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Some more DFT

For any number A — Z aj 10"

B =% bl0"
C= A-B= (Zak10k> (Z bklok) =" ¢ 10*

The sequence {a,} has a z-transform (it is a finite signal)
A(z) = Zakz_k ROC: 2>0

Thus, A= A(2)]

———

B = B(z)
C =C(z)]

2=1/10

Cr. = ap *xb
z=1/10 & K &

z=1/10
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To get {c.}:
Some more DFT « Convolution of long signals }

For any number A — 10" * Zero-pad
Y Zak « Take DFTs

«  Multiply
e Take IDFT

k) (Z bklok) =" ¢ 10*

The sequence {a,} has a z-transform (it is a finite signal)
A(z) = Zakz_k ROC: 2>0

Thus, A= A(Z)‘z=1/1o

B:B(z)‘zzl/10 Cr, = af * by
C =C(z)]

z=1/10
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Some more DFT

For any number A — Z aj 10"

B = Zbkm’f

To get {c.}:
Convolution of long signals

* Zero-pad If some c,>9:
» Take DFTs . sybtract 10

Multiply . Add1+o ¢,
Take IDFT

C= A-B= (Zak10k> (Z bkmk) =" ¢ 10*

The sequence {a,} has a z-transform (it is a finite signal)

A(z) = Z apz "
Thus, A= A(z)]

2=1/10
B = B(z)
C =C(z)]

z=1/10

z=1/10

To get C:
* Write down c, without spaces

Complexity: Nlog,(N)

N being size of DFT, i.e., number
of digits of numbers to be
multiplied.

Matlab handles N=100000 EASILY
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Start with FIR filters

y(n) =Y h(k)z(n—k) = bra(n— k)
k=0 k=0

(notation for difference equation)

Easy to see that this is an implementation. Direct form I

] x(n—1) ] x(n—2) x(n—3)
A Nz N Z

—1

h(1)or by Y h(2)or b, Y h(3) or b3 Y

D D @ > y(n)

Slight problem: If we need to add another zero, all taps change
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Some implementation aspects ?—(V\\: b KA, x(n=1) -4, 4(n)

IIR filTer's (More to come on FIR filters)

v(n)+ayp(n—1)=bex(n)+byx(n-1)
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Some implementation aspects

IIR filTer's (More to come on FIR filters)

v(n)+ayp(n—1)=bex(n)+byx(n-1)

‘ bl_} ~ I.-‘{II}I —~
x(n) ——D— > v(n)

Same signal
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Some implementation aspects

IIR filTer's (More to come on FIR filters)

v(n)+ayp(n—1)=bex(n)+byx(n-1)

_x(”) P >A . ‘;A > y(”}

Same signal

y(n—1)

Direct form II
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Some implementation aspects — —
V&)= -2 aVI1?)-2 a VR«

IIR filters

\/(%3[( +Ta, + 2—:10\-,:} = X (%)

Second order filter

x(n) ——® G V(%)= X () —
[_\.%"c\"\'?:o\,,_

V(%)= b V(2)+ T bV(2)+
T b, VN

((2) = V() b= T3 by

et Zby 4 Ehe ),

- L
‘.—(— ’tlo\‘ + ¢ N

Yl%\:
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Some implementation aspects - -
Viz)=-z laIV(z)—z 2an(z)jLX(:/:)

IIR filters
V(z)+z 'y V(z)+z %a,V(z) = X(z)

Second order filter

x(n) D —> 4G V(z)-(l+z_la1+2_2a2):X(z)

X(z)

— - — IIR part
l+z 7 'ay+z7%a,

Vi(z)

Y(z)=byV(z)+2z by V(z)+27%b,V (2)

Y(z)=V( }'(bg +z7'by +27%D,)
FIR part

| -1 Y
Y(z) = bo+z by +z"°by X

(2)

1 -2
l+z7 'ay +z7“a,




Some implementation aspects

IIR filters

Second order filter

EITF75 Systems and Signals

x(mn)

Wi

Viz) = —z_lal Viz)— Z_ZGQV(Z) + X (z)
V(z)+z taV(z)+z %a,V(z) = X(z)
Vi(z) -(l +z_la1 +2_2a2) = X(z)

X(z)

— - — IIR part
l+z7 'ay+z7~a,

Vi(z)

Y(z)=byV(z)+2z by V(z)+27%b,V (2)

Y(z)=V(z)- (b[] +2z7 1, +z_2b2]
FIR part

~ by+z7MD,

Y(z)= - X(2)

—1 -2
l+z 7 a;+z “a,

Number of delay elements = max (degree(numerator),degree(denominator))
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Some implementation aspects

Assume processor with clock frequency 1 MHz

IIR filfer's At what rate do we output y(n) ?

Second order filter

x(n) D
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IIR filters

Second order filter
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Assume processor with clock frequency 1 MHz
At what rate do we output y(n) ?

First we need to do parallell multiplications

x(mn)

Then, can perform parallell additions

Wi

¢

Clock cycles between updating
memory elements:

1 +1+ .
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Some implementation aspects

Assume processor with clock frequency 1 MHz

IIR filfer's At what rate do we output y(n) ?

