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Euclid's division theorem

7 set of integers, n € Z

Theorem (3.1)

Let n be an integer and d a positive integer. Then there exist two
unique integers q and r such that

n=qd+r, 0<r<d

We call
g quotient
r reminder

d divisor

The remainder is written as Ry(n) =r.  (or n mod d)
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How to compute n mod d

The general procedure is known as long division.

Example

Divide 43 by 8. Then 43 can be split in an integer part (quotient)

and a remainder. 13
{?J = [5.3750] = 5

43-5.8=3

43=5.8+3

Rs(43) = Rg(5-8+3) =3
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-43, 8

Example

Divide -43 by 8. Then -43 can be split in an integer part (quotient)
and a reminder.

{%?J:L63Bm:—6

—43-(—6)-8=5

Hence,
—43=(—6)-8+5

We write
Rs(—43) = Rg((—6) -8+5) =5
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24, 4

Divide 24 by 4
24
5] =tor=s
Hence,
24 =6-4+0

The remainder is R4(24) = 0 and we say that 4 divides 24,

4| 24.
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Remainder

Rs(43) = Rg(5-8+3) =3
Re(43+7-8) = Rg(5-8+3+7-8) = Rg(12-8+3) =3

Martin Hell, Digitalteknik L4:6, Ch 3.1-3.2



Properties of the remainder

Theorem (3.2)

For all choices of the integers n, i, and d

Rd(n + id) = Rd(n).

Ra(n) = Ra(qd +r) = r
Ry(n+id) = Ry(qd + r +id) = Ry((g +i)d +r) =r

n
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Greatest Common Divisor

Definition (GCD)

Given two integers n; and np, the set of common divisors is
cd(n1, n2) = {m € Z|m|ny and m|n2}

The greatest common divisor (gcd) is

ged(n1, my) = max{cd(n1, n2)}.

Properties of gcd:
» gcd(ng, n2) is a unique integer (undefined for ny = np, = 0).
> ged(£ng, £no) = ged(ng, no)
~ ged(n,0) = |n
» If ged(ng, n2) = 1 we say that ny and ny are relatively prime.
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Common divisors

Consider the integers n; = 231 and ny = 84. Since

231 =377 = 3231
84=3.28 =384

3 is a common divisor of 231 and 84, 3 € cd(231, 84).
The complete set of common divisors is

cd(231,84) = {41, +3, 47, +21}

The greatest common divisor is

gcd(231,84) = 21
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Least Common Multiple

Definition (LCM)

Given two integers ny and ny, the set of common multiples is
cm(ny, m) = {m € Z"|n1|m and nz|m}
The least common multiple (Icm) is

lcm(n1, n2) = min{cm(ny, n2)}.

ged(ny, np)lem(ny, n2) = ninp
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Euclid's recursion

For all choices of the integers ny, ny, and i

ged(n1, ny) = ged(ny — ing, np)

Corollary (3.4 Euclid’s recursion)

For all choices of the integers ny and ny(# 0)

ng(nla n2) = ng(n27 an(nl))
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Euclid’s algorithm

Euclid's algorithm

To derive gcd(n1, n2), where ny, ny € ZT, use Euclid’s division

theorem repeatedly

ri—2 = qjti—1 + ri,

where r_o = ny and r_; = n. The last reminder that is nonzero

(#£ 0) is the ged.

ny =qoh2+r
n=qn+n
n=qgn+n

rico = qiri—1+ i
ri—1 = qgit1ti

= ged(n1, mp) = ged(na, ro)
= ng(ro, r1)
= ged(r, )

= ged(ri—1, 1)
= gecd(r;,0) =1
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Euclid’s algorithm (Ex)

Let n; = 1311 and n, = 391.

ged(1311,391)

1311 = 3-391 + 138 — ged(391,138)
391 =2-138+ 115 = gcd(138, 115)
138 = 1-115 + 23 — ged(115,23)
115=5-23+0 = gcd(23,0) = 23

Hence, gcd(1311,391) = 23.

