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Consider the estimation of a parameter —sequence s[n] from an observed sequence x[n]
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Consider the estimation of a parameter —sequence s[n] from an observed sequence x[n]

If s[n] and x[n] are not jointly Gaussian but we keep a linear estimator
1. Isit optimal?
2. What it the form of the weightening coefficients?
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Consider the estimation of a parameter —sequence s[n] from an observed sequence x[n]

If s[n] and x[n] are not jointly Gaussian but we keep a linear estimator
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Consider the estimation of a parameter —sequence s[n] from an observed sequence x[n]

Summary:
For linear estimators  s[n]=agx[n]+a;x[n-1]+a x[n-2]+....
the optimal taps are found according to

a=R;xRx?  Where x=x[0],...,x[n]

This is the Wiener filter discussed last lecture
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Consider the estimation of a parameter —sequence s[n] from an observed sequence x[n]

Kalman Filters can gain
Summaty: NOTHING over Wiener
Filters in performance
For linear estimators  S[n]=agx[n]+a;x[n-1]+a,x[n-2]+....
Kalman filters is only
clever "book-keeping”

to reduce complexity and
to avoid matrix inversion

the optimal taps are found according to

a=R;xRx?  Where x=x[0],...,x[n]

This is the Wiener filter discussed last lecture

We are basicallydone. It is not possible to improve
(in a Bmse sense) over the Wiener filter
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Assume a linear dynamical state model for the signal

A linear dynamical model canincludes, e.g., an AR(p) model
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Assume a linear dynamical state model for the signal

A linear dynamical model canincludes, e.g., an AR(p) model

s[n] = - Z a[k]s[n — k] + u[n]

In order to statistically characterize s[n], we need s[n-1],...,s[n-p]
These variablesare termed the state of the process

[ sln—p] ]
sln—p+1]
sln — 1] = :
sin — 2]
sin — 1]
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A linear dynamical model canincludes, e.g., an AR(p) model

s[n] = - Z a[k]s[n — k] + u[n]

In order to statistically characterize s[n], we need s[n-1],...,s[n-p]
These variablesare termed the state of the process

sin — p] At the next time, the state becomes
sin—p+1]
sln — 1] = sn—p+1]
sin — 2] sin—p +2
sln—1] ] sin] = :
s[n — 1]
| sl
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A linear dynamical model canincludes, e.g., an AR(p) model
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Assume a linear dynamical state model for the signal

A linear dynamical model canincludes, e.g., an AR(p) model

s[n] = - Z a[k]s[n — k] + u[n]

In order to statistically characterize s[n], we need s[n-1],...,s[n-p]
Thus, the state process is given by

's[n—p+1]' [0 1 0 0 3[n—p} -0
sfn—p +2] 0 0 1 0 sln—p+1] 0
: = 5 : ' : E || ulnd
s[n— 1] 0 0 0 1 3[71—2] 1
sml | Lol —alp-1 —alp-2 ... —al) || sm-1y | L1
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s[n| = As[n — 1] + Bu|n]
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Assume a linear dynamical state model for the signal

A linear dynamical model canincludes, e.g., an AR(p) model

s[n] = - Z a[k]s[n — k] + u[n]

In order to statistically characterize s[n], we need s[n-1],...,s[n-p]
Thus, the state process is given by

's[n—p+1]' [0 1 0 0 3[n—p} -0
sfn—p +2] 0 0 1 0 sln—p+1] 0
: = 5 : ' : E || ulnd
sln — 1] 0 0 0 1 sin — 2] 1
sml | L -abl —alp-1 —alp-2 . —al) ]| sh-1 | L1
X ' RS

s[n] = As[n — 1] + Bu[n| We can also have multiple innovations
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Assume a linear dynamical state model for the signal

AR(p) models are one example, but in general we consider systems of the form

s[n] = As[n — 1] + Bu[n]

There can also be input signals that affect the state, but this is not used in the book.

Usedin the Extended Kalman filter (treated in the book)
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The book makes a big deal out of the starting conditions:

* An AR(p) model is assumed to start at -=, but in the book it starts at n=0

* Then it is technically a Gauss-Markov process,and a model for s[-1] is required

* However, the initial condition fades out fairly quickly since the processis ergodic
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Assume a linear dynamical state model for the signal

AR(p) models are one example, but in general we consider systems of the form
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There can also be input signals that affect the state, but this is not used in the book.
The book makes a big deal out of the starting conditions:

* An AR(p) model is assumed to start at -=, but in the book it starts at n=0

* Then it is technically a Gauss-Markov process,and a model for s[-1] is required

* However, the initial condition fades out fairly quickly since the processis ergodic

We observe the process through noisy observations
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x[n] =s[n] + w[n]

And we assume that all means are zero
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Since we assume a linear estimator, does it play a role if things are Gaussian or not ?

The task is to estimate the state
s[n] given x[n],x[n-1],....
with a linear estimator
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Since we assume a linear estimator, does it play a role if things are Gaussian or not ?

