EITF75 Systems and Signals

Lecture 3
The z-transform

Fredrik Rusek
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EITF75, z-transform  H(® &> hD

The z-transform of h(n) is
defined as

H(z) = i h(n)z™"

n=—0o0

What is the z-transform?
« A map from sequences to
complex valued functions

\9 ex
What is Hzpp & ° "
« A complex function of a
complex number

Re{z} Im{z}

Important: h(n) and H(z) contain the
same information




EITF75, z-transform

The z-transform of h(n) is

defined as
Z h(n)z™"

n=—0o0

What is the z-transform? o / ,’::Q‘mw““
0.12 |
« A map from sequences to i
complex valued functions

What is H(z)?
« A complex function of a
complex number

Magnitude of H(z) is typically shown
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EITF75, z-transform

Some general rules about the ROC

X(2) = ... 42(—1001)2" +-2(-1000) 2%+ . +2(0)+. . .+2(1000) 2~ 20+ 2(1001) 2~ 10 4 .

Here is a formula for X(z) emphasizing x(n) far away from n=0




EITF75, z-transform

Some general rules about the ROC

X(z) = z(0)+. . .42(1000) 210 4-2(1001) 2~ 1001 4. .

Here is a formula for X(z) emphasizing x(n) far away from n=0

Assume x(n) to be causal




EITF75, z-transform

Some general rules about the ROC

X(z) = :L'(O)+..‘4—37(1000)z_looo—l—x(lOOl)z_lOOl+. :

1

Here is a formula for X(z) emphasizing x(n) far awdy from n=0

Assume x(n) to be causal

If X(z) exists (meaning that it is not infinity) then this cannot be too large
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Some general rules about the ROC

X(z) = :L'(O)+..‘4—37(1000)z_looo—l—x(lOOl)z_lOOl+. :

. I

Here is a formula for X(z) emphasizing x(n) far awdy from n=0

Assume x(n) to be causal

If X(z) exists (meaning that it is not infinity) then this cannot be too large

Thus, z, cannot be too small.

How small? Depends on x(n)




EITF75, z-transform

Some general rules about the ROC

X(2) = x(0)+..‘+x(1000)z—100°+x(1001)z—1001+. .

1

Here is a formula for X(z) emphasizing x(n) far awdy from n=0

Assume x(n) to be causal

If X(z) exists (meaning that it is not infinity) then this cannot be too large

Thus, z, cannot be too small.

Hence, the ROC says that
"z should be larger than something”

ROC is outside disc




EITF75, z-transform

Some general rules about the ROC

X(2) =...4z(-1001)z"" +2(-1000)2"+. . .+z(0)

Here is a formula for X(z) emphasizing x(n) far away from n=0

Assume x(n) to be anti-causal




EITF75, z-transform

Some general rules about the ROC

X(z) =

. +x(—1001)2'9%1 +-2(—1000) 2100 4, ‘.+x(0)

X

Here is a formula for X(z) emphasizing x(n) far away from n=0

Assume x(n) to be anti-causal

If X(z) exists (meaning that it is not infinity) then this cannot be too large
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Some general rules about the ROC

X(2) = . .+2(-1001) 2" 4-2(~1000) 2% +. ‘.+x(0)

—%

Here is a formula for X(z) emphasizing x(n) far away from n=0

Assume x(n) to be anti-causal

If X(z) exists (meaning that it is not infinity) then this cannot be too large

Thus, z, cannot be too large.
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Some general rules about the ROC

X(z) =

. +x(—1001)2'9%1 +-2(—1000) 2100 4, ‘.+az(0)

X

Here is a formula for X(z) emphasizi

Assume x(n) to be anti-causal

If X(z) exists (meaning that it is not infinity) then this cannot be too large

Thus, z, cannot be too large.

Hence, the ROC says that

"z should be smaller than something”

ROC is inside disc

x(n) far away from n=0

N

N

Im{z}

Z

N\

Re{z}
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Some general rules about the ROC \’é

X(2) = . .+2(—1001)2" +-2(-1000) 219204 +:c(0)+ +2(1000)z 100°+ (1001)z —1001+..‘.

Here is a formula for X(z) emphasnzu x(n) far away from n=0
Assume x(n) to be neither
If X(z) exists (meaning that it is not infinity) then these cannot be large

Thus, z, cannot be too large or too small

-
e
- =~
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Some general rules about the ROC

X(2) = ..—1—:5(—1001)21001+x(—1000)21000+ +a:(0)+ A4(1000) 2

1000+ (1001) —1001_‘_. 1

Here is a formula for X(z) emphasnzu x(n) far away from n=0
Assume x(n) to be neither

If X(z) exists (meaning that it is not infinity) then these cannot be large

Thus, z, cannot be too large or too small

Hence, the ROC says that
"z should be smaller than something,
but larger than something else”

ROC is the white area

Im{z}

N\
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Summary: What is the general shape of the ROC?

