, so 
delays are remain in output

Find y(n) for x(n)=5 + 12sin(!n/2) - 20cos(!n + !/4)
f=0 f=1/4 f=1/2 p



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
1 + a2 – 2acos(2!f)

1-a

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) 

Step 3: Compute |H(f)| for above frequencies.   (assume a=0.9)

Find y(n) for x(n)=5 + 12sin(!n/2) - 20cos(!n + !/4)
f=0 f=1/4 f=1/2

|H(0)| = … = 1 |H(0.25)| = … = 0.074 |H(0.5)| = … = 0.053



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)

|H(f)| = 
1 + a2 – 2acos(2!f)

1-a

"(f) = -tan-1

1 – a cos(2!f)
a sin(2!f) 

Step 3: Compute "(f) for above frequencies.   (assume a=0.9)

Find y(n) for x(n)=5 + 12sin(!n/2) - 20cos(!n + !/4)
f=0 f=1/4 f=1/2

|H(0)| = … = 1 |H(0.25)| = … = 0.074 |H(0.5)| = … = 0.053

"(0) = 0 "(0.25) = … = -42o "(0. 5) = … = 0

O O O

a 0.9



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)
Find y(n) for x(n)=5 + 12sin(!n/2) - 20cos(!n + !/4)

f=0 f=1/4 f=1/2
|H(0)| = … = 1 |H(0.25)| = … = 0.074 |H(0.5)| = … = 0.053

"(0) = 0 "(0.25) = … = -42o "(0. 5) = … = 0

Step 4: ”Modify” x(n) to obtain y(n)

y(n) = 5 + 12sin(!n/2) - 20cos(!n + !/4)



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)
Find y(n) for x(n)=5 + 12sin(!n/2) - 20cos(!n + !/4)

f=0 f=1/4 f=1/2
|H(0)| = … = 1 |H(0.25)| = … = 0.074 |H(0.5)| = … = 0.053

"(0) = 0 "(0.25) = … = -42o "(0. 5) = … = 0

Step 4: ”Modify” x(n) to obtain y(n)

y(n) = 5 + 0.888sin(!n/2 – 42o) - 20cos(!n + !/4)

12 x 0.074 = 0.888

0



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)
Find y(n) for x(n)=5 + 12sin(!n/2) - 20cos(!n + !/4)

f=0 f=1/4 f=1/2
|H(0)| = … = 1 |H(0.25)| = … = 0.074 |H(0.5)| = … = 0.053

"(0) = 0 "(0.25) = … = -42o "(0. 5) = … = 0

Step 4: ”Modify” x(n) to obtain y(n)

y(n) = 5 + 0.888sin(!n/2 – 42o) – 1.06cos(!n + !/4)

20 x 0.053 = 1.06

F

TFn



EITF75	Systems	and	Signals
EXAMPLE y(n)=ay(n-1)+bx(n)
Find y(n) for x(n)=5 + 12sin(!n/2) - 20cos(!n + !/4)

f=0 f=1/4 f=1/2
|H(0)| = … = 1 |H(0.25)| = … = 0.074 |H(0.5)| = … = 0.053

"(0) = 0 "(0.25) = … = -42o "(0. 5) = … = 0

Step 4: ”Modify” x(n) to obtain y(n)

y(n) = 5 + 0.888sin(!n/2 – 42o) – 1.06cos(!n + !/4)

Note: this is due to LTI

0

00

e



EITF75	Systems	and	Signals

x(n) = exp(i2⇡f0n)

y(n) = H(f0) exp(i2⇡f0n)

x(n) = cos(2⇡f0n)

x(n) = sin(2⇡f0n)

x(n) = cos(2⇡f0n)u(n)

u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
+

1

2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0

1

Next case to study

What can we say before starting ?