Martin Hell, Digitalteknik L4:13, Ch 3.1-3.2



Bezout's identity

Theorem (3.6)

If n1 and ny are two nonzero integers there exist two integers s and
t such that

gcd(ni, m)=s-n+t-n

The numbers s and t are not unique.
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Derive Bezout's identity

Rewrite the steps in Euclid’s algorithm:
n =gqom+r = ro=n—qomn

m=qrn+n = n=n—qh
n=qn+r = n=rn—qn

fico =Qqiti—1+r = ri=ri—2—qi-1
(ric1 = qi1ri = 0=ri_1—qit1h)

Start with the second last row
ged =ri=rio —qiri—1

and substitute into the above row.
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Bezout's identity (Ex)

Find s and t such that 23 = s - 1311 4+ t - 391
23 =138—-1-115
=138 —1(391 —3-138) = —391 + 3138
= —391 4 3(1311 —3-391) =3-1311 —10-391

= s=3, t=-10.
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Bezout's identity (Ex)

Example (cont'd)

In the same way derive
0=-17-1311+57-391
Use this to see that s and t are not unique

23=23+0=3-1311-10-391 — 17 -1311 457 - 391
=—14-1311+47-391

= s=—14, t =47.
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Euclid’'s extended algorithm

Let n; and np be two positive integers. Initialise the algorithm with

ro=m s>=1 t»,=0

rri=n s.1=0 t.1=1

For i > 0 derive

ri—2
qi = { J Si = Sj—2 — qiSi—1
ri—1
ri=ri—2 —qjri-1 ti =ti—2 — qgiti—1
Continue until ri;z1 = 0. Then

ged(ny, mp) = ri and rj = siny + tiny

From the proof we have: r; = s;n; + tjny, Vj.
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Euclid’s extended algorithm (Ex)

Let n; = 1311 and np, = 391.

1| qi ri Si ti
-2 | — 1311 1 0
-1/ - 391 0 1
0| 3 138 1 -3
112 115 =2 7
211 23 3 -10
3|5 0 —-17 57

Hence,

ged(1311,391) = 23 and 23 = 3-1311 — 10 - 391

We also get that 0 = —17 - 1311 + 57 - 391
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Algebraic structures

Definition

An algebraic structure consists of a set S and one or
more operations that are closed under S (i.e., the answer
is an element of S).
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Computing modulo m

The set of integers modulo m, denoted Z,,, and the two
operations & and ® are defined as:

> Zm=1{0,1,2,...,m—1}
» ad b= Rn(a+b)
» a® b= Rn(a-b)
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Ze tabulars

Ze = {0,1,2,3,4,5}.

Example of operations are:

wow < MmN —
t|lO< NO < N
Nnomo mmom
NjON < O <
—AO - AN M < 1O
Ojlooc oo oo
RO —w N o < 1O
Lo AN M <
SO0 A NM
N < 1O o~ N
NN T OO
= N ™M T 0O
oo N ™M < O
Plo— N < O
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Group

The algebraic structure (G, *) is a commutative group if
axb=bxa (commutative)
(axb)xc=ax(bxc) (associative)
ax0=a (0 exists)
ax(—a)=0 (—a exists)

What is * 7
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Ring

Definition
The algebraic structure (R, +, ) is a ring if the following criteria
are fulfilled:

Addition: at+b=b+a (commutative)
(a+b)+c=a+(b+c) (associative)
a+0=a (0 exists)
g4 (=2 =10 (—a exists)
Multiplication: (GBI —=al (D e) (associative)
3-1=1-2a=2 (1 exists)

Combination: (b+c)=a-b+a-c (distributive)
(b+c)-a=b-a+c-a
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Cancellation law

Theorem (3.7)

Let (R,+,-) be a ring and a, b, c € R. Then the cancellation law is
fulfilled, i.e., if

atb=a+c
then

b=c

See proof in book.
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Commutative rings

Definition (3.3)

(R,+,") is a commutative ring if it is a ring and multiplication is
commutative,
a-b=b-a a,beR
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0, 1, and —a are unique

Theorem (3.8)

In a ring (R, +,-) the elements
0 (zero)
1 (one)

—a (additive inverse)

are unique.

