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Ring

Definition
The algebraic structure (R, +, ) is a ring if the following criterias
are fulfilled:

Addition: at+b=b+a (commutative)
(a+b)+c=a+(b+c) (associative)
a+0=a (0 exists)
g4 (=2 =10 (—a exists)
Multiplication: (GBI —=al (D e) (associative)
3-1=1-2a=2 (1 exists)

Combination: (b+c)=a-b+a-c (distributive)
(b+c)-a=b-a+c-a

Martin Hell, Digitalteknik L5:2, Ch 3.3, 4.5



Boolean rings

Definition

An element a in a ring (R, +,-) is idempotent if 2> = a.

Definition (3.8)

A Boolean ring is a ring where all elements are idempotent.

Martin Hell, Digitalteknik L5:3, Ch 3.3, 4.5



Boolean rings (example)

Example (3.31)
The ring (Z2, ®, ®) with

w
0
0
1

= ol®
o Ol o

1
1
0
is a Boolean ring since

0®0=0
1®1=1

= O

Martin Hell, Digitalteknik L5:4, Ch 3.3, 4.5




Boolean ring (example)

Example 3.32

The ring (Ze, ®, ®) is not a Boolean ring.

Let B be the idempotent elements in Zg, i.e., B ={0,1,3,4}.
Define addition and multiplication according to

atb=a®bd4x(a®b)
a-b=a®b

Martin Hell, Digitalteknik L5:5, Ch 3.3, 4.5



Ex 3.32 (cont'd)

Example 3.32

Then (B, +, ) with

+]/0 1 3 4 -0 1 3 4
0/0 1 3 4 0j/0 0 0 0
1|1 0 4 3 1/0 1 3 4
313 401 3/0 3 30
404 3 10 410 4 0 4

is a Boolean ring.

Martin Hell, Digitalteknik L5:6, Ch 3.3, 4.5



at+a=0

Theorem (3.16)

If (B,+,-) is a Boolean ring and a € B then
at+a=20

That is, all elements have characteristic 2.

All elements are their own additive inverses, —a = a.
There is no meaning to use minus in a Boolean ring.

Martin Hell, Digitalteknik L5:7, Ch 3.3, 4.5



Proof of Thm 3.16

In a Boolean ring
(a+b)2=a+b

But
(a+b)2 =(a+ b)(a+b)
= a% + ab + ba+ b?
=at+ab+ba+b
That is

atab+bat+b=a+b
Theorem 3.7 (cancellation law) gives

ab+ba=0

Let b+ a
P +at=a+a=0

Martin Hell, Digitalteknik L5:8, Ch 3.3, 4.5




Boolean rings are commutative

Theorem (3.17)

A Boolean ring (B, +,-) is a commutative ring. That is, if a,b € B
then
a-b=0>b-a

Martin Hell, Digitalteknik L5:9, Ch 3.3, 4.5




Boolean ring (Summary)

Boolean ring

The ring (R, +,-) is an algebraic structure where

Addition: at+b=b+a (commutative)
(a+b)+c=a+(b+c) (associative)
a+0=a (0 exists)
a+(—a)=0 (—a exists)
Multiplication: (a-b)-c=a-(b-c) (associative)
a-l=1-a=a (1 exists)
a’=a (idempotent)

Combination: 5. (b+c)=a-b+a-c (distributive)
(b+c)-a=b-a+tc-a
Theorem: at+a=0 (Characteristic 2)

a-b=b-a Commutative ring

Martin Hell, Digitalteknik L5:10, Ch 3.3, 4.5



Boolean algebra

Definition (3.9)

A Boolean algebra (B, A, V,") consists of a set B and three
operations AND (A), OR (V), and NOT (") where

aNl=a av0=a
ana =0 ava =1
aANb=bAa avb=bVa

aN(bvec)=(anb)V(aic) avV(bAnc)=(aVvb)A(aVc)

v

Martin Hell, Digitalteknik L5:11, Ch 3.3, 4.5



Boolean operations

If (B,+,-) is a Boolean ring, then the Boolean operations AND,
OR, and NOT can be derived as

aANb=a-b AND
aVb=a+b+a-b OR
a=1+a NOT

Martin Hell, Digitalteknik L5:12, Ch 3.3, 4.5



(Z27 697 ®) — (Z2a /\7 \/7/ )

Example
In the Boolean ring (Z2, ®, ®) the Boolean operations are

aNb=a®b AND
aVb=adbda®hb OR
d=1¢a NOT
Or
A0 1 v i0 1 !
0|0 O 0|0 1 0
110 1 111 1 1

o =

Martin Hell, Digitalteknik L5:13, Ch 3.3, 4.5




Ring operations

If (B,A,V,") is a Boolean algebra, then the operations + and - can
be derived as

a-b=aAb
at+b=(anb)Vv(a Ab)

Martin Hell, Digitalteknik L5:14, Ch 3.3, 4.5



(Zo, N\, V) = (Zy, D, ®)

Example

In the Boolean algebra (Z, A, V,") the ring operations are

a®b=aAb

MULT
a@gb=ab vab ADD
Or
®|0 1 ®|0 1
0[O0 O 00 1
110 1 1|1 O

Often A and () are omitted. For example, a V bc is equivalent to
aV(bAc).