1. More realistic, so important
2. For a causal h(n), y(n) also causal

H f IHIHI
e i Cf
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x(n) = exp(i2⇡f0n)

y(n) = H(f0) exp(i2⇡f0n)

x(n) = cos(2⇡f0n)

x(n) = sin(2⇡f0n)

x(n) = cos(2⇡f0n)u(n)

u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
+

1

2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0

1

Next case to study

What can we say before starting ?

1. More realistic, so important
2. For a causal h(n), y(n) also causal
3. For a stable h(n), let us think about why the y(n) from before was periodic.

Input
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x(n) = exp(i2⇡f0n)

y(n) = H(f0) exp(i2⇡f0n)

x(n) = cos(2⇡f0n)

x(n) = sin(2⇡f0n)

x(n) = cos(2⇡f0n)u(n)

u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

u(n) $ 1

1� exp(�i!)
+

1

2
�(!)

f(n) =
1

2
, �1 < n < 1

g(n) =

⇢
0.5, n � 0
�0.5 n < 0

1

Next case to study

What can we say before starting ?

1. More realistic, so important
2. For a causal h(n), y(n) also causal
3. For a stable h(n), let us think about why the y(n) from before was periodic.

Input

h(n)
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Input

h(n)

3.  For a stable h(n), let us think about why the y(n) from before was periodic.

Output
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Input

h(n)

3.  For a stable h(n), let us think about why the y(n) from before was periodic.

Output
Output here:



EITF75	Systems	and	Signals

Input

h(n)

3.  For a stable h(n), let us think about why the y(n) from before was periodic.

Output
Output here:

Flip this



EITF75	Systems	and	Signals

Input

h(n)

3.  For a stable h(n), let us think about why the y(n) from before was periodic.

Output
Output here:

Multiply input and h(-n)

=

oo

e



EITF75	Systems	and	Signals

Input

h(n)

3.  For a stable h(n), let us think about why the y(n) from before was periodic.

Output
Output here:

Integrate (sum for us) = 1.45 (ex)

1.45

b
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Input

h(n)

3.  For a stable h(n), let us think about why the y(n) from before was periodic.

Output
Output here:

1.45

d i
µ
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Input

h(n)

3.  For a stable h(n), let us think about why the y(n) from before was periodic.

Output
Output here:
SAME SITUATION

1.45

Integrate (sum for us) = 1.45 (ex)



EITF75	Systems	and	Signals

Input

h(n)

3.  For a stable h(n), let us think about why the y(n) from before was periodic.

Output
Output here:
SAME SITUATION

1.45

Integrate (sum for us) = 1.45 (ex)
F
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Input

h(n)

3.  For a stable h(n), let us think about why the y(n) from before was periodic.

Output

Phase change:
Signal not zero at n=0

1.45
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Input

h(n)

3.  For a stable h(n), let us think about why the y(n) from before was periodic.

Output

Amplitude change 1.45

6
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Input

h(n)

3.  For a stable h(n), let us think about why the y(n) from before was periodic.

Output
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Input

h(n)

NEW CASE

Output
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Input

h(n)

NEW CASE

Output

Output here:
SAME SITUATION

Integrate (sum for us) = 1.45 (ex)
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Input

h(n)

NEW CASE

Output

Output here:
SAME SITUATION

Integrate (sum for us) = 1.45 (ex)

F
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Input

h(n)

NEW CASE

Output

Output here:
NOT SAME SITUATION

Integrate (sum for us) = 1.3 (ex)

THIS IS WHY

F
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Input

h(n)

NEW CASE

Output

Output here:
NOT SAME SITUATION

Integrate (sum for us) = 0.4 (ex)

p

i

F
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Input

h(n)

NEW CASE

Output

mm
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Input

h(n)

NEW CASE

Output

Steady-state solution

F
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Input

h(n)

NEW CASE

Output

Transient behavior
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Transient

Solution using the z-transform

We start the signal at n = 0:

x(n) = cos(!0n) ·u(n) where !0 = 2⇡ · 1
16

(10)