No, since we know that the optimal solution will be of the form  a=R;;,R*
and this coincides with the solution for Gaussian variables

In this lecture we deal with the scalar case
sl =asln ~ 1] +ufn] >0 E(u?[n]) = o?

z[n] = s[n] + win] E(w®[n]) = o3
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Let §[n|n] denotethe estimate of s[n] computed based on the obsrevationsat time n
S[njn — 1] be the estimate of s[n] computed at time n-1 (prediction) etc etc

In this lecture we deal with the scalar case
sl =asln ~ 1] +ufn] >0 E(u?[n]) = o?

z[n] = s[n] + win] E(w®[n]) = o3
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Define  z[n] = z[n| — Z[n|n — 1]

so that r[n]

z[n] + #[n|n - 1]

= Zn|+ HX_: az.z(k]

Note. Confusionin the book:
a, are the estimation coefficients

But a is the parameter defining the AR(1) process
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Define  z[n] = z[n| — Z[n|n — 1]
sothat z[n] = Z[n]+ Z[n|n - 1]

= Zn|+ HX_: az.z(k]

We seek the quantity §[n|n]
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Define  z[n] = z[n| — Z[n|n — 1]
sothat z[n] = Z[n]+ Z[n|n - 1]

= Zn|+ HX_: az.z(k]

We seek the quantity $[n|n] = E(s[n]|z[0], z[1],..., z[n])

Butif we are given X[n — 1] = {[0},z[1},...,z[n — 1]} and Z[n]
we can compute X[n]

So, |§[n|n] = E(s[n]|X[n — 1], Z[n])




Recall a slide from Lecture 7

Additive property

Independent observationsxy,x,
Estimate ©

Assume that x;,X,, 0 are jointly Gaussian

§ = E(8|x) = E(8) + C.C (x — E(x))

- C-! 0 xi — E(x,)
& = E@®)+|Con Cos [ ¢ ]
( ) [ 8 o ] 0 C:I:zlﬂ:z [ X — E(Ig}
= E(8) +{Cor, CoL, (x: — E(x1)) +(Cax; Cr, (x2 — Elxa))]

MMSE estimate can be updated sequentially !!!
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Define  z[n] = z[n| — Z[n|n — 1]

sothat z[n] = Z[n|+ Z[n|n - 1]
= ZFn]+ Zakm[k]

We seek the quantity $[n|n] = E(s[n]|z[0], z[1],..., z[n])

Butif we are given X[n — 1] = {[0},z[1},...,z[n — 1]} and Z[n]
we can compute X[n]

So, |§[n|n] = E(s[n]|X[n — 1], Z[n])

Z[n] being the error of an MMSE estimate, is orthogonalto X[n — 1] according
to the orthogonality principle. Since it is Gaussian, it is also independentfrom X[n — 1]
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Define  z[n] = z[n| — Z[n|n — 1]
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= Zn|+ HX_: az.z(k]
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Z[n] being the error of an MMSE estimate, is orthogonalto X[n — 1] according
to the orthogonality principle.
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Define  z[n] = z[n| — Z[n|n — 1]
sothat z[n] = Z[n]+ Z[n|n - 1]

= Zn|+ HX_: az.z(k]

We seek the quantity $[n|n] = E(s[n]|z[0], z[1],..., z[n])

Butif we are given X[n — 1] = {[0},z[1},...,z[n — 1]} and Z[n]
we can compute X[n]

So, |3[n|n] = E(s{n]|X[n — 1], Z[n]) = E(s[n]|X[n - 1]) + E(s[n]|Z{n])

By definition E{s[n}|X[n — 1]) = §[n|n — 1]
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Define  z[n] = z[n| — Z[n|n — 1]

Let usnow derive 3[nln —1] = E(s[n||X[n - 1])

Slnln] = E(s[n]|X[n - 1],&[n]) = s[nln — 1] + E(s[n]jz{n])
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Define  z[n] = z[n| — Z[n|n — 1]

Let us now derive 8[n|n = 1]

B(s[n]|X[n — 1)
E(as[n - 1] + u[n]|X[n — 1)

o

s[n]=as[n-1]+u[n]

Slnln] = E(s[n]|X[n - 1],&[n]) = s[nln — 1] + E(s[n]jz{n])
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Define  z[n] = z[n| — Z[n|n — 1]

Let us now derive 3[n|n — 1] E(s[n]|X[n - 1])
E(as[n - 1] + u[n]|X[n — 1)

aF(s[n — 1|[X[n —1])

[

u[n] is uncorrelated with X[n-1]

Slnln] = E(s[n]|X[n - 1],&[n]) = s[nln — 1] + E(s[n]jz{n])
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Define  z[n] = z[n| — Z[n|n — 1]

Let us now derive 3[n|n — 1] E(s[n]|X[n - 1])
E(as[n - 1] + u[n]|X[n — 1)
aE(s[n — 1]{X[n — 1))

adn ~1n - 1]

I | I |

By definition

Slnln] = E(s[n]|X[n - 1],&[n]) = s[nln — 1] + E(s[n]jz{n])
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Define  z[n] = z[n| — Z[n|n — 1]

Let us now derive 3[n|n — 1] E(s[n]|X[n - 1])
E(as[n - 1] + u[n]|X[n — 1)
aE(s[n — 1]{X[n — 1))

adn ~1n - 1]

I | I |

Thus

§[n|n] = E(s[n]|X[n — 1}, Z[n]} = ad[n - ljn — 1] + E(s[n]|Z[n])

Summary so far: We seek to find 8[n|n]. Thisequals ad[n — 1jn — 1], which we have,

plus the term FE(s[n]|Z[n]). Compute it and we are done!
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

K[m ™ Kalman Gain
K[nj(z[n] — [nin - 1])

Therefore E(s[n]|Z[n])

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore E(s[n]|Z[n]) K[n]Z[n] _ E(sin]z[n])

Kinl(zln] - sfnin-1)) | X" = TE@R]

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore E(s[n]|Z[n]) K[n]Z[n] _ E(sin]z[n])
K

izl - sfnin—1)) | 2™ = TE(@)

However, Z[nln —1] = §[n|n— 1]