Anti-

sal signal Neither/Mix
]

N\ N\
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Homework

Given: . 717;.__

1\/"l
x(n) = (E) for all n

Find: The z-transform X(z) of x(n).
'v\c,ua\\\ﬂs RocC
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Convention

If we are given an X(z), and assume that the signal
X(n) is causal, then we can be a bit sloppy with the
ROC

This is what we do in this (most) of this course
In other words. There could be many x(n) for the

same X(z), and the ROC specifies the particular one.
However, there is only one that is causal.




EITF75, z-transform

Illustration

Sequence Transform ROC
x1(n)

X2(n)
x3(n)
x4(n)
X5(n)
Xs(n)
X7(n)

Assume a bunch of
different sequences




v (n) ~
—vin) > == EITF75, z-transform

Illustration

Sequence Transform ROC
x1(n) — Xi(2)
x2(n) > Xi(2)
x3(n) » X1(2)
X4(n) > Xi(2)
Xs(n) > Xa(2)
Xs(n) . Xa(2)
x7(n) _ Xa(2)

Assume a bunch of _
different sequences Compute their transforms
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Illustration

Sequence  ___________TJransform ROC
|

I xy(n) > X1(2) 1 0

| I 3

|

' xz(n) > Xy(2) | i

|

| o

1 x3(n) “X(2)1 &

| 13

1 Xq4(n) - X1(2) | 3

Ignore others

Assume a bunch of _
different sequences Compute their transforms
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Illustration

Sequence __________TJransform________ROC_ ____
L xy(n) > Xi(z) > Ry

| xe(n) - Xy(2) - R,

|

| x3(n) > Xi(2) > Rs

|

1 Xa(n) > X1(2) R4

Ignore others

Assume a bunch of _
different sequences Compute their transforms and ROCs

L

2WDs 29 | ONNVD sO0d
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Illustration

Sequence, __________Jransform________ROC_ ____

X(@? > X4(2) > Rz

awps 29 | ONNV2 52034

x3(n) > X1(2) > R;
1 Xq4(n) > Xi1(z) > R4
Causal

Exactly one of the ROCs corresponds to a causal signal
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Illustration

Sequence, __________Jransform________ROC_ ____

& - Xi(2) . Ro

awps 29 | ONNV2 52034

x3(n) > X1(2) > R3
1 Xq(n) > X1(2) > Ry
ausa

Exactly one of the ROCs corresponds to a causal signal

So, if we know X;i(z) and that we work with causal x(n),
we can establish x4(n) without knowing the ROC




() = hin) x x(n) Ha <@

—_— —

X)) —| L7 |— g ) 4
\V4 — bt -N = L -9
((2) = = ygme' = = T htoxl-k) 2
n=-go n=--wo k--c
£ 4y
—(n-L _
= 25 hl)x(n-k) ) 7S
n e - ’ i
= -k 2 -(r-lc) L RN
2 h(L)z -2 x(r-k)2 = Z hle)g g «m)e
« n=e M
= H(@)IX(2)
\(\(vﬂ & (W
v v C H(2) )
H (%) X(2) Y(2) = HE@) (2
I —\9 ‘a(_n)
5 umimar 4

‘}(V\\ =  h(n) x x(n)

Y(2) = H@X({E)




‘S&VM} 100 kr [wonliWn 5% intenes~
Stard+ ot Okr

Led :
‘}(ﬂ) = money o+ ron I h

X(n) = def osit ot ros A

‘}(9)) - g\ = -

X(n) = u(n) -1ed &2 122 =x(y
-2

La(n):. | OS - BLh—') + x(n) e— make Z-*mns!,w\

Ly = XY@ Y(2) = los 2 7(® +X2) !

n-) & 2
g &2z X x(2) = loo: I_L;_(

x(wW) &O x( 1)

V(2)~ LosZ ¥ (2) = x(2)

Y@ -tesg'| = x@)

X (& [ (00

-\ L
|- Los=z |- oS L -2




¥ () | -
Y(2) = L= I
|- Los= |- los 1 -
2(\’\) = ’L
n
’ ) |.os vn)
| —l.0SZ"
’I— VN U (n)
[~ !
| oo A B
. — ~
- _ - _ - '— _b~‘
1‘1.05-2\ (—%' L-/.0%%

