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Information Transmission
Chapter 2, Linear systems & sinusoids

FREDRIK TUFVESSON

ELECTRICAL AND INFORMATION TECHNOLOGY

Linear, time-invariant (LTI) systems

A system is said to be linear if,

whenever an input           yields an output 

and an input          yields an output 

and

we also have

where are arbitrary real or complex constants.
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What does this mean?

The linearity condition

In order to extend the linearity condition

to infinite sums we must assume that the system is 

“sufficiently smooth or continuous”.

“Small” changes in the input must give “small” changes in 

the output.
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The linearity condition

The linearity condition

can be replaced by the two simpler conditions

Notice that both must be true for the first expression to be 

true.

The linearity condition

If we assume that both inputs           and          are zero, 

then we obtain

Hence, we conclude that

Input zero results in output zero for all linear systems!

Important observation!
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The principle of superposition

A system is said to be linear if

• the output resulting from an input that is a weighted sum 

of signals 

is the same as 

• the weighted sum of the outputs obtained when the input 

signals are acting separately.

Time invariance

A system     is time-invariant  if a delay of the input by any 

amount of time only causes the same delay of the output.

The system as such does not change its behavior with time. 

Its components do not “grow old”.

In mathematical writing: a system with output

is time-invariant if

holds for all delays or shifts 
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Impulses and step functions

Consider the output 

when charging a 

capacitor with a current

pulse

The step function

Let the pulse duration approach 0, while keeping the 

charge (the area of the pulse) to 1 C,

then q(t) will approach the unit step function u(t), which is 

defined as



2016-04-04

6

The delta function

When the duration of our pulse approaches 0, the pulse

approaches the delta function

(also called Dirac's delta function or, the unit impulse) 

Properties of the delta function

The delta function is defined by the property

where g(t) is an arbitrary function, continuous at the origin.

t

g(0)

g(t)
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Distributions

We should not regard the delta function as an ordinary 

function; it is a generalized function or distribution.

The derivative of a generalized function g(t) is defined by

Test function

- Compact support

- Has derivatives of any order

Derivatives and integrals

• The derivative of the step function is the delta

• The integral of the delta is the step function
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The output of LTI systems

The integral is called convolution and is denoted

The output y(t) of a linear, time-invariant system is the 

convolutional of its input x(t) and impulse response h(t).

Example 1

Consider an LTI system with impulse response

and input

What is the output?
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Example 2

Consider an LTI system with impulse response

and input

What is the output?
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Example 3

Consider an LTI system with impulse response

and input

What is the output?
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Causal systems

A system is said to be causal if the reaction always comes 

after the action, i.e., if 

the output y(t0) at any given time  can only be influenced by 

inputs at times 
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Causal systems

For a causal system we have

This equality must hold for all inputs x(t) thus, 

must be zero for         , that is, h(t) must be zero for t<0.

The impulse response h(t) for a causal system starts at 

time t=0.

Conclusion

The output y(t) from a causal system can be written as

or, equivalently, as 
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