X[n] = s[n] + w[n]

w[n] is independent from all other variables

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore E(s[n]|Z[n]) K[n]Z[n] _ E(sin]z[n])

Kinl(zln] - sfnin-1)) | X" = TE@R]

K[n](z[n] - 3[njn — 1))

We must now compute the Kalman gain K[n]. Start by the nominator

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore E(s[n]|Z[n]) K[n]Z[n] _ E(sin]z[n])

Kinl(zln] - sfnin-1)) | X" = TE@R]

K[n](z[n] - 3[njn — 1))

We must now compute the Kalman gain K[n]. Start by the nominator

E(s{n|z[n]) = E[s[n](z[n] - Z[nln - 1])]

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore E(s[n]|Z[n]) K[n]Z[n] E(sin]Z[n])

Kinl(zln] - sfnin-1)) | X" = TE@R]

K[n](z[n] - 3[njn — 1))

We must now compute the Kalman gain K[n]. Start by the nominator

E(sinl2[n)) = Els[nl(zln] ~&[nln - 1)

Y
Error of MMSE estimate of x[n] given X[n-1]

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore E(s[n]|Z[n]) K[n]Z[n] E(sin]Z[n])

Kinl(zln] - sfnin-1)) | X" = TE@R]

K[n](z[n] - 3[njn — 1))

We must now compute the Kalman gain K[n]. Start by the nominator

E(sinl2[n)) = Els[nl(zln] ~&[nln - 1)

Y
Error of MMSE estimate of x[n] given X[n-1]
Orthogonal to X[n-1]

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore E(s[n]|Z[n]) = K[n|Z[n] Kfn] = E(s[n]Z[n])
= K[n}(z[n] — £[njn — 1]) E(#?[n])
= K[n(eln] - $lnjn — 1)

We must now compute the Kalman gain K[n]. Start by the nominator

E(sinl2[n)) = Els[nl(zln] ~&[nln - 1)

Y
Error of MMSE estimate of x[n] given X[n-1]
Orthogonal to X[n-1]

Therefore orthogonal to é[ﬂln — 1] which is a linear combination of X[n-1]

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])




Chapter 13 — Kalman Filters

Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore E(s[n]|Z[n]) K[n]Z[n] _ E(sin]z[n])

Kinl(zln] - sfnin-1)) | X" = TE@R]
K(n| (:r[n] - §[n|n - 1])

We must now compute the Kalman gain K[n]. Start by the nominator

E(sin]Z[n]) = Els[n](z[n} - Z(nln - 1})] =E[(s[n] - 8[n|n - 1])(z[n] - 3[n|n - 1})]

T

We can add this term freely

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore E(s[n]|Z[n]) K[n]Z[n] _ E(sin]z[n])

Kinl(zln] - sfnin-1)) | X" = TE@R]
K(n| (:r[n] - §[n|n - 1])

We must now compute the Kalman gain K[n]. Start by the nominator
E(s[n|z[n]) = Els[n](z[n] -Z[nln — 1})] =E[(s[n] - é[n|n — 1])(z[n] — $[n|n - 1])]
= E[(s[n] — 5[n|n — 1])(s[n] — $[n|n — 1])]

w[n] independent from all other variablesT

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore E(s[n]|Z[n]) K[n]Z[n] _ E(sin]z[n])

Kinl(zln] - sfnin-1)) | X" = TE@R]
K(n| (:r[n] - §[n|n - 1])

We must now compute the Kalman gain K[n]. Start by the nominator
E(s[n|z[n]) = Els[n](z[n] -Z[nln — 1})] =E[(s[n] - é[n|n — 1])(z[n] — $[n|n - 1])]

= El(s[n] = slnin — 1])(s[n] = §[nin — 1)} = Minin 1]

Definition: 1-step prediction error

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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C tation of r
omputation of E(s[n]|Z[n]) Eventually, we must also compute M

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n] \
Therefore E(s[n)|Z[n]) = K[n|Z[n] Kinl =*M[n|n — 1]
= K[n}(z[n] — £[njn — 1]) E(#?[n])

K[n](z[n] - $[n|n — 1))
We must now compute the Kalman gain K[n]. Start by the nominator
E(s[n|z[n]) = Els[n](z[n] -Z[nln — 1})] =E[(s[n] - é[n|n — 1])(z[n] — $[n|n - 1])]

= E[(s[n] = 8[n|n — 1])(s[n] = 3[n|n - 1])] = M[nin —1]

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore FE(s[n]|Z[n]) = Kn]Z[n] Kn] = Mnin — 1]
= Kn}(z[n] — &[njn — 1)) LE(&n])
= K[n)(z[n] - $[nln — 1)) /

We must now compute the Kalman gain K[n]. Now take the denominator

E(#2n]) = El(z[n] —$[n|n - 1})?]

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore FE(s[n]|Z[n]) = Kn]Z[n] Kn] = Mnin — 1]
= Kn}(z[n] — &[njn — 1)) LE(&n])
= K[n)(z[n] - $[nln — 1)) /

We must now compute the Kalman gain K[n]. Now take the denominator

E(#*n]) = El(z[n] — s[n|n — 1})?] = E[(s[n] — s[nln — 1] + w{n])?]

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore FE(s[n]|Z[n]) = Kn]Z[n] Kn] = Mnin — 1]
= Kn}(z[n] — &[njn — 1)) LE(&n])
= K[n)(z[n] - $[nln — 1)) /

We must now compute the Kalman gain K[n]. Now take the denominator
E(#*n]) = El(z[n] - s[n|n — 1])?} = E[(s[n] - 8[n|n — 1] + w(r])?]

= 02 + E[(s[n] - 3[n|n — 1))?]

