
LUND UNIVERSITY S O L U T I O N S

Department of Information Technology

Take-home exam in OFDM for Broadband Communication (EIT140) and solutions

Assignments available: 2007-05-23 12:00
Assignments due: 2007-05-25 23:59
Submission: Either submit handwritten/printed solutions in E:3152c (NOTE that the building/corridor is
locked after 18:00!), or submit scanned solutions via email to tom<at>it.lth.se.

You may use: All the course material and MATLAB.
Keep in mind: • Keep your answers short and concise—but, hand in all material necessary to retrace your

approach (e.g., derivations, intermediate steps, etc.).
• Most of the theory questions can be answered with a single sentence.
• You are encouraged to find/verify numerical solutions using MATLAB, however, do not

hand in MATLAB files.
• Assumptions must be motivated by reasoning, by derivations or by referencing the course
material.
• You have to work alone, teamwork is not allowed.

Grading: grade =







5, x ≥ 66

4, 52 ≤ x < 66

3, 40 ≤ x < 52

failed, x < 40

where x is the total number of points (exam (max. 40) + homework (max. 40)).

1. (a) What is the motivation for using OFDM as modulation technique for time-dispersive channels? (1)

(b) What are the advantages and what are the drawbacks of using a cyclic prefix? (1)

(c) Why is beneficial to use the DFT/IDFT transform-pair in combination with a long-enough cyclic
extension (cyclic-prefix extension after the IDFT and cyclic-prefix removal before DFT) compared
to other transforms? (1)

(d) In an OFDM system, the modulated data do not have to obey Hermitian symmetry, in contrast to
a DMT system. Assume that an OFDM sytem and a DMT system use the same bandwidth. Can
the OFDM system transmit twice as much information? Why? (1)

(e) Give a brief explanation of DFT/IDFT-based multicarrier modulation answering the following ques-
tions: (1)

∗ What are the basis functions?

∗ How does the IDFT modify the basis functions so that they carry the information?

∗ How does the DFT extract the information from the received signal?

(f) Every OFDM system used in practice employs channel coding and/or some form of bit-/power-
loading. Why? (1)

(g) In practice, a concatenation of a Reed Solomon code and a convolutional code is frequently used.
Which code must be inner code and which must be the outer code? Why? (1)

(h) Why is the impact of a carrier-frequency offset considered larger in a multicarrier system compared
to a system with a single carrier? (1)

(i) Both a sampling-frequency (clock) offset and a carrier-frequency offset introduce inter-carrier inter-
ference (ICI), but in a different way. Explain the difference. (1)

(j) What is the desired relation between (1)
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∗ length of multicarrier symbol and coherence time

∗ length of multicarrier symbol and multi-path delay spread

(k) Why does the transmit signal of a multicarrier system exhibit a high peak-to-average power ratio?
Why are high peak-to-average power ratios undesirable in practical systems? (1)

(l) What is the relation between coherence time and delay spread? (1)

Solution:

(a) OFDM uses symbols (consisting of several mutually orthogonal complex exponentials) that are long
compared to the ISI. Consequently, the impact of ISI is reduced compared to a single-carrier system.

(b) Advantage (motivation): the cyclic prefix avoids both ISI and ICI in time-dispersive channels.
Drawback: the cyclic prefix is redundant and thus reduces the data rate.

(c) The DFT/IDFT in combination with a long-enough cyclic extension partitions any channel, i.e.,
no knowledge of the channel is required for the modulator/demodulator.

(d) No. The baseband multiplex of an OFDM system is complex-valued. In order to transmit such
a multiplex over a real (real-valued) channel, real and imaginary part of the multiplex are QAM-
modulated, which yields a real-valued signal of twice the bandwidth compared to the real-valued
DMT baseband multiplex.

(e) ∗ The basis functions are complex exponentials (or pairs of real-valued sin/cos signals).

∗ For each subcarrier, the IDFT modifies amplitude and phase according to the complex data.

∗ For each subcarrier, the DFT performs a correlation of the baseband multiplex with the
complex-valued exponential function.

(f) The overall performance (measured, for example, in terms of bit error rate) of a multicarrier system is
determined by the worst subchannel. Both coding and bit-/power-loading improve the performance
of bad subchannels (either by introducing more redundancy or by reducing the amount of assigned
information over these subchannels).