. First we need to do parallell multiplications
Second order filter

Then, can perform parallell additions

x(n) T — Then, another addition

Clock cycles between updating
memory elements:

1+1+1+
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Some implementation aspects

Assume processor with clock frequency 1 MHz

IIR filfer's At what rate do we output y(n) ?

. First we need to do parallell multiplications
Second order filter

Then, can perform parallell additions

: )
x(r) D Then, another addition

Then one more

Clock cycles between updating
memory elements:

1+1+1+1=4
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Some implementation aspects

Assume processor with clock frequency 1 MHz

IIR fl l"'er'S At what rate do we output y(n) ? 250kHz

. Assuming 1 cycle per operation
Second order filter (In reality, multiplications are more time
consuming than additions.)

x(n) D

Clock cycles between updating
memory elements:

1+1+1+1=4
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Some implementation aspects

Transposition of systems:

IIR fl H'er'S For any block diagram, we obtain an equivalent
if we,

Second order filter Reverse direction of each interconnection
Reverse direction of each multiplier

(1) D) > A~ Change Junctions to adders and vice-versa
A Y - Interchange input and output
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Some implementation aspects

Transposition of systems:
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Some implementation aspects

Transposition of systems:

IIR fl H'er'S For any block diagram, we obtain an equivalent
if we,

Second order filter * Reverse direction of each interconnection
* Reverse direction of each multiplier

~  Change junctions to adders and vice-versa
x(1) - — :
A Y - + Interchange input and output

<+—0<
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Some implementation aspects

Transposition of systems:

IIR fl H'er'S For any block diagram, we obtain an equivalent
if we,

Second order filter « Reverse direction of each interconnection
* Reverse direction of each multiplier

~  Change junctions to adders and vice-versa
X(1) »(E — :
4d Y - « Interchange input and output

o<
y(n) z(n)
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Some implementation aspects

IIR filters

Second order filter

Assume processor with clock frequency 1 MHz

At what rate do we output y(n) ?

Transposition of systems:

For any block diagram, we obtain an equivalent
if we,

* Reverse direction of each interconnection
* Reverse direction of each multiplier

Change junctions to adders and vice-versa
« Interchange input and output

o<
y(n) z(n)
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Some implementation aspects

IIR filters

Second order filter

Assume processor with clock frequency 1 MHz

At what rate do we output y(n) ?

First parallell multiplications

Clock cycles between updating
memory elements:

1 + .

Transposition of systems:

For any block diagram, we obtain an equivalent
if we,

* Reverse direction of each interconnection
* Reverse direction of each multiplier

Change junctions to adders and vice-versa
« Interchange input and output

y(n) z(n)
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Some implementation aspects

IIR filters

Second order filter

Assume processor with clock frequency 1 MHz

At what rate do we output y(n) ?

First parallell multiplications

Then parallell additions

Clock cycles between updating
memory elements:

1 +1+ .

Transposition of systems:

For any block diagram, we obtain an equivalent
if we,

* Reverse direction of each interconnection
Reverse direction of each multiplier
Change junctions to adders and vice-versa

« Interchange input and output

9«

z(n)
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Some implementation aspects

Transposition of systems:

IIR fl H'er'S For any block diagram, we obtain an equivalent
if we,

Second order filter - Reverse direction of each interconnection
* Reverse direction of each multiplier

Assume processor with clock frequency 1 MHz Change junctions fo adders and vice-versa
« Interchange input and output

At what rate do we output y(n) ? 500kHz

o<
y(n) z(n)

First parallell multiplications

Then parallell additions

Then donel

Clock cycles between updating
memory elements:

1+1=2
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Numerical precision issues

Coefficient precision: Coefficients are stored with finite
precision. So implementation is not exact

Arithmetic precision: Done with finite precision,
So not exact.

Typical model: Represent these effects as noise
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Numerical precision issues

Coefficient precision: Coefficients are stored with finite
precision. So implementation is not exact

Arithmetic precision: Done with finite precision,
So not exact.

Typical model: Represent these effects as noise

Example: Wilkinson's polynomial

flx) =122 (x — n) = 22° — 2102 + 20615z — . ..

Zeros: on real axis, well separated Red: zeros of exact Wilkinson
Blue: zeros of imprecise Wilkinson
Assume imprecision: coefficient of x!° is 210.00021 (1.000001 times the real one) x

(71 3

E 3

“Speaking for myself | regard it as the most
traumatic experience in my career as a
numerical analyst”, James Wilkinson 1984

&
feeaaeeDIooO0000000000
=
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Numerical precision issues
(z—21)(z —22)(z2—23) - (2 — 201)

(z —p1)(z —p2)(z —p3) - (2 — pm)

Consider a desired transfer function

General rule: Not wise to implement this as a one-stage filter, i.e., using direct form II (or its transposed version)

Better solution. Typical case: each filter is second order (“biquad”). M’ = M/2

M Hi(z) Hy(z2) Hs(z) Hyp (2) M

Two questions:

1. Which poles to pair with which zeros ?
2. In which order should the filters appear ?
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Numerical precision issues
(z—21)(z —22)(z2—23) - (2 — 201)

