
Written Exam
Information Transmission - EIT100

Department of Electrical and Information Technology
Lund University

2016-06-03
8.00 – 13.00

*** SOLUTION ***

The exam consists of five problems. 20 of 50 points are required to pass.
Permitted aids: Pocket calculator without any programs, scripts or files stored,

formula collection without any notes.

• Write your personal identifier on each page.

• Each solution must be written on separate sheets.

• Your solutions must clearly reveal your method of solution.
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1. Consider the following circuit:
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Figure 1: Circuit diagram

(a) Find the frequency function H(f). (3 p)

Solution: The output, when x(t) = ejω0t acts as the input, is

y(t) =
Z2

Z1 + Z2

ejω0t

where Z1 = R1||R2 = R1R2/(R1 + R2) and Z2 = 1/(jω0C), which gives a
frequency function

H(f) =
R1 +R2

R1 +R2 + CR1R2jω
.

(b) What is the impulse response h(t). (3 p)

Solution: The impulse response h(t) is the inverse Fourier transform of the
frequency function. Since the table with transform pairs tells us that

e−αtu(t)←→ 1

α + jω
,

we rewrite the frequency function to match this expression as well as possi-
ble, and get

H(f) =
R1 +R2

CR1R2

1
R1+R2

CR1R2
+ jω

where we identify

α =
R1 +R2

CR1R2

and the impulse response becomes

h(t) =
R1 +R2

CR1R2

e
−R1+R2

CR1R2
t
u(t).

(c) Find the output y(t) for the input x(t) = 3(u(t)− u(t− 2)). (4 p)

Solution: This can be done in essentially two ways:

(i) Directly in the time domain, where we perform the convolution

y(t) = h(t) ∗ x(t) =

∫ ∞
−∞

h(τ)x(t− τ)dτ

or
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(ii) we can also perform it in the frequency domain as a multiplication

Y (f) = H(f)X(f)

followed by an inverse transform of Y (f) to the time domain.

The convolution integral is quite simple in this case, so let’s use the first
method (i).

For simplicity, let α = R1+R2

CR1R2
and h(t) = αe−αtu(t). First we graphically

illustrate the two convolved functions and the different cases for our convo-
lution integral:

Case 1: y(t) = 0

Case 2: y(t) =
∫ t
0

3h(τ)dτ = 3 [−e−ατ ]τ=tτ=0 = 3(1− e−αt)
Case 3: y(t) =

∫ t
t−2 3h(τ)dτ = 3 [−e−ατ ]τ=tτ=t−2 = 3(e−α(t−2) − e−αt)

Written as a single expression,

y(t) =


0 , t < 0
3(1− e−αt) , 0 ≤ t < 2
3(e−α(t−2) − e−αt) , 2 ≤ t

where

α =
R1 +R2

CR1R2

.

2. In the current 5G standardization there is a focus on mm wave systems, where
28 GHz carrier frequency is used instead of 2.6 GHz as in 4G (LTE)
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(a) From a cellular communications perspective, state two main advantages of
using this high frequency, clearly motivate your answer. (2 p)

Solution: For instance ...

• Larger bandwidths are available (not used for other things) at higher
frequencies. This allows for higher data rates.

• If we use, e.g., dish antennas the antenna gain increases with frequency
even if the area is the same, allowing for large antenna gains with rela-
tively small antennas.

(b) From a cellular communications perspective, state two main disadvantages
(challenges) using this high frequency, clearly motivate your answer. (2 p)

Solution: For instance ...

• Without antennas with high gain, we will suffer from the higher path
loss at higher frequency.

• Higher frequency makes the Doppler effect more pronounced, which
makes wireless communication in mobile environments more compli-
cated.

(c) Assume that two wireless units communicate at 28 GHz with a data rate
of 100 Mbit/s. The antenna gains are 13 dBi and 7 dBi at the receiver
and transmitter, respectively, the output power is 20 dBm, the Doppler fre-
quency is 20 kHz, the bandwidth is 100 MHz, the bit error rate is 10−6,
Boltzmann’s constant is 1.28 ∗ 10−23 (typo in original exam ... should be
1.38 ∗ 10−23), the noise temperature is 1500 K, the noise factor is 7 dB
the weather is sunny and free space conditions apply. If the demodulator
needs a SNR of 10 dB to work properly, what is the maximum range for re-
liable communication? Make reasonable assumptions if there is information
missing and clearly motivate your choice. (6 p)

Solution: There is a lot of information in the text. Let’s read it and then
start from the back, figuring out what we need to calculate in the end.
Seems like we need to find an expression for the SNR at the receiver side
and figure out how we can assure that it is at least 10 dB. As an equation
that would be expressed

SNRdB ≥ 10 dB

or, in linear (non-dB) scale,

SNR ≥ 10 times,

where we have used that 10 dB = 10 times.