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])

E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore FE(s[n]|Z[n]) = Kn]Z[n] Kn] = Mnin — 1]
= Kn}(z[n] — &[njn — 1)) LE(&n])
= K[n)(z[n] - $[nln — 1)) /

We must now compute the Kalman gain K[n]. Now take the denominator
E(#*n]) = El(z[n] - s[n|n — 1])?} = E[(s[n] - 8[n|n — 1] + w(r])?]

= o} + E[(s[n] - 3[n|n - 1])?] = o% + Minin — 1]

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Computation of E(s[n]|Z[n])
E(s[n]|Z[n]) is an MMSE estimate of s[n] given Z[n]

Therefore E(s[n]|Z[n]) K[n]Z[n]
K([nj(z[n] — #[njn - 1])
K([n](z[n] - 3[n|n — 1))

We must now compute the Kalman gain K[n]. Now take the denominator
E(#*n]) = El(z[n] - s[n|n — 1])?} = E[(s[n] - 8[n|n — 1] + w(r])?]

= o} + E[(s[n] - 3[n|n - 1])?] = o% + Minin — 1]

M(nin — 1]
o + Min|n — 1]

K(n] =

z[n| = z[n| — Z[n|n - 1]

§[n|n] = E(s[n}|X[n — 1}, Z[n]} = ad[n - 1jn — 1] + E(s[n]|Z[n])
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Summary so far

The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o2 + Minjn —

§[nln] = adln - 1jn—-1] +

5i(zln] = slnln — 1)
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Summary so far

The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o + Min|n — 1]

§[njn] = adln-1ljn—-1] + (z[n| — §[n|n - 1])

/

/

This is the estimate at the previous time slot
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Summary so far

The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o + Min|n — 1]

§[njn] = adln-1ljn—-1] + (z[n| — §[n|n - 1])

|

This parameteris from the model and must be known
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Summary so far

The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o + Min|n — 1]

§[njn] = aldln - lin —1] + (z[n] — §[n|n - 1])

1

a

/

This is the predicted estimate at time n-1, §[n|n — 1]
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Summary so far

The estimate of s[n] computed for all data x[0],...,x[n] is

Minin — 1 n) - s[njn - 1)

§[njn] = adln-1ljn—-1] + T+ Minin 1] (:::7‘

/

Observationat time n
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Summary so far

The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]

§[nln] = adln - 1jn—-1] + =
A

+ Min|n —

5i(zln] = slnln — 1)

Noise density
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Summary so far

The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]

o2 + Minjn —
A

§[njn] = adln-1ljn—-1] + 7 (z[n| — §[n|n - 1])

Error made when predicting s[n] from X[n-1]
Remains to be computed
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Summary so far

The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]

o2 + Minjn —
A

§[njn] = adln-1ljn—-1] + 7 (z[n| — §[n|n - 1])

Error made when predicting s[n] from X[n-1]
Remains to be computed

MIn|n] is also of interestand should be
computed as well
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o2 + Minjn —

§[nln] = adln - 1jn—-1] +

5i(zln] = slnln — 1)

Computation of M[n|n — 1]
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o2 + Minjn —

§[nln] = adln - 1jn—-1] +

5i(zln] = slnln — 1)

Computation of M[n[n ~1] = E|[(s[n]— 3[n|n— 1])2] By definition
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o2 + Minjn —

§[nln] = adln - 1jn—-1] +

5i(zln] = slnln — 1)

Computationof M(njn—1] = E[(s[n] — 4[n|n — 1])?]
s[n] = s[n-1] +u[n] = FEl(as[n — 1] +ufn] - §[n|n — 1))?]
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o+ Min|n —

§[njn] = adln-1ljn—-1] + 7 (z[n| — §[n|n - 1])

E[(s[n] — 8[n|n - 1])?]
E[(as[n — 1] + u[n] — 8[n|n — 1})?]

Computation of M[n|n — 1]

E[(a(s[n — 1] = 3[n — 1jn — 1]) + u[n])*]

$injn — 1] = ad[n - 1jn — lﬂ
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o + Min|n — 1]

§[njn] = adln-1ljn—-1] + (z[n| — §[n|n - 1])

E[(s[n] — 8[n|n - 1])?]
E[(as[n — 1] + u[n] — 8[n|n — 1})?]
E[(a(s[n — 1] — 8[n — 1|n — 1]) + u[r])?]

u[n] is uncorrelated with all other variables = E[(a(s[n —_ 1] —_ §[ﬂ, - ],i*n, - 1]))2] + Uﬁ

Computation of M[n|n — 1]
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o+ Min|n —

§[njn] = adln-1ljn—-1] + 7 (z[n| — §[n|n - 1])

Computationof Minjn~1] = E{(sfn] - s{nln — 1)’

E[(as[n — 1] + uln] — §[n|n — 1])?]
E(a(s[n — 1] = §[n = 1|n — 1]) + u[r])’]
El(a(s[n — 1] = §[n - ln = 1]))*] + o2

a’M[n - lin - 1] + o2,

By definition
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The estimate of s[n] computed for all data x[0],...,x[n] is

§[n|n] = adln-1jn-1] + Gifﬁ;;‘i} 1 (z[n] = $[n|n — 1])
Computation of M{nln ~ 1] = E(s[n] - s{nln — 1))’

E[(as[n — 1] + u[n] — 8[n|n — 1})?]
= El(a(s[n — 1] = 3[n - 1jn = 1]) + u[n])?]