Martin Hell, Digitalteknik L5:15, Ch 3.3, 4.5




(B,A, V)

Example

In the Boolean ring (B, +, ), which builds from the idempotent
elements in (Ze, , ®) and

a+b=a®b®4x(a®b)
a-b=a®b

The Boolean operations are

aANb=a-b =a®b
aVb=a+b+a-b =adbd(5®ax®b)
a=1+a =1®5Q®a

Martin Hell, Digitalteknik L5:16, Ch 3.3, 4.5




(B,A, V)

\
0

3
4

1
0|0 0 0 O

3/0 3 30
410 4 0 4

Martin Hell, Digitalteknik L5:17, Ch 3.3, 4.5



Principle of duality

Theorem (3.18)

For each true expression in 0, 1, A, V, and’ in a Boolean algebra
(B,0,1,A,V,") we also get a true expression if we exchange all

01
N &V

Martin Hell, Digitalteknik L5:18, Ch 3.3, 4.5




Derivation rules for a Boolean algebra

(Idempotence

(de Morgan

)

)
(Commutative)
(Associative)

)

(Distributive

(Absorption)

(Consensus)

0=1 =0
a'=a

a0=0 avl=1l

al=a av0=a

aa =0 ava =1

aa=a aVa=a
(ab) =d' v b (avb) =3ab

ab = ba aVb=bVa
a(bc) = (ab)c av(bvc)=(avb)Ve

a(bvc)=abVac aVbc=(aVvb)(aVc)

avVab=a a(avb)=a

abVvadc=abvacVbc (avb)(@Ve)=(avb)(dVec)bVec)

Martin Hell, Digitalteknik L5:19, Ch 3.3, 4.5




Example of Boolean calculation

Show that (xz’ V xy’) = x"V yz.

(' V') = () (x)
=(xX'vVz)(x'Vy)

deMorgan)
deMorgan)

(

(
=xXxX'VxXyvx'zvyz  (distributive)
=x'VxXyVx'zVyz (idempotence)
=x'Vx'zVyz (absorbation)
=x'Vyz (absorbation)

Martin Hell, Digitalteknik L5:20, Ch 3.3, 4.5



Representation of numbers

A binary vector of length n, x = (xp—1, Xp—2, ..., X1, X0), can
represent 2" numbers.
One way is by the function

n—1
B(x) = xi2" =X 12" 4 xp 22" 2+ -+ 12 + X0
i=0
Then,
> Xp_1 is the most significant bit (msb).

> Xxp is the least significant bit (Isb).

Martin Hell, Digitalteknik L5:21, Ch 3.3, 4.5




Other basis

Other common basis are 8 (octal numbers) and 16 (hexa- or
cedecimal)
» In octal numbers we use {0,1,...,7}. Since 8 =23 it
corresponds to three bits per digit.
2450 = (011 110 101), = 3655
3 6 5
> In hexadecimal numbers we use {0,1,...,9,A,B,C,D, E,F}.
Since 16 = 2* it corresponds to four bits per digit.

Martin Hell, Digitalteknik L5:22, Ch 3.3, 4.5




Inverse of ¢

The inverse of ¢ can be derived by using n = 2q + r iteratively.

Write n = 245 in binary form.

245 =2.122+1 (Ish)

122=2-61+0

61=2-30+1

30=2-1540
15=2-7+1
7=2-3+1
3=2.-1+1

1=2-0+1 (msb)

= 245;9 = 11110101,

Martin Hell, Digitalteknik L5:23, Ch 3.3, 4.5



Inverse of ¢ (explanation)

245=2.122+1=2-(2-61)+1=2%-61+1
=22.(2-30+1)+1=2%-30+22+1
=23 (2-15)+22+1=2*.15+22+1
=24 2.7+ 1) +22+1=2°. 742 42241
=2°.(2-341)+2%+22 41 =20.3 425424 42211
=20 24+ 1) 422 +2v 22 1 =20 420 425 4 2% 12241
=1-2"+1-2°41-22+1-2*4+0-2°+1.224+0-2' +1.2°

¢(11110101)

Martin Hell, Digitalteknik L5:24, Ch 3.3, 4.5



Addition

Consider the (decimal) derivation 45 + 28

1

45
+28
73

Binary, this is equivalent to 4519 + 2879 = 101101, + 011100,

1111

101101
+011100
1001001

where 1001001, = 731p.