The next step would be to figure out how we calculate the SNR, which is
the signal-to-noise ratio

SNR =
Signal power

Noise power

at the receiver. The formula collection has expressions for both the nomi-
nator and denominator, as formulas 4.2 (Frii’s formula for free-space prop-
agation) and 4.3. This leads to a requirement

SNR =
Pr
N

=
PtGtGr

(
λ

4πd

)2
kTKB

≥ 10 [times],
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from which we can calculate the requested maximum range

d ≤ λ

4π

√
PtGtGr

10kTKB

for reliable communication. We now need to identify values on the variables
in the expression from the text. Let’s do it in a table:

Quote from problem text Conclusion

”communicate at 28 GHz” λ = c/f = 3·108
2.8·109 = 10.7 · 10−3 m

”output power is 20 dBm” Pt = 1020/10 mW = 0.1 W
”antenna gains are 13 dBi ... Gr = 1013/10 = 20 times
and 7 dBi, respectively” Gt = 107/10 = 5 times
”Boltzmann’s constant is 1.38 ∗ 10−23 k = 1.38 · 10−23 W/Hz/K
”noise temperature is 1500 K” TK = 1500 K
”bandwidth is 100 MHz” B = 100 · 106 Hz

The rest of the information in the problem text, e.g. ”the weather is sunny”
and ”data rate of 100 Mbit/s”, is not required to solve the problem. Inserting
these values in the expression gives us that

d ≤ 10.7 · 10−3

4π

√
0.1 · 5 · 20

10 · 1.38 · 10−23 · 1500 · 100 · 106
= 592 m

to ensure reliable communication.

3. A company is trying to develop an effective radio that transmits using simple
on-off keying (i.e. only one bit can be transmitted at each symbol time). For
this radio to function properly a block code must be effectively implemented.
The company has developed two block codes and needs you determine which one
their radio should use. Here are the two different block codes which have been
developed:

Code A Code B
Data words Code words Data words Code words

00 000 00 00000
01 011 01 01011
10 101 10 10101
11 110 11 11110

To better understand each block code, the employer needs you to determine a
few key facts about this each code. Remember to motivate your answers well.
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(a) Are either of these block codes non-linear? (1 p)

Solution: Both codes contain the all-zero code word and adding any two
code words gives a codeword in the code. Hence, both codes are linear!

(b) Find the hamming distances (typo in original exam, should say minimum
distance) for each of the block codes. (1 p)

Solution: Since both codes are linear we can find the minimum distance
by finding the (non-zero) code word with the least Hamming weight.

Code A: dmin = 2, Code B: dmin = 3.

(c) What is the rate of each block code, how many errors can each of these
schemes detect, how many errors can be corrected? (2 p)

Solution: Given the 2-bit data word length, the code word lengths of 3 and
5 bits, together with the minimum distances ...

Code A: Rate is R = 2/3, can correct b2−1
2
c = 0 bit errors, and detect

2− 1 = 1 bit errors.

Code B: Rate is R = 2/5, can correct b3−1
2
c = 1 bit errors, and detect

3− 1 = 2 bit errors.

(d) You decided to implement and test both codes to see how they perform in
a noisy environment. Receiver 1 is using block code A and receives the bits
001. Receiver 2 is using block code B and receives the bits 01001. Where
any errors detected by either receiver? If it is assumed there are less than
two errors in the received code word for Receiver 1, and less than 3 errors
in the received code word for Receiver 2, can either receiver determine what
code was transmitted? If so what was the received data word from each
receiver? (3 p)

Solution:

None of the received words are valid code words, which makes both receivers
detect that there is some sort of error.

Since both numbers of possible bit errors (less than 2 and less than 3)
exceed the error correcting capability of the codes, correct decoding cannot
be guaranteed by any of the receivers.

(e) You now know a great deal about each block code, you now go back to the
company and must tell them a scenario where each code should be used.
Provide a scenario in which block code A would outperform block code B,
provide a second scenario in which block code B would outperform block
code A. (3 p)

Solution:

With low bit error probabilities and only single bit-error detection needed,
Code A will give a solution that requires less transmission bandwidth (since
it has a higher rate than Code B).

If error correction is required and bit-error probabilities are higher, Code B
will be the better choice ... despite requireing more bandwidth (it has lower
rate).

4. Consider an RSA public key crypto system with the public parameters n = 221
and e = 23.
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(a) Encrypt the plaintext P = 24 (3 p)

Solution: RSA encryption is done according to

C = P e = 2423 (mod 221),

where we use the fact that AB mod n = (A (mod n))(B (mod n)) (mod n)
and break down the calculation as

C = 2416+4+2+1 = 2416 · 244 · 242 · 24 (mod 221).