(z —p1)(z —p2)(z —p3) - (2 — pm)

Consider a desired transfer function

General rule: Not wise to implement this as a one-stage filter, i.e., using direct form II (or its transposed version)

Better solution. Typical case: each filter is second order (“biquad”). M’ = M/2

M Hi(z) Hy(z2) Hs(z) Hyp (2) M

Model: Each filter produces noise that is being added to the input of itself
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Some implementation aspects

Rationale: The marked sections will not produce exact results

Model: Each filter produces noise that is being added to the input of itself
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Some implementation aspects

Rationale: The marked sections will not produce exact results
This can be modelled by adding a signal e(n) at the input

Model: Each filter produces noise that is being added to the input of itself
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Numerical precision issues

(z—21)(z —22)(z2—23) - (2 — 201)
(2 —=p1)(z —p2)(z —p3) -+ - (2 — pm)

Consider a desired transfer function

General rule: Not wise to implement this as a one-stage filter, i.e., using direct form II (or its transposed version)

Better solution. Typical case: each filter is second order (“biquad”). M’ = M/2

\(_V\.\
z(n) He(n) &) e3() o
;C/?ﬂ(z) ‘L Hy(2) N Hs(2) %HM,(z)M

Model: Each filter produces noise that is being added to the input of itself

) (-1 -2,) (254
e (BB (B .

(=) (&) (Z-R)(EA+)
= H ) P (2

This noise will get amplified by later stages
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Some implementation aspects A poles A 2eypos

Numerical precision issues

+wo
We have td options for zero-pole combination

1.5

1.5 ' : ' :
-1.5 -1 05 0 0.5 1

Consider the following filter
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Some implementation aspects

Numerical precision issues

1.5
We have to options for zero-pole combination

Option 1

1.5 ' : ' :
-1.5 -1 05 0 0.5 1

Consider the following filter
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Some implementation aspects

Numerical precision issues

1.5
We have to options for zero-pole combination

Option 2

1.5 ' : ' :
-1.5 -1 05 0 0.5 1

Consider the following filter
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Numerical precision issues

1.5
We have to options for zero-pole combination

Magnitude response

Option 1

D 1 x ——— 1

0 gos 01 015 02 025 03 035 04 045 0.5

f

Consider the following filter
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Numerical precision issues

1.5
We have to options for zero-pole combination

Magnitude response

600

500 | I

| Option 2

3001
2007

1007

SN

0.5 0 0.5 1 _ 0 005 01 015 02 025 03 035 04 045 05

f

Consider the following filter
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Numerical precision issues

1.5
We have to options for zero-pole combination

Magnitude response

Option 2

D; AN

0 gos 01 015 02 025 03 035 04 045 05

f

This option would greatly amplify any
source of noise we have. Not suitable.
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Some implementation aspects

Numerical precision issues

1.5
We have to options for zero-pole combination

Magnitude response

Option 1

D 1 x ——— 1

0 gos 01 015 02 025 03 035 04 045 0.5

f

We choose option 1. Remains to discuss their order.
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Numerical precision issues
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Some implementation aspects

Numerical precision issues

Study a general model
yag NMoise po~e” L

wi (1) +ws(n) ‘/

Compute the average output power if the
noise sources are unit power random signals
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Some implementation aspects

Numerical precision issues

Study a general model

a5 (?’L) —|—’LU2(T?,)

Compute the average output power if the
noise sources are unit power random signals

o0
“Theorem.” Average output power of the below is z |ak\2

k=—o0

wi(n)
—> A(z)
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Some implementation aspects
Numerical precision issues

Study a general model

a5 (?’L) —|—’LU2(T?,)

Output power Cr. = Qi * by,

Compute the average output power if the
noise sources are unit power random signals

o0
“Theorem.” Average output power of the below is z |ak\2

k=—o0
w1 (n)
—> A(z)
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Some implementation aspects

Numerical precision issues

Study a general model
—|—’LU2(T?,)

Output power Cr. = Qi * by,

w1 (n)

—s| B(2) [ A(x) |— D lenl®+ ) laxl’

k=—00 k=—o0

Compute the average output power if the
noise sources are unit power random signals

o0
“Theorem.” Average output power of the below is z |ak\2

k=—o0
w1 (n)
—> A(z)




EITF75 Systems and Signals

Numerical precision issues
Study a general model Output power

w1 (n) tua(n) N N

—| B(z) |— A(2) |— Z okl + Z

k=—00 k=—o0

Place the box with least power last in the chain

k=—o0

wi(n)
—> A(z)
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Numerical precision issues
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Numerical precision issues

oo

0.5 0.5
Hi(f)Pdf > / H(HPdf = S |hf?

—0.5

k=—oc
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Numerical precision issues

Place H,(z) last

z(n) +ei(n) +ea(n) y(n)

—| Hi(2) |——| Ha(2) |—

L — 1)

0 . . . :
0 005 01 015 02 025 03 035 04 045 05

f

oo 0.5 0.5 o0
S Jhf? = / Hy(f)Pdf > / H(HPdf= 3 |hf

—0.5 —0.5

k:—oo k:—oo



