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Controller canonical form

Definition (CCF)
Realization in controller canonical form of

g(D) =
b0 ⊕ b1D ⊕ · · · ⊕ bmD

m

1⊕ c1D ⊕ · · · ⊕ cmDm

wj−1 wj−2 wj−mxj + · · ·

b0 b1 bm−1 bm

· · · uj+ + +

cmc2c1

· · ·++

Martin Hell, Digitalteknik L14:2, Ch 7.2-7.3



Controller canonical form

Let w be the input sequence for the first D-element. Then,

w(D) = x(D)⊕ c1w(D)D ⊕ · · · ⊕ cmw(D)Dm

Rewrite it as

w(D) (1⊕ c1D ⊕ · · · ⊕ cmD
m) = x(D)

or, equivalently,

w(D) =
x(D)

1⊕ c1D ⊕ · · · ⊕ cmDm
=

x(D)

c(D)

where c0 = 1. The output is

u(D) = b0w(D)⊕ b1Dw(D)⊕ · · · ⊕ bmw(D)Dm

= (b0 ⊕ b1D ⊕ · · · ⊕ bmD
m)

x(D)

c(D)
=

b(D)

c(D)
x(D)

The transfer function is g(D) =
b(D)

c(D)

Martin Hell, Digitalteknik L14:3, Ch 7.2-7.3



Observer canonical form

Definition (OCF)
Realization in observer canonical form of

g(D) =
b0 ⊕ b1D ⊕ · · · ⊕ bmD

m

1⊕ c1D ⊕ · · · ⊕ cmDm

· · · u+ + + + +

bm bm−1 bm−2 b0

x · · ·

· · ·
cm cm−1 c1

Martin Hell, Digitalteknik L14:4, Ch 7.2-7.3



Observer canonical form

We have directly

uj =xjb0 ⊕ xj−1b1 ⊕ · · · ⊕ xj−mbm
⊕ uj−1c1 ⊕ · · · ⊕ uj−mcm

With c0 = 1 this is equivalent to
m∑
i=0

uj−ici =
m∑
i=0

xj−ibi

Expressed with the D-transform
u(D)c(D) = x(D)b(D)

or, equivalently,

u(D) =
b(D)

c(D)
x(D) = g(D)x(D)

The transfer function is g(D) =
b(D)

c(D)

Martin Hell, Digitalteknik L14:5, Ch 7.2-7.3



CCF and OCF

Example

CCF of G (D) =

(
1⊕D
1⊕D2

D⊕D2

1⊕D2

D2

1⊕D2
1

1⊕D2

)

x2 +

x1 + +

+ +

+

u1
u2

OCF of G (D) =

( 1
1⊕D

D
1⊕D

D2

1⊕D2
1

1⊕D2

)

+ + u1

+ + u2

x1
x2

Martin Hell, Digitalteknik L14:6, Ch 7.2-7.3



CCF and OCF

Controllability and observability
I A realization in controller canonical form is controllable but

not necessarily observable (there might be equivalent states).
I A realization in observer canonical form is observable but not

necessarily controllable (there might be unreachable states).

Martin Hell, Digitalteknik L14:7, Ch 7.2-7.3



LFSR

Definition
A linear feedback shift register (LFSR) is a cascade of D-elements
where the input is a linear function of the state variables.

sj−L sj−L+1 sj−1

cL cL−1 c1

· · ·

· · ·

· · ·

s0, s1, . . . sj

+ +

Martin Hell, Digitalteknik L14:8, Ch 7.2-7.3



LFSR

Example
The following LFSR gives the state transition graph below.
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LFSR

Example
The following LFSR gives the state transition graph below.
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Maximal Length Sequence

Definition
All LFSRs give separate cycles in the state transition graph. If all
nonzero states are included in one cycle the output is called a
maximal length sequence.

Martin Hell, Digitalteknik L14:11, Ch 7.2-7.3



LFSR

Definition (Connection Polynomial)
The general form of an LFSR is given by:

sj−L sj−L+1 sj−1

cL cL−1 c1

· · ·

· · ·

· · ·

s0, s1, . . . sj

+ +

It is determined by c = (1, c1, . . . , cL). The D-transform of c

C (D) = 1⊕
L∑

i=1

ciD
i

c0=1
↓
=

L∑
i=0

ciD
i

is called the connection polynomial of the LFSR.

Martin Hell, Digitalteknik L14:12, Ch 7.2-7.3



Shift register recursion

Theorem
The shift register recursion can be written as

L∑
i=0

ci sj−i = 0, j ≥ L

where c0 = 1.

Martin Hell, Digitalteknik L14:13, Ch 7.2-7.3



Shift register recursion

Proof.
For j ≥ L

sj = cLsj−L ⊕ cL−1sj−L+1 ⊕ · · · ⊕ c1sj−1 =
L∑

i=1

ci sj−i

or, equivalently,

sj ⊕
L∑

i=1

ci sj−i = 0

With c0 = 1

c0sj ⊕
L∑

i=1

ci sj−i = 0

Martin Hell, Digitalteknik L14:14, Ch 7.2-7.3



The LFSR theorem

Theorem
An LFSR with connection polynomial C (D), degC (D) = L, can
generate the sequence s if and only if S(D) can be written as

S(D) =
P(D)

C (D)

where degP(D) < degC (D).

See proof in course book.

Martin Hell, Digitalteknik L14:15, Ch 7.2-7.3



Euclid’s algorithm

To find the shortest LFSR that generates a sequence s we delete
common factors in the numerator and the denominator of the D
transform S(D).

Therefore, we need to find the greatest common divisor (gcd) of
two polynomials. This can be done with Euclid’s algorithm.