(g) The (inner) convolutional code, decoded by the Viterbi algorithm, corrects spares channel errors.
But, from time to time, the decoder produces a burst of error, which are subsequently corrected by
the (outer) Reed Solomon code.

(h) Every subcarrier is disturbed by the ICI of all other subcarriers.

(i) Clock-timing offset: expansion/compression of the baseband multiplex; carrier-frequency offset:
shift of baseband multiplex;

(j) symbol duration � coherence time (corresponds to slow fading); symbol duration � multi-path
spread (corresponds to flat frequency response)

(k) A simple explanation uses the rotating-pointer interpretation of complex exponentials: in a mul-
ticarrier system, there are N such pointers rotating with different angular velocities. When all
pointers are aligned (pointing in the same direction), the peak (length of the sum-pointer) is N
times longer compared to the corresponding single-carrier system. A large peak-to-average power
ratio either causes high a power consumption (if amended by power backoff) or introduces non-linear
distortion (if ignored).

(l) There is none.

2. Consider an OFDM system operating with sampling frequency Fs = 20MHz and N = 64 subcarriers.
The channel is time-invariant, frequency-flat (no dispersion in time) and adds stationary white Gaussian
noise. Assume the system achieves a certain average datarate of R bit/s.

(a) Does doubling the number of subcarriers (that is, using N = 128 instead of N = 64, while keeping
Fs = 20MHz) double the datarate R? Answer with yes or no and motivate your answer! (Assume
that channel estimation, synchronisation, etc. behave the same for N = 128 as for N = 64.) (4)
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(b) Does doubling the sampling frequency (that is, using Fs = 40MHz instead of Fs = 20MHz, while
keeping N = 64) double the datarate R? Answer with yes or no and motivate your answer!
(Assume that channel estimation, synchronisation, etc. behave the same for Fs = 40MHz as for
Fs = 20MHz.) (4)

Solution:

(a) No. Doubling the number of subcarriers N doubles the amount of information carried by each
multicarrier symbol. However, doubling N also doubles the symbol duration. Thus, R remains
constant.

(b) Yes. Since N remains constant, the amount of information carried by a multicarrier symbol remains
constant. Doubling Fs halves the symbol duration, which doubles R.

3. Proposals for the physical-layer standard of beyond-3G mobile networks are based on OFDM, and they
are very aware of the peak-to-average power ratio (PAR) problem. An extremely PAR-aware implemen-
tation example is depicted below:

transmitter channel receiver

CP CPfilter DFT IDFTequaliser

Zadd H Zrem R

w(n)

R
H

X[k]
E

The transmitter does not perform an IDFT. Each ’frequency-domain’ data block X[k], k = 0, ..., N − 1
consisting of N samples is extended by a cyclic-prefix (CP) before transmission. The matrices Zadd and
Zrem add and remove the cyclic prefix, respectively. The channel performs linear convolution described
by the matrix H and adds white Gaussian noise w(n). After removing the CP, the receiver performs
DFT (R is the normalised DFT matrix), equalisation (modelled by the matrix E) and IDFT. Assume
that the CP is at least as long as the dispersion (length of the impulse response minus 1) of the channel.

(a) Explain briefly why this system is superior in terms of PAR compared to a standard DFT-based
system. (2)

(b) Compute the PAR (in dB) of the transmit signal assuming that X[k], k = 0, ..., N − 1 are

∗ QPSK-modulated

∗ 16QAM-modulated

∗ 64QAM-modulated

In each case, assume that the constellation points are equally likely. (3)

(c) For comparison, consider a standard OFDM system and compute the value p (in dB) for which the
clip-probability is Pr(PAR > p) = 10−5. Assume that the transmit signal (after the IDFT of the
standard system) is a sequence of zero-mean uncorrelated Gaussian samples. (2)

(d) Is it possible to perform element-wise channel equalisation in such a system (in other words, is it
possible to perform equalisation with a diagonal matrix E)? Answer with yes or no and prove your
answer. (3)

Solution:

a) Since there is no IDFT, the PAR of this system is equal to the PAR of a QAM-signal generated by
a single-carrier system.