This signal is causal and we can determine its z-transform. The transforms of x(n) and
h(n) are

X(z) =
1� cos(!0)z�1

1� 2cos(!0)z�1 + z�2
(11)

and

H(z) =
z
�1 � z�2

1� 1.27z�1 + 0.81z�2
=
N (z)
D(z)

(12)

We can now determine the output signal using the z-transform:

Y (z) =H(z)X(z) (13)

=
N (z)
D(z)

· 1� cos(!0)z�1

1� 2cos(!0)z�1 + z�2
(14)

=
N1(z)
D(z)

+
C0 +C1z

�1

1� 2cos(!0)z�1 + z�2
(15)

where the two terms are the transient solution and the stationary solution.

y(n) = transient solution+Acos(!0n) +Bsin(!0n) (16)

If we want the whole solution we have to determine the partial fraction expansions
N1(z) and N2(z) = C0 +C1z

�1 and do the inverse z-transforms.

Y (z) =
z
�1 � z�2

1� 1.27z�1 + 0.81z�2
· 1� cos(!0)z�1

1� 2cos(!0)z�1 + z�2
(17)

= �0.35 · 1� 4.177z�1
1� 1.27z�1 + 0.81z�2

+ 0.35 · 1� 1.896z�1
1� 2cos(!0)z�1 + z�2

(18)

= �0.35 ·
1� 0.9cos

⇣
⇡

4

⌘
z
�1

1� 1.27z�1 + 0.81z�2
(19)

+ 0.35 ·
5.5629 · sin

⇣
⇡

4

⌘
z
�1

1� 1.27z�1 + 0.81z�2
(20)

+ 0.35 · 1� cos(!0)z�1

1� 2cos(!0)z�1 + z�2
(21)

+ 0.35 · (cos(!0)� 1.896)z�1
1� 2cos(!0)z�1 + z�2

(22)

4

Solution using the z-transform

We start the signal at n = 0:

x(n) = cos(!0n) ·u(n) where !0 = 2⇡ · 1
16

(10)

This signal is causal and we can determine its z-transform. The transforms of x(n) and
h(n) are

X(z) =
1� cos(!0)z�1

1� 2cos(!0)z�1 + z�2
(11)

and

H(z) =
z
�1 � z�2

1� 1.27z�1 + 0.81z�2
=
N (z)
D(z)

(12)

We can now determine the output signal using the z-transform:

Y (z) =H(z)X(z) (13)

=
N (z)
D(z)

· 1� cos(!0)z�1

1� 2cos(!0)z�1 + z�2
(14)

=
N1(z)
D(z)

+
C0 +C1z

�1

1� 2cos(!0)z�1 + z�2
(15)

where the two terms are the transient solution and the stationary solution.

y(n) = transient solution+Acos(!0n) +Bsin(!0n) (16)

If we want the whole solution we have to determine the partial fraction expansions
N1(z) and N2(z) = C0 +C1z

�1 and do the inverse z-transforms.

Y (z) =
z
�1 � z�2

1� 1.27z�1 + 0.81z�2
· 1� cos(!0)z�1

1� 2cos(!0)z�1 + z�2
(17)

= �0.35 · 1� 4.177z�1
1� 1.27z�1 + 0.81z�2

+ 0.35 · 1� 1.896z�1
1� 2cos(!0)z�1 + z�2

(18)

= �0.35 ·
1� 0.9cos

⇣
⇡

4

⌘
z
�1

1� 1.27z�1 + 0.81z�2
(19)

+ 0.35 ·
5.5629 · sin

⇣
⇡

4

⌘
z
�1

1� 1.27z�1 + 0.81z�2
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+ 0.35 · 1� cos(!0)z�1
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We can see that the input signal x(n) yields the stationary solution

yst(n) = 0.95 · cos(!0n� 1.19) (25)

We will show that the stationary solution is given by

yst(n) = |H(z0)| · cos(!0n+ \H(z0)) (26)
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Plot the solution in Matlab.