Starting with the lowest power (1) and moving up to the largest one (16),
we get the partial results:

24 = 0 · 221 + 24 ≡ 24 (mod 221)

242 = 524 = 2 · 221 + 134 ≡ 134 (mod 221)

244 = (242)2 ≡ 1342 = 17956 = 81 · 221 + 55 ≡ 55 (mod 221)

248 = (244)2 ≡ 552 = 3025 = 13 · 221 + 152 ≡ 152 (mod 221)

2416 = (248)2 ≡ 1522 = 23104 = 104 · 221 + 120 ≡ 120 (mod 221)

and this leads to

C = 24 · 134 · 55 · 120 = 3216 · 6600 = (14 · 221 + 122) · (29 · 221 + 191)

≡ 122 · 191 = 23302 = 105 · 221 + 97 ≡ 97 (mod 221)

(b) Find the plaintext P corresponding to the the ciphertext C = 80. Hint: one
of the factors of n is q = 13. (7 p)

Solution: If one of the (prime) factors in n = 221 is q = 13, then the other
prime factor is 221/13 = 17. This means that φ(n) = φ(221) = φ(13 ∗ 17) =
(13− 1) ∗ (17− 1) = 192.

Since e = 23 and we want to find the d that fulfils ed ≡ 1 (mod φ(n)), we
need to find d so that 1 = ed+ tφ(n), i.e. find d so that 1 = 23d+ 192t.

We can find d by first using Euclid’s algorithm for calculating the greatest
common divisor gcd(φ(n), e) (which we know to be one, but we need the
intermediate results):

192 = 8 · 23 + 8

23 = 2 · 8 + 7

8 = 1 · 7 + 1

7 = 7 · 1 + 0

Now, solve for the remainders above in reverse order:

1 = 8− 1 · 7

7 = 23− 2 · 8
8 = 192− 8 · 23

which leads to

1 = 8− 1 · 7 = 8− 1 · (23− 2 · 8) = −1 · 23 + 3 · 8
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= −1 · 23 + 3 · (192− 8 · 23) = −25 · 23 + 3 · 192,

where we can identify d = −25 ≡ 167 (mod 192). Now we can take on the
decryption.

RSA decryption works pretty much the same way as the encryption, but
using d instead of e in the exponent. In our case, using the same calculation
strategy as for the encryption,

P = Cd = 80167 = 80128+32+4+2+1 (mod 221).

Calculate the necessary factors (not as detailed as above, but same strategy):

80 ≡ 80 (mod 221)

802 ≡ 212 (mod 221)

804 ≡ 2122 ≡ 81 (mod 221)

808 ≡ 812 ≡ 152 (mod 221)

8016 ≡ 1522 ≡ 120 (mod 221)

8032 ≡ 1202 ≡ 35 (mod 221)

8064 ≡ 352 ≡ 120 (mod 221)

80128 ≡ 1202 ≡ 35 (mod 221)

and we get

P = 80167 = 35 · 35 · 81 · 212 · 80 ≡ 7 (mod 221).

5. Consider a deck of cards where you have got 4 spades at hand, and you do not
know anything about the other cards.

(a) What is the uncertainty (entropy) about the next card you get? (2 p)

Solution: With 4 spades at hand (which I assume I have “observed”), there
are 52 − 4 = 48 cards left in the deck. I can only assume that there is an
equal probaility for all these 48 cards being the next one, namely 1/48. With
48 equally probable outcomes, the uncertainty (entropy) is

H(next card) = log2 48 ≈ 5.6 bit.

(b) What is the uncertainty (entropy) of the color of the next card? (2 p)

Solution: Since I have 4 of the 13 spades at hand, there are only 9 spades
left in the deck, while the other three suites have all 13 cards in the deck.
This gives probability 22/48 for a black card (spades or cloves) and 26/48
for a red card (hearts or diamonds). This gives an uncertainty (entropy)

H(next color) = −22

48
log2

22

48
− 26

48
log2

26

48
≈ 0.99 bit.
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(c) How much information about the next card do you get if the dealer says it
is another spades? (3 p)

Solution: If the dealer says that the next card is another spades, there are
only 9 equally probable outcomes (one of the 9 spades) and the uncertainty
about the next card becomes

H(next card|it is a spades) = log2 9 ≈ 3.2 bit.

Comparing this to the uncertainty (entropy) before I was told that it is
another spades (problem (a)), H(next card) ≈ 5.6 bit, the information I got
was

H(next card)−H(next card|it is a spades) ≈ 5.6− 3.2 ≈ 2.4 bit.

(d) How much information about the next card do you get if the dealer says it
is red? (3 p)

Solution: If the dealer says that the next card is red, there are 26 equally
probable outcomes (one of the 13+13 hearts and diamonds) and the uncer-
tainty about the next card becomes

H(next card|it is a red card) = log2 26 ≈ 4.7 bit.

Comparing this to the uncertainty (entropy) before I was told that it is
another spades (problem (a)), H(next card) ≈ 5.6 bit, the information I got
was

H(next card)−H(next card|it is a red card) ≈ 5.6− 4.7 ≈ 0.9 bit.