See proofs in book.
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Units

Definition (3.4)

An element a in a ring (R, +, ) is called a unit if it has a
multiplicative inverse, i.e., if there is an element a~! € R such that

Theorem (3.9)

Let (R,+,") be a ring. If the element a € R has a multiplicative
inverse a1 then this inverse is unique.

See proof in book.

Martin Hell, Digitalteknik L4:28, Ch 3.1-3.2




Units (cont)

Example
Consider the multiplication table for (Z,, ®, ®):

®|0 1
00 O
1 (0 1

The (non-zero) element 1 is a unit.

ged(2,1) =1
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Units (cont)

Consider the multiplication table for (Z3, ®, ®):

® |0

N — Ol

010
110
210

= N O

The elements 1 and 2 are units.

N

ged(3,1) =1 ged(3,2) =1
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Units (cont)

Consider the multiplication table for (Z4, ®, ®):

®[0 1 2 3
0o 0 0 0
10 1 2 3
210 2 0 2
3/0 3 21

The elements 1 and 3 are units but the element 2 is not a unit.

gcd
ged(4,1) =1 ged(4,3) =1
ged(4,2) =2
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Units (cont)

Example
Consider the multiplication table for (Zs, ®, ®):

®|0 1 2 3 4
0(0 0 0 0 O
110 1 2 3 4
210 2 4 1 3
3/0 3 1 4 2
410 4 3 2 1

The elements 1, 2, 3 and 4 are units.

ged(5,1) =1 ged(5,2) =1 gecd(5,3) =1 gcd(5,4) =1

Martin Hell, Digitalteknik L4:32, Ch 3.1-3.2



Units (cont)

Consider the multiplication table for (Zg, ®, ®):

®|0 1 2 3 4 5
0(0 0 0O 0 0 O
110 1 2 3 4 5
210 2 4 0 2 4
3/0 3 0 3 0 3
410 4 2 0 4 2
510 5 4 3 2 1

The elements 1 and 5 are units while 2, 3 and 4 are not units

ged
ged(6,1) =1 ged(6,5) =1
ged(6,2) =2 ged(6,3) =3  ged(6,4) =2

A
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(Zm, ®, ©)

Theorem (3.10)

An element a € Z, is a unit if and only if m and a are relatively
prime, ged(m, a) = 1.

We can find it using Bezout's identity!

Example: Find 377! in (Z101,®, ®)
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3771 in (Zao1, ®, ®)

In (Z101,®,®) find 3771, Since 101 is a prime the inverse exists.
Use Euclid’'s extended algorithm to get

I qi Si ti
-2 101 1
-1 37 0 1

0|2 27 1 =2
1 /1 10 -1 3

2 |2 7 3 -8
311 3 -4 11

4 12 1 11 =30

= 1=11-101 + (—30) - 37, or equivalently
1= Ry01(11-101 + (—30) - 37) = Ry01((—30) - 37)
= R101(R101(—30) . 37) =71® 37
=3771=71
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Fields

Definition (3.5)
(F,+,-) is a field if it is a commutative ring and all elements a # 0
are units.

Corollary (3.11)
(Zp,®,®) is a field if and only if p is a prime.
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Prime numbers

Definition
A prime is an integer (>1) that does not contain any other factors

than it self and 1.

In other words, the positive integer p is a prime if and only if

ged(p, i) =1, 1<i<p
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Field

Definition

The algebraic structure (F,+,-) is a field if the following criterias
are fulfilled:
Addition: at+b=b+a (commutative)
(a+b)+c=a+(b+c) (associative)
a+0=a (0 exists)
a+(—-a)=0 (—a exists)
Multiplication: a-b=b-a (commutative)
(a-b)-c=a-(b-c) (associative)
a-l=a (1 eX|sts)
a-al=1 (a1 exists)
Combination: 5. (p4c)=a-b+a-c (distributive) |
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