b) ∗ pQPSK = 10 log10( (12 + 12)
︸ ︷︷ ︸

power of peak

/ (12 + 12)
︸ ︷︷ ︸

average power

) = 0 dB

∗ p16QAM = 10 log10( 32 · 2
︸ ︷︷ ︸

(3,3)-point, peak power

/(( 12 + 12

︸ ︷︷ ︸

(1,1)-point

+2 (12 + 32)
︸ ︷︷ ︸

(1,3)-point

+ 2 · 32
︸ ︷︷ ︸

(3,3)-point

)/4)) = 2.55 dB
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∗ p64QAM = 10 log10( 2 · 72
︸ ︷︷ ︸

(7,7)-point

/((2+2(1+32)+2(1+52)+2(1+72)+2 · 32 +2(32 +52)+2(32 +

72) + 2 · 52 + 2(52 + 72) + 2 · 72)/16)) = 3.68 dB

Remember: averaging over one of the four quadrants is sufficient. Note: the PAR of the continuous-
time (or highly oversampled) transmit signals is 3 dB larger than the PAR of the base-band discrete-
time signals computed above.

c) PARstandardMC = 20 log10

(
Q−1(10−5/2)

)
= 12.9 dB

d) Yes, element-wise equalisation still works.

Proof: A standard DFT-based OFDM system diagonalises any circulant channel matrix, which can
be described by

ERZremHZaddR
H = I,

where E is diagonal. Multiplication from the left with R
H results in

R
H
ERZremHZaddR

H = R
H.

Multiplication from the right with R yields

R
H
ERZremHZadd = R

H
R = I,

which describes the new system. E is still diagonal, thus element-wise equalisation is possible.

�

4. Consider an OFDM system with N = 3 subcarriers. The time-invariant channel is given by its impulse
response

h(n) =







h0, n = 0

h1, n = 1

h2, n = 2

0, otherwise

(a) Determine

∗ the minimum CP-length L required to avoid both ISI and ICI (1)

∗ the circulant convolution matrix H̃ (1)

∗ the normalized IDFT matrix S (1)

(b) The columns si, i = 0, 1, 2 of the normalized IDFT-matrix S are eigenvectors of H̃. Compute
the eigenvalues λi, i = 0, 1, 2 that correspond to these eigenvectors (Hint: Remember that for an
eigenvector s and the corresponding eigenvalue λ the following relation holds: H̃s = sλ. Note:

Compute symbolically—without using MATLAB) (3)

(c) Compute the 3-point DFT H(k), k = 0, 1, 2 of the channel impulse response h(n), n = 0, 1, 2. (Note:

Compute symbolically—without using MATLAB) (2)

(d) What is the relation between the eigenvalues λi, i = 0, 1, 2 of H̃ and the DFT H(k), k = 0, 1, 2 of
h(n)? (1)

(e) Explain the impact of λi, i = 0, 1, 2 on the achievable data rate. (1)

Solution:

(a) The dispersion of the channel is M = 2, thus the smallest possible CP-length to avoid ISI and ICI
is L = 2. The circulant channel convolution matrix is given by

H̃ =





h0 h2 h1

h1 h0 h2

h2 h1 h0



 .
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The normalized IDFT matrix is given by

S =
1√
3





1 1 1
1 ej2π/3 ej4π/3

1 ej4π/3 ej2π/3





(b) We know that H̃s0 = s0λ0 has to hold. Thus,





h0 h2 h1

h1 h0 h2

h2 h1 h0









1
1
1




1√
3

= (h0 + h1 + h2)





1
1
1




1√
3

!
=λ0





1
1
1




1√
3

has to hold and consequently λ0 = h0 + h1 + h2. In the same way, we obtain λ1 = h0 + h1e
j4π/3 +

h2e
j2π/3 and λ2 = h0 + h1e

j2π/3 + h2e
j4π/3.

(c) Straightforward evaluation of H(k) =
N−1∑

n=0
h(n)e−j2πnk/N for k = 0, 1, 2 yields H(0) = h0 +h1 +h2,

H(1) = h0 + h1e
−j2π/3 + h2e

−j4π/3 and H(2) = h0 + h1e
−j4π/3 + h2e

−j2π/3, respectively.

(d) λi = H(i), i = 0, 1, 2; The eigenvalues of H̃ corresponding to the columns of the IDFT matrix as
eigenvectors are the DFT of the channel impulse response h(n)!

(e) The larger |λi|, i = 0, 1, 2 the larger is the achievable data rate.
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