\P ART (AL TFRACTIOV EXA /H/S/ONX

/l Rosks ia Adewowinahy ore ve-l owd Aishuck

ore dishact bu+t

— —/_/ )
L " cCo~ ?ley Cow)\/‘sa‘-&(
- {c\i rs
4o Hiple—vook




l loo A B

— ~
|- los 2 |- 2 L —/.05% ) - 2
A = 2Ll 100 3 PFE 3’;“5
6 - — 20100
\V _ (58 2
() = oo — - ©
| -0 % — =
_L- > a un)
[ —aZ

i ‘a("\) _ 160 -0 Lostu(w) - 1es 20 VL) I

PFE: Ass ume ‘a.DU con  haudle
Y\DD‘\’S O-‘- S\K3|£ MU""(Y“‘L‘“‘S




EITF75, z-transform

(onka. veecorsio)
Summary: How to solve a difference equation in 6 simple steps

> alk)y(n—k) =) b()z(n—10)
k y4
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Summary: How to solve a difference equation in 6 simple steps

> alk)y(n—k) =) b()z(n—10)
y4

k
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Summary: How to solve a difference equation in 6 simple steps

> ak)y(n—k)=>_b()z(n— 1)
k 12

Step 2:

Change x(n-k) to z** X(z)
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Summary: How to solve a difference equation in 6 simple steps

> ak)y(n—k)=>_b()z(n— 1)
k 12

Step 2:
Change x(n-k) to z** X(z)

Step 3:
Express Y(z) as H(z)X(z)
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Summary: How to solve a difference equation in 6 simple steps

Z a(k)y(n — k) = Z b(l)x(n — )
k ¢

Step 4:

Find the roots of the
denominator of H(z)

Step 2:

Change x(n-k) to z** X(z)

Step 3:
Express Y(z) as H(z)X(z)
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Summary: How to solve a difference equation in 6 simple steps

> ak)y(n—k)=>_b()z(n— 1)
k 12

Step 2: Step 5:

. X Perform PFE (you may need
Change x(n-k) to z¥X(z) your calculus book)

Step 3:
Express Y(z) as H(z)X(z)
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Summary: How to solve a difference equation in 6 simple steps

> ak)y(n—k)=>_b()z(n— 1)
k 12

Step 2:
Change x(n-k) to z**X(z)

Step 3:
Express Y(z) as H(z)X(z)

Step 5:

Perform PFE (you may need
your calculus book)

Step 6:

Invert each term of the FPE
For FPE-type II, we haven't
seen the formula yet
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Summary: How to solve a difference equation in 6 simple steps

> ak)y(n—k)=>_b()z(n— 1)
k 12

Step 2:
Change x(n-k) to z**X(z)

Step 3:
Express Y(z) as H(z)X(z)

Step 5:

Perform PFE (you may need
your calculus book)

Step 6:

Invert each term of the FPE
For FPE-type II, we haven't
seen the formula yet
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One further example: y(n)-1.27y(n—1)+0.81y(n—-2)=x(n—1)—x(n-2)

All signals causal

Step 2: Step 5:
Perform PFE (you may need
your calculus book)

Change x(n-k) to z**X(z)

St 3: STCP 6:
P Invert each term of the FPE

Express Y(z) as H(z)X(z) For FPE-type II, we haven't
seen the formula yet




EITF75, z-transform

One further example: Y (z)—1.27z71Y(2)+0.81z272Y(z) = z 7' X(2) -z * X (2)

All signals causal

Step 2:

Change x(n-k) to z**X(z)

Step 3:
Express Y(z) as H(z)X(z)

Step 5:

Perform PFE (you may need
your calculus book)

Step 6:

Invert each term of the FPE
For FPE-type ITI, we haven't
seen the formula yet
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Z_1 —2_2

- X
1272108122 X&)

One further example: Y (z)

All signals causal

Step 2: Step 5:
Perform PFE (you may need
your calculus book)

Change x(n-k) to z**X(z)

3: Step 6:
Step Invert each term of the FPE

Express Y(z) as H(z)X(z) For FPE-type II, we haven't
seen the formula yet
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One further example:

All signals causal 219 = Oogeiiﬁ/‘l

Step 2: Step 5:
Perform PFE (you may need
your calculus book)

Change x(n-k) to z**X(z)

s.'.ep 3: STCP 6:
Invert each term of the FPE

Express Y(z) as H(z)X(z) For FPE-type II, we haven't
seen the formula yet
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One further example: :
£1,2 — O.9€Z:|:7T/4

Type II. PFE already done, 1 complex conjugated pair

All signals causal

Step 2: Step 5:
Perform PFE (you may need
your calculus book)

Change x(n-k) to z**X(z)

3: Step 6:
Step Invert each term of the FPE

Express Y(z) as H(z)X(z) For FPE-type II, we haven't
seen the formula yet
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One further example:

All signals causal

Next lecture...

Step 2:
Change x(n-k) to z**X(z)

Step 3:
Express Y(z) as H(z)X(z)

Step 5:

Perform PFE (you may need
your calculus book)

Step 6:

Invert each term of the FPE
For FPE-type ITI, we haven't
seen the formula yet