Martin Hell, Digitalteknik L14:16, Ch 7.2-7.3



s = [1101001]∞

Example
To find a minimal LFSR that generates s = [1101001]∞, consider
the D-transform

s(D) = 1⊕D⊕D3⊕D6

1⊕D7

Use Euclid’s algrithm to find common factors gives
gcd(D7 ⊕ 1,D6 ⊕ D3 ⊕ D ⊕ 1) = D4 ⊕ D2 ⊕ D ⊕ 1
We get

s(D) = (1⊕D2)(1⊕D⊕D2⊕D4)
(1⊕D⊕D3)(1⊕D⊕D2⊕D4)

= 1⊕D2

1⊕D⊕D3

A minimal length LFSR:
+

Martin Hell, Digitalteknik L14:17, Ch 7.2-7.3



Starting state (P(D)→ s)

To get the starting state we can also perform long division (series
expansion) of (se next slide for derivation)

s(D) =
1⊕ D2

1⊕ D ⊕ D3 = 1⊕ D ⊕ D3 ⊕ D6 ⊕ · · ·

Hence,

s(D) = 1⊕ D ⊕ D3 ⊕ D6 ⊕ · · · D
−1
−→ 110︸︷︷︸
starting state

1001 . . .

The starting state is the first bits that are shifted out.

1 1 0s

+

Martin Hell, Digitalteknik L14:18, Ch 7.2-7.3



Starting state (P(D)→ s)

Derivation of long division of S(D).

1⊕D ⊕D3 ⊕D6 ⊕· · ·
1⊕ D ⊕ D3 1 ⊕D2

1⊕D ⊕D3

D⊕D2⊕D3

D⊕D2 ⊕D4

D3⊕D4

D3⊕D4⊕D6

D6

D6⊕D7 ⊕D9

D7⊕D9

. . .

Martin Hell, Digitalteknik L14:19, Ch 7.2-7.3



Starting state (s→ P(D))

We can also derive P(D) from the starting state.
We know that

P(D) = S(D)C (D)

and if we know

C (D) = 1⊕ D ⊕ D3

S(D) = 1⊕ D ⊕O(D3)

where O(D3) represents all terms with degree 3 and higher.
Combining, we get

P(D) = (1⊕ D ⊕O(D3))(1⊕ D ⊕ D3)

= 1⊕ D2︸ ︷︷ ︸
P(D)

⊕O(D3)︸ ︷︷ ︸
=0

since deg
(
P(D)

)
< deg

(
C (D)

)
.

Martin Hell, Digitalteknik L14:20, Ch 7.2-7.3



Observer canonical form

OCF of LFSR
An LFSR is a linear sequential circuit in pseudo-controller canonical
form. It can also be realized in observer canonical form.

p0 p1 pL−1

c1 c2 cL−1 cL

· · ·

· · ·s0, s1, . . . + + +

To realize the sequence S(D) the starting state is

P(D) = S(D)C (D)

Martin Hell, Digitalteknik L14:21, Ch 7.2-7.3



s(D) = 1⊕D2

1⊕D⊕D3

Example
To genetrate the sequence s with D-transform

s(D) =
1⊕ D2

1⊕ D ⊕ D3

we can use the circuit

1 0 1s +

Martin Hell, Digitalteknik L14:22, Ch 7.2-7.3



State value

In this form the state is directly the reminder in the (long) division.

1 0 1s +

1 0 1= 1⊕ D2

1 1 1= 1⊕ D ⊕ D2

0 1 1= D ⊕ D2

1 1 0= 1⊕ D
0 0 1= D2

0 1 0= D
1 0 0= 1
1 0 1= 1⊕ D2

1⊕ D ⊕ D3 ⊕ D6 ⊕ · · ·
1⊕ D ⊕ D3 1⊕ D2

1⊕ D ⊕ D3

D ⊕ D2 ⊕ D3 = D(1⊕ D ⊕ D2)
D ⊕ D2 ⊕ D4

D3 ⊕ D4 = D2(D ⊕ D2) = D3(1⊕ D)
D3 ⊕ D4 ⊕ D6

D6 = D4(D2) = D5(D) = D6(1)
D6 ⊕ D7 ⊕ D9

D7 ⊕ D9 = D7(1⊕ D2)

Martin Hell, Digitalteknik L14:23, Ch 7.2-7.3



The period

The period T for a connection polynomial C (D) is defined as the
smallest T > 0 for which C (D) divides 1+ DT .

Theorem
The period for connection polynomial C (D) can be derived by the
long division (series expansion) of 1

C(D) . At the first occasion the
reminder is Dk we get the period as T = k .

Martin Hell, Digitalteknik L14:24, Ch 7.2-7.3



Period

Example 7.7
To calculate the period for the connection polynomial

C (D) = 1⊕ D ⊕ D3

we derive 1
C(D) :

1⊕D⊕D2 ⊕D4⊕· · ·
1⊕ D ⊕ D3 1

1⊕D ⊕D3

D ⊕D3

D⊕D2 ⊕D4

D2⊕D3⊕D4

D2⊕D3 ⊕D5

D4⊕D5

D4⊕D5⊕D7

D7

Hence, the period is T = 7.

Martin Hell, Digitalteknik L14:25, Ch 7.2-7.3



The period

Theorem
The period for connection polynomial C (D) and the period of the
sequence s with D-transform

S(D) =
P(D)

C (D)
, where deg(P(D)) < deg(C (D)),

is the same if gcd(P(D),C (D)) = 1.

Martin Hell, Digitalteknik L14:26, Ch 7.2-7.3