= El(a(s[n—1] - 3[n—1n=1]))*|+0?
= a’Mhn-1ln-1+0o2

We can now get M[n|n-1] from M[n-1|n-1]
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o2 + Minjn —

§[njn] = adln-1ljn—-1] + 7 (z[n| — §[n|n - 1])

Computationof M(njn—1] = E[(s[n] — 4[n|n — 1])?]
El(as[n — 1] +u[n] — [n|n — 1])?]
= El(a(s[n — 1] = 3[n - 1jn = 1]) + u[n])?]

= El(a(s[n—1] - 3[n—1n=1]))*|+0?
= a’Mhn-1ln-1+0o2

We can now get M[n|n-1] from M[n-1|n-1]
In next time step, we need M[n+1]|n] from M[n|n]
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o + Min|n — 1]

§[njn] = adln-1ljn—-1] + (z[n| — §[n|n - 1])

Computationof M(njn—1] = E[(s[n] — 4[n|n — 1])?]
El(as[n — 1] +u[n] — [n|n — 1])?]
= El(a(s[n — 1] = 3[n - 1jn = 1]) + u[n])?]

= El(a(s[n—1] - 3[n—1n=1]))*|+0?
= a’Mhn-1ln-1+0o2

We can now get M[n|n-1] from M[n-1|n-1]
In next time step, we need M[n+1]|n] from M[n|n]
Thus, we need M[n|n] from M[n|n-1]
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o2 + Minjn —

§[nln] = adln - 1jn—-1] +

5i(zln] = slnln — 1)

Computation of M|n|n]
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o2 + Minjn —

§[nln] = adln - 1jn—-1] +

5i(zln] = slnln — 1)

Computationof M[n|n] = E[(s[r] — §[n|n])?] By definition
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o2 + Minjn —

§[nln] = adln - 1jn—-1] +

5i(zln] = slnln — 1)

Computation of A [n|n] E((s[n] — §[n|n])?]

E[(s[n] — §[n|n — 1] — K[n](z[n] - n|n — 1]))*]

Since the boxed equation above can be written as

&[n|n] = &[n|n — 1] + K[n|(z[n| — §[nn — 1])
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o2 + Minjn —

§[nln] = adln - 1jn—-1] +

5i(zln] = slnln — 1)

Computationof Mnjn] = E[(s[n] — sn|n])’]
E[(s[n] - s[n|n — 1] — K[n](z[n] — §n|n — 1)}{3
E((s[n] - 8[n|n — 1])?] — 2K [n] E[(s{n] - s[nin — 1])(z[n] — élnln — 1])]

Expand the power of 2 + K%[n]E|(z[n] — 3[n|n — 1))*].
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o2 + Minjn —

§[njn] = adln-1ljn—-1] + 7 (z[n| — §[n|n - 1])

Computationof M[njn] = E[(s[n] - dlnIn])’]
E(sln] = &nln — 1] ~ K{n](zln] — 8fnln ~ 1))’
E|(s[n] = 8lnln = 1])7]|~ 2K [n] E{(sin] ~ 3fnin ~ 1))(z[n] - s{njn — 1)

+ K*[n]El(z[n] — §[nin — 1])?].
Mnln=1] -

By definition
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o+ Min|n —

§[njn] = adln-1ljn—-1] + 7 (z[n| — §[n|n - 1])

Computation of A [n|n] E((s[n] — §[n|n])?]

E[(s[n] — §[n|n — 1] — K[n](z[n] - s[n|n ~ 1]))*]

E[(s[r] - 3[nln —1])*] - RK[n]E[(sin] — s[nin - 1))(z[~] — s[nln — 1])]

+ K*[n] E((z[n] — 3lnln — 1])7].
M[nln = 1] = 2K%[n)(M[n|n — 1] + 02) +

_ El(s[n] - 3[nin — 1])(z[n] — $[nln —1])]  Mnjn—1]
E((s[n] = 8[n|n — 1] + w(n])?] 02 + M[n|n — 1]
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o+ Min|n —

§[njn] = adln-1ljn—-1] + 7 (z[n| — §[n|n - 1])

Computationof M[njn] = E[(s[n] - dlnIn])’]
E{(slrn] - [nln — 1] ~ Klnl(zln] — 8fnln ~ 1))’
E(sln] — élnln — 1])?] - 2K [n]E{(sin] ~ 3{nin ~ 1))(z[n] - s{njn — 1)

+ K*[n]E[(z[n] — 3[nln —1])°]
Mnln = 1] = 2K?[n)(M[n|n — 1] + 02) + K[n|M[n|n - 1]

_ El(s[n] - 3[nin — 1])(z[n] — $[nln —1])]  Mnjn—1]
E((s[n] = 8[n|n — 1] + w(n])?] 02 + M[n|n — 1]
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The estimate of s[n] computed for all data x[0],...,x[n] is

§[nln] = adln - 1jn—-1] +

M(nin — 1]
o2 + Minjn —

5i(zln] = slnln — 1)

Computation of M|n|n]

since

02+ Mnn-1] =

E|(s[n] — 8[n|n])”]
E|(s[n] = 3[n|n — 1] = Kn](z[n] = {n|n ~ 1]))’]
E[(s[n] - 3{n|n — 1])?] - 2K [n] E{(s[n] — $[n|n — 1])(z[n] — $[nin — 1])]

+ K*[n]El(z[n] — §[n|n — 1])?].