>> n = 0:80;

>> yt = -0.35*0.9.^n.*cos(2*pi*n/8) + 0.35*5.562*0.9.^n.*sin(2*pi*n/8);

>> ys = 0.35* cos(2*pi*n/16) - 0.35*2.5392* sin(2*pi*n/16);

>> subplot(3, 1, 1); plot(n, yt);

>> subplot(3, 1, 2); plot(n, ys);

>> subplot(3, 1, 3); plot(n, yt+ys);
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We can see that the input signal x(n) yields the stationary solution

yst(n) = 0.95 · cos(!0n� 1.19) (25)

We will show that the stationary solution is given by

yst(n) = |H(z0)| · cos(!0n+ \H(z0)) (26)
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We can see that the input signal x(n) yields the stationary solution
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We will show that the stationary solution is given by

yst(n) = |H(z0)| · cos(!0n+ \H(z0)) (26)
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y(n) = �0.35 · 0.9n · cos
✓
2⇡ · 1

8
·n
◆
+0.35 · 5.562 · 0.9n sin

✓
2⇡ · 1

8
·n
◆

(23)

+ 0.35 · cos(!0 ·n)� 0.35 · 2.5392 · sin(!0 ·n) (24)

Plot the solution in Matlab.

>> n = 0:80;

>> yt = -0.35*0.9.^n.*cos(2*pi*n/8) + 0.35*5.562*0.9.^n.*sin(2*pi*n/8);

>> ys = 0.35* cos(2*pi*n/16) - 0.35*2.5392* sin(2*pi*n/16);

>> subplot(3, 1, 1); plot(n, yt);

>> subplot(3, 1, 2); plot(n, ys);

>> subplot(3, 1, 3); plot(n, yt+ys);
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The output signal as the sum of the stationary and the transient solutions.
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We can see that the input signal x(n) yields the stationary solution

yst(n) = 0.95 · cos(!0n� 1.19) (25)

We will show that the stationary solution is given by

yst(n) = |H(z0)| · cos(!0n+ \H(z0)) (26)
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Important:
The steady state solution can be computed via

y(n) = |H(f0)| cos(2⇡f0 +⇥(f0))

=
|H(f0)|

2
[exp(i2⇡⇥(f0)) exp(i2⇡f0n) + exp(�i2⇡⇥(f0)) exp(�i2⇡f0n)]

H(f) = H
⇤(�f)

H(f) = |H(f)| exp(i2⇡⇥(f))

H(�f) = |H(�f)| exp(i2⇡⇥(�f)) = |H(f)| exp(�i2⇡⇥(f))

HR(f) =
X

k

h(k) cos(2⇡fk) =
X

k

h(k) cos(�2⇡fk) = HR(�f)

HI(f) =
X

k

h(k) sin 2⇡fk) = �
X

k

h(k) sin(�2⇡fk) = �HI(�f)

x(n) = exp(i2⇡f0n)

y(n) = H(f0) exp(i2⇡f0n)

x(n) = cos(2⇡f0n)

x(n) = sin(2⇡f0n)

x(n) = cos(2⇡f0n)u(n)

x(n) = cos(2⇡f0n)

=
1

2
[exp(i2⇡f0n) + exp(�i2⇡f0n)]

y(n) =
1

2
[H(f0) exp(i2⇡f0n) +H(�f0) exp(�i2⇡f0n)]

H(f) =
X

k

h(k) exp(i2⇡fk)

=
X

k

h(k) cos 2⇡fk) + i

X

k

h(k) sin 2⇡fk)

= HR(f) + iHI(f)

u(n) = g(n) + f(n)

g(n)� g(n� 1) = �(n)

�(n) $ 1

G(!)� exp(�i!)G(!) = 1

G(!) =
1

1� exp(�i!)

f(n) $ 1

2
�(!)

1

u(n)