Martin Hell, Digitalteknik L5:25, Ch 3.3, 4.5



Full adder (FA)

Consider bit-level / in an addition of x and y. Then we add the
carry from the previous bit-level ¢; with x; and y;. The sum is given
in two bits, the answer at this level s; and the carry to the next

level ¢iy1.
Ci
Xj
+ i
Cit+1 Si

A component that realizes this is called a Full Adder (FA).

Martin Hell, Digitalteknik L5:26, Ch 3.3, 4.5



Full adder (FA)

The truth table for a FA is The functions s; and ¢; 1

Xi Yi G| Ci41 Si S=Xx Dy ®c

0 0 O 0 0

0 0 1 0 1 civ1 = Xiyi vV (xi @ yi)ci
0 1 0 0 1

0O 1 1 1 0

1 0 0 0 1

1 0 1 1 0

1 1 0 1 0

1 1 1 1 1

Martin Hell, Digitalteknik L5:27, Ch 3.3, 4.5



FA realization

The Full Adder (FA) can be realized as

i Y

Martin Hell, Digitalteknik L5:28, Ch 3.3, 4.5



4 bit Adder

To add two 4-bit numbers use a cascade of four FAs.

xr3 Y3 2 Y2 r1 Y1 o Yo
' ' ! '
c3 co c1
FA FA FA FA co=20
| | | i
ca 53 52 S1 50

Martin Hell, Digitalteknik L5:29, Ch 3.3, 4.5



Overflow (positive numbers)

Suppose that we use n bit representation. Then the numbers are in
the interval
X,Y,S € Lon = {0,1,...,2”— 1}

If the sum of two numbers is too large we have that ¢, = 1.
Therefore, the result is split in two parts:

s= Ron(x+Yy)
ov = ¢,

where ov is the overflow function.

Martin Hell, Digitalteknik L5:30, Ch 3.3, 4.5



2-complement

In 2-complement representation the binary vector
X = (Xp—1,Xn—2, - - -, X1, X0)
then gives the value (since derived mod 2")

H(x) = (xp—12""1 4+ Xx,_22" 2 4+ -+ x12 + x) — Xp_12"

= —Xp 12"+ X, 02" 2 X2 4 X0
n—2

= —X,,_12n71 + ZX,Qi
i=0

i.e. the most significant bit (msb) has a negative value. The
numbers are now in the interval

o(x) € {—(2"™Y),...,0,...,2"t — 1}

Martin Hell, Digitalteknik L5:31, Ch 3.3, 4.5



2-complement

Since we work in (Zan, ®) we have
—x=2"-x=(2"-1-x)+1 modulo 2"

Then, since

2"—-1=11...1
—

n ls

and 1 — x; = x] we get
n o / ’
2" -1 —X=X,_1Xp_o-..X)

That is,
—x = (X,_1X,_5...x}) +1

Martin Hell, Digitalteknik L5:32, Ch 3.3, 4.5



Subtraction

Consider the subtraction 45 — 28.

45 — 28 = 45 + (—28)
= 0101101 + (—0011100)
= 0101101 + [0011100]" + 1
= 0101101 + 1100011 + 1
= 0010001 = 17

It can be derived as

11 1111].

0101101
41100011
0010001

Martin Hell, Digitalteknik L5:33, Ch 3.3, 4.5



Overflow (2-complement)

The addition x +y =s

should give overflow if
» x and y are positive and
SIS negatl\éelm
0...

+0...
1...

» x and y are negative and
s is positive
10...

1...
+1...
0...

Hence,

should not give overflow if
> X positive, y negative and
s is positive
11...

0...

+1...
0...

> X positive, y negative and
s is negative
00...
0...

+1...
1...

ov=-cp®ch_1

Martin Hell, Digitalteknik L5:34, Ch 3.3, 4.5




Addition/Subtraction

Both addition and subtraction can be performed by the following
circuit.

Y3 Y2 At Yo
»— SUB
{_
z3 x2 z1 zo
cq c3 co c1
FA FA FA FA |+
s3 82 $1 s0

ov

Martin Hell, Digitalteknik L5:35, Ch 3.3, 4.5




Multiplication

The product of two binary numbers can be performed in the same
way as for decimal numbers.

Multiply the 3 bit numbers x = xox1x0 and y = y»>y1y0:

X2 X1 X0
Y2 Y1 Yo
X2¥o0 X1Yo Xo)o
X2y1 X1y1 Xoyi
X2y2 X1y2 Xoy2
Zy Zy z3 V) z1 V4y)

Martin Hell, Digitalteknik L5:36, Ch 3.3, 4.5



Multiplication (circuit)

Z2Yo 1Yo ZoYyo
2Y1 O Z1Y1 oY1
Pl l
FA FA FA =—0
T2Y2 r1Y2 Toy2
i i i
FA FA FA ~—0
| l |
Ps pa P3 P2 P1 Po

Martin Hell, Digitalteknik L5:37, Ch 3.3, 4.5