Mnjn -1] -
Min|n - 1] -

M(nln - 1]

K|n]

2K?[n)(M[n|n — 1] + 02) + K[n]M[njn — 1]

2K [n]M[n|n — 1| K [n]M[n|n — 1]
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The estimate of s[n] computed for all data x[0],...,x[n] is

M(nin — 1]
o+ Min|n —

§[njn] = adln-1ljn—-1] + 7 (z[n| — §[n|n - 1])

Computationof M[njn] = E[(s[n] - dlnIn])’]
E{(slrn] - [nln — 1] ~ Klnl(zln] — 8fnln ~ 1))’
E{(sln] — élnln — 1])?] ~ 2K [n] E{(sin] - 3frin ~ 1))(z[n] - s{njn — 1)

+ K*[n)El(zln] — dlnin — 1))%].
Minln = 1] = 2K%n)(M[n|n — 1] + 02) + K[n]M[n|n — 1]
Min|n - 1] = 2K[n]M|[n|n — 1] + K[n]M[n|n — 1]
(1 — K[n])}M|[rln —1].
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M(nin — 1]
o + Min|n — 1]

§[njn] = adln-1ljn—-1] + (z[n| — §[n|n - 1])

Summary

At time n-1, we computed

o« §[n—1n—1]

* M[n-1n - 1]

At time n, we receive x[n]. We need

o M(nin]




Chapter 13 — Kalman Filters

X . M(n|n — 1] )
§[n|n] = adln-1jn-1] + = +[.M[ﬂ|ﬂ ] (z[n| — §[n|n - 1])
Summary We do
At time n-1, we computed Prediction:
. dfn—1ln—1] $[nln — 1] = ad[n — 1|n - 1]
Minimum Prediction MSE:
* Mn-1jn - 1] M[njn — 1) = a*M[n - 1jn — 1] + o2

At time n, we receive x[n]. We need

o M(nin]
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] ) M(nin — 1] )

§[njn] = adln-1ljn—-1] + T+ Minln — 1] (z[n] = $[n|n — 1])
Summary We do
At time n-1, we computed Prediction:

§[nln — 1] = ad[n — 1n - 1]

o« §[n—1n—1]
Minimum Prediction MSE:

* Mn-1jn - 1] Mnln—1]=a*Mn-1n—-1]+02
At time n, we receive x[n]. We need | Kalman Gain: Kin] = M|njn — 1]
o + Mn|n — 1]

. 3[n|n] Correction:

$[nin] = s{n|n - 1] + K[n|(z[n] — é{n|n — 1])

o M(nin]

Minimum MSE:
M{nin]| = (1 — K[n])M[n|n - 1]
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Last lecture we discussed the Wiener filter and discussed that as time n grows,
the Wiener filter converged to a stationarysolution

However, this solutionrequired us to solve the Wiener-Hopf equations which
are rather tough (requires spectral factorization)

To do Wiener prediction, we need to solve the Yule-Walker equations. Rather
tough as well

With the Kalman model we can obtainthe solutions much easier.

lterating the Kalman equation will force the Kalman gain to a stationaryvalue
(for WSS signals)

K|[n] = K{oo]
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The Kalman estimator
$[n|n] = ${n|n — 1] + K[n|(z(n] — é{n|n — 1])
becomes asymptotically

8[n|n] = 8[n|n - 1] +K[oo](z(n] — [njn — 1])
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The Kalman estimator
$[n|n] = ${n|n — 1] + K[n|(z(n] — é{n|n — 1])
becomes asymptotically

8[n|n] = 8[n|n - 1] +K[oo](z(n] — [njn — 1])
= ad[n ~ 1|n — 1] + K[oo)(z{n] — ad{n — 1|jn — 1])
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The Kalman estimator

$[n|n] = ${n|n — 1] + K[n|(z(n] — é{n|n — 1])
becomes asymptotically
8[n|n] = 8[n|n - 1] +K[oo](z(n] — [njn — 1])
= aé[n ~ 1n — 1] + K[oo|(z{n] — asfn — 1jn — 1])

= a(l - K[])3[n — 1jn — 1] + K[oo]z[n]
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The Kalman estimator

$[n|n] = ${n|n — 1] + K[n|(z(n] — é{n|n — 1])

becomes asymptotically
S[n|n] = Sn|n — 1] +K{oo](z(n] — 3[nin - 1)
= aé[n ~ 1n — 1] + K[oo|(z{n] — asfn — 1jn — 1])

= a(l - K[])3[n — 1jn — 1] + K[oo]z[n]
Thus,

§[z] - a(l - K[]) §[z] 271 = Kloo]z]2]

Delay operator
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The Kalman estimator

$[n|n] = ${n|n — 1] + K[n|(z(n] — é{n|n — 1])

becomes asymptotically
S[n|n] = Sn|n — 1] +K{oo](z(n] — 3[nin - 1)
= aé[n ~ 1n — 1] + K[oo|(z{n] — asfn — 1jn — 1])

= a(l - K[])3[n — 1jn — 1] + K[oo]z[n]
Thus,

8[z] = a(l - K[oo]) 5[2] 2! = K[oo]z[Z]

Transfer function of recursive filter becomes

K [oo]
Hool(2) = 1—a(l — K[oo])z!
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IR filter, one-pole for an AR(1) process

+

z[nj > »=  i[n|n|
+ J
a(l — Koo])z?

K [oc}

K [oo]
Hool(2) = 1—a(l — K[oo])z!
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_ Mnjn —1]
Solve for Koo} Kn] = o7+ Mnn — 1]
Solve for  M,[oc] Mnjn — 1] = M,[oo] definition

IR filter, one-pole for an AR(1) process

+

z[nj > »=  i[n|n|
+ J
a(l — Koo])z?

K [oc}

K [oo]
Hool(2) = 1—a(l — K[oo])z!
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Mnjn -1
Solve for K [oc} K[n] = = +[EEL|R i i

Solve for  M,[oc] Mnjn — 1] = M,[oo]

Update formula from
before

Mnjn - 1] = a*Mn—1jn~ 1]+ 0> = aMloo] + o2

IR filter, one-pole for an AR(1) process

+

Koo}
1—a(l — K[oo])z!

+

z[nj >

K [oc}

Hoo(2) =




Solve for K [oc]

Solve for  M,[oc]

So:

Chapter 13 — Kalman Filters

M(njn — 1]

Kl = o i =1

M[njn — 1] = Mp[oo]
Minin — 1] = a’Mn - ln 1+ 0% = aMfoc] 4 o°

a*M(o0] + o?
o2+ a’Mloo] + o’
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_ Mnjn —1]
Solve for K[oo] Kn] = g i
Solve for  M,[oc] Mnjn — 1] = M,[oo]

Mlnn - 1) = &?Mn—1n 1]+ 02 = o®M[o0] +
So:

a*M(o0] + o?

K =
o 2 + a*Mod] + o

M[nin] = (1 - K[n])M[n|n - 1]
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M(n|n — 1]

Solve for K [oc} K[n] = T Ml — 1]

Solve for  M,[oc] M[njn — 1] = M,[oc]
Minin - 1] =a*Mln—1jn - 1]+ 0% = a2M[oc] + o
So:

a*M(o0] + o?

K =
o 2 + a*Mod] + o

M(nin] = (1 — K[n])M[n|n — 1]
M
M) = (1 -5 +’}S:[] m]) My [o0]
o* Moo
M,|o0] + o2
o} (a®M]oo] + a:)
T a*Mloo] + 0%+ 0
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M(n|n — 1]

Solve for K[oc} K[n| = T+ Ml — 1]

Solve for  M,[oc] Mnjn — 1] = M,[oo]

Mnjn - 1] = a*Mn—1jn~ 1]+ 0> = aMloo] + o2

So:
2 2
a M| +0o
K[OCI] = 5 [2 ] 1 2
o, + a"Mloo] + 0,
27 2 2
ﬂrf[DG] = g ({I M[DG} * J“) Fixed-point equation, 2nd order. Easy to solve.
a’Moc] + 0% + 0*
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M(n|n — 1]
o2 + Mnjn — 1]

Solve for K [oc} Kn] =

Solve for  M,[oc] M[njn — 1] = M,[oc]
Minin - 1] =a*Mln—1jn - 1]+ 0% = a2M[oc] + o

So:
2 2
a’M|oco| +
K[OCI] = 2 [2 ] Tu 3
on + a*Moc] + 0,
M(oo] = o(a’M[oo] + 0y) The same solution would also result
a?Moo] + o3 + 0 if we solved

Iimn_>oo 1 - Rs[n]XRXX_lRXS[n]

This is the Schur complement, but is much
Harder to evalaute
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M(n|n — 1]

Solve for K [oc} K[n] = T Ml — 1]

Solve for  M,[oc] Mnjn — 1] = M,[oo]

Mnjn - 1] = a*Mn—1jn~ 1]+ 0> = aMloo] + o2

So:
2 2
Mco] +
K[OCI] = 2'1 [T] U'u 2 <
Tn + a M[D‘C‘] + O \
Which equationis the most important ?
¥ a*Moo] + 02) /
Mloc] = <
a’Moc] + 0% + 0*
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M(n|n — 1]

Solve for K [oc} K[n] = T Ml — 1]

Solve for  M,[oc] M[njn — 1] = M,[oc]
Minin - 1] =a*Mln—1jn - 1]+ 0% = a2M[oc] + o

So:
2 2
Mco] +
K[OCI] = 2'1 [T] U'u 2 <
Tn + a M[D‘C‘] + O \
Which equationis the most important ?
¥ a*Moo] + 02) /
Mloc] = <
a’Moc] + 0% + 0*

With the first equation, one can do or implement something
With the second, one can understand something (the asymptotic Bmse)
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Extended Kalman Filters: used for non-linear models

* Not optimal

* Not always very accurate

* Hard to analyze asymptotic performance — not suitable for analytical work.

* Good solutions if you dont know what to do, but can model the system as a non-linear dynamical system

* Do not believe that extended Kalman filters have any optimality properties. They are just low-complex solutions to hard problems!
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* Do not believe that extended Kalman filters have any optimality properties. They are just low-complex solutions to hard problems!

Mathematical model:

sin] = a(s[n — 1]) + Bu[n] a() and h( ) are non-linear
x[n] = h(s[n]) + w[n] (possibly vector valued) functions
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Extended Kalman Filters: used for non-linear models

* Not optimal

* Not always very accurate

* Hard to analyze asymptotic performance — not suitable for analytical work.

* Good solutions if you dont know what to do, but can model the system as a non-linear dynamical system

* Do not believe that extended Kalman filters have any optimality properties. They are just low-complex solutions to hard problems!

Mathematical model:

sin] = a(s[n — 1]) + Bu[n] a() and h( ) are non-linear
x[n] = h(s[n]) + w[n] (possibly vector valued) functions
Prediction:
.§[n|n — 1] = aﬁ[n — 1|n - 1] Recall the KF for a linear model
We cannot do the prediction step
Correction: since our case is non-linear

$[n|n] = s{n|n — 1} + K[n)(z(n] — éin|n — 1])
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Extended Kalman Filters: used for non-linear models

* Not optimal

* Not always very accurate

* Hard to analyze asymptotic performance — not suitable for analytical work.

* Good solutions if you dont know what to do, but can model the system as a non-linear dynamical system

* Do not believe that extended Kalman filters have any optimality properties. They are just low-complex solutions to hard problems!

Mathematical model:

sin] = a(s[n — 1]) + Bu[n] a() and h( ) are non-linear
x[n] = h(3 (possibly vector valued) functions

Prediction:

Recall the KF for a linear model
We cannot do the prediction step
since our case is non-linear

§[njn — 1] = adln — 1jn — 1]
Correction:

8[n|n] = &[n|n - 1} + K|n|(z[n] — én|n - 1])  Linearize the model!
That is, linearize a( ) and h()
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Extended Kalman Filters: used for non-linear models

N

a(s[n — 1])

Mathematical model:

s[n] = a(s[n — 1]) + Bu[n] .

xfn] = h(sfnl) + wn S 1n— 1]

First order Taylor series expansion around g[n —_ 1|ﬂ - 1] which is available at time n-1

a(sln—1]) =~

v

sin — 1]
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Extended Kalman Filters: used for non-linear models

N

a(s[n — 1])

a(§n — iln —1])

Mathematical model:
a(s[n — 1]) + Bu[n]

sl | \
h(s[n]) + w(n] 8[n - 1jn —1] s[n,-— 1)

x[n]

First order Taylor series expansion around g[n —_ 1|ﬂ - 1] which is available at time n-1

a(sin —1]) ~ a(8n—1in-1})
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Extended Kalman Filters: used for non-linear models

N

a(s[n — 1])

N s

Mathematical model: s[n — 1]

s[n] = a(s[n — 1]) + Bu[n] . .
dn] = h(sfn]) + win] eTRT )

s[n—1]=iln-1|n-1]

First order Taylor series expansion around g[n —_ 1|ﬂ - 1] which is available at time n-1

a(sin —1]) ~ a(8n—1in-1})
Ja

4o (sfn — 1] —§[n — 1jn —1])
Bs[n - 1] s(n—1]=dn=1|n=1]
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Extended Kalman Filters: used for non-linear models

a(s[n — 1])
(sin — 1] —§[n — 1jn — 1))
Mathematical model: /
s[n] = a(s[n — 1]) + Bu[n] It—‘—\ .
xin] = h(s[n]) + wln] S 11 st — 1]

First order Taylor series expansion around g[n —_ 1|ﬂ - 1] which is available at time n-1

a(sin —1]) ~ a(8n—1in-1})
Ja

4o (sfn — 1] —§[n — 1jn —1])
Bs[n - 1] s(n—1]=dn=1|n=1]
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Extended Kalman Filters: used for non-linear models

a(s[n — 1])
(sin — 1] —§[n — 1jn — 1))
Mathematical model: /
s[n] = a(s[n — 1]) + Bu[n] It—‘—\ .
xin] = h(s[n]) + wln] S 11 st — 1]

First order Taylor series expansion around g[n —_ 1|ﬂ - 1] which is available at time n-1

a(sin —1]) ~ a(8n—1in-1})

Oa x
—_— -1 -s§n—-1n-1
i Bs[n - 1] s(n—1]=dn=1|n=1] (SIH ] E[n |n ])
h(sfn]) = h{8[n|n —1}) + %{;—] ottt (s[n] — 8[n|n — 1})
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Extended Kalman Filters: used for non-linear models

Mathematical model:
a(s[n — 1]) + Bu[n]
h(s[n]) + w(n]

s[n]

x[n]

First order Taylor series expansion around g[n —_ 1|ﬂ - 1] which is available at time n-1

a(sin —1]) ~ a(8n—1in-1})

+ An—1] (sin — 1] —§[n — 1jn —1])

h(sfn]) = h{8[n|n —1}) + H[n] (s[n]—$[nin —1])
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Extended Kalman Filters: used for non-linear models

Mathematical model:
sln] = a(djn—1n-1]) + An-1] (slp -1 —8n—1n - 1}) + Bu[n]
xfn] = h(saln - 1)) + Hin] (sn] - sfnln — 1]) + Wl

First order Taylor series expansion around g[n —_ 1|ﬂ - 1] which is available at time n-1

a(sin —1]) ~ a(8n—1in-1})

+ An—1] (sin — 1] —§[n — 1jn —1])

h(sfn]) = h{8[n|n —1}) + H[n] (s[n]—$[nin —1])
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Extended Kalman Filters: used for non-linear models

These are known input signals

/\

Mathematical model:

s[n] = a([n - l|n —-1}) + Aln - 1] (sln — 1] —s[n- 1|n - 1]) + Bu|n|
<in] = BS{oln - 1) + i (sfn)  snln -~ 1)) +w
l_'_,

First order Taylor series expansion around sln —_ 1|ﬂ - 1] which is available at time n-1
a(sin —1]) ~ a(8n—1in-1})
+ An-1] (sjn -1 —§[n—1jn - 1))

h(sfn]) = h{8[n|n —1}) + H[n] (s[n]—$[nin —1])
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Extended Kalman Filters: used for non-linear models

These are known input signals
The extended Kalman filter is identical to the normal Kalman
filter with known input signals

Mathematical model: L |
sin] = a(E[n—1n—1]) + Aln— 1] (sfn - 1] — 8[n — 1jn — 1]) + Bu[n]
x[n] = h(3[njn —1}) + H[n| (s[n] — 8[nin — 1]) + W[n]
J e S

First order Taylor series expansion around g[n —_ 1|ﬂ - 1] which is available at time n-1

a(sin —1]) ~ a(8n—1in-1})

+ An—1] (sin — 1] —§[n — 1jn —1])

h(sfn]) = h{8[n|n —1}) + H[n] (s[n]—$[nin —1])




