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Chapter 12 — Linear Bayesian Estimation

Summary of chapters 10 and 11

* Bayesian estimators are injecting prior information into the estimation

* Concepts from classical estimation breaks down

- MVU
—  Efficient estimator
— unbiasedness

* Performance measure change: variance -> Bayesian MISE
*  Optimal estimator for Bmse: E(0]|x). This is the MMSE estimator

e MMSE is difficult since

—  Posterior is hard to find p(6|x)
— If we canfind p(0]x), then E(O|x) is still difficult due to integral

*  Conjugate priors simplify finding p(6|x). Posterior has same distribution as prior (with other
parameters). Useful when the posterior acts as prior in a sequential estimation process.
e Other risk functions than the Bmse exists.

— MAP estimation is solution to hit-and-miss risk
— Conditional Median is solution to a linear risk function

* |nvariance does not hold for MAP

* Bayesian estimators can be used for deterministic parameters, but work well only for parameter
values that are close to the prior mean
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When an optimal Bayesian estimator is hard to find, we can resort to a linear estimator

N=1

f = Z: a,z[n] +an

n=0

This is the same method as the BLUE, but we now make the following changes:

Remove Unbiasedness constraint
Change cost function from variance to Bmse Bmse() = [(9 9)2]

An optimal estimator within this class is termed the

linear minimum mean square error (LMMSE) estimator
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N—=1
Finding the LMMSE estimator ~ § = Y _ anz[n] +an
n=0
Cost function
N-1 2
Bmse(d) = [(ﬂ 6] = (9 - Y anzfn] —ay)

=l

Take differentials with respect to ay

| (o B -or) |-

n=l
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N—=1
Finding the LMMSE estimator ~ § = Y _ anz[n] +an

n=0

Cost function

Bumse(d) = B [(0- 6] = {(H—E‘%x[nl—aw)zl

=l

Take differentials with respect to ay

Bﬂ N n=0 n=0

o] [(9 NZ_I aﬂz[n]—au) ] = -2F [9-‘2- an;r[n]—aﬁ} = 0

N-1

an = E(6) — Y anBlaln)

n=0
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N-1

Finding the LMMSE estimator ~ § = Y _ anz[n] +an

n=0

Bmse(d) = £ [(0- 6] = {(H—E‘%x[nl—aw)zl

=l

N-1
Plugin ayinto the cost function |4, = E(8) — Z a.E(z[n])
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N—=1
Finding the LMMSE estimator ~ § = Y _ anz[n] +an

n=0

Bmse(d) = £ [(0- 6] = {(H—E‘%x[nl—aw)zl

=l

N-=1 2
{[Zan(mlnl (<)) — (6 - Ewn”

N-1
Plugin ayinto the cost function |4, = E(8) — Z a.E(z[n])
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N—=1
Finding the LMMSE estimator ~ § = Y _ anz[n] +an

n=0

Bimse(d) = 5 [(0- 7] = {(H—E‘%x[nl—aw)zl

=l

N=1 :
- {[Zan(mlnl (win))) - (8 - Ewn”

2
Assembly into vector notation = E { [a"(x ~ E(x)) - (6 - E(6))] }
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N—=1
Finding the LMMSE estimator ~ § = Y _ anz[n] +an

n=0

Brose(d) = [0~ 7] = {(H—E‘%x[nl—aw)zl

=l

- {5 - 0~ E0KY)

N=1 3
- {[Zan(mlnl (win))) - (8 - Ewn”

Generates 4 terms
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N—=1
Finding the LMMSE estimator ~ § = Y _ anz[n] +an

n=0

Brose(d) = [0~ 7] = {(H—E‘%x[nl—aw)zl

=l

N=1 3
- {[Zan(mlnl (win))) - (8 - Ewn”

- B{@x-EG) - (0~ EO)]}

= E[aT(x— B(x))(x - E(x))"a] - E [a" (x - E(x))(6 - E(6))]
_E[(6- E(0)(x - E(x))Ta] + E [(6 - E(9))"]
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N—=1
Finding the LMMSE estimator ~ § = Y _ anz[n] +an

n=0

=l

N=1 3
- {[Zan(mlnl (win))) - (8 - Ewn”

Bmse(d) = E [(6 - 6)°] =E{(B—ﬁilanx[n]—aw)2]

- B{@x-EG) - (0~ EO)]}

= E[aT(x— B(x))(x - E(x))"a] - E [a" (x - E(x))(6 - E(6))]
_E[(6- E(0)(x - E(x))Ta] + E [(6 - E(9))"]

Observe: ais not random, can be moved
outside from expectation operator
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Finding the LMMSE estimator

N-1

@ = Z: ﬂﬂI[ﬂ] +ay

n=0

Bmse(d) = [(ﬂ 8) ] {(9 - NZ: anz[n] — GN) ]

{2

N-=1 2
Y aa(z[n] — E(z[n])) — (6 - E(B])] }

- B{@x-EG) - (0~ EO)]}

E [T (x— E(x))(x - B(x))Ta] |- E [a" (x - E(x))(8 - E(9))]

_E[(6- E(0)(x— E(x))Ta] + E (6 - E(9))"]

alC..a




Chapter 12 -

Finding the LMMSE estimator

Linear Bayesian Estimation

N-1

@ = Z: ﬂﬂI[ﬂ] +ay

n=0

Bimse(d) = 5 [(0- 7] = {(H—E‘%x[nl—aw)zl

=l

N-=1 2
{[Zan(mlnl («in))) — (8 - Ewn”

- B{@x-EG) - (0~ EO)]}

E [a7 (x - E(x))(x — E(x))"a]|- E [a (x - E(x))(6 - E(9))]

_E[(6- E(0)(x - E(x))7a] + E [(6 - E(9))°]

alC,.a— al C.q
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N—=1
Finding the LMMSE estimator ~ § = Y _ anz[n] +an

n=0

Brose(d) = [0~ 7] = {(H—E‘%x[nl—aw)zl

=l

N=1 3
{[Zan(mlnl (win))) - (8 - Ewn”

- B{@x-EG) - (0~ EO)]}

= E[aT(x— B(x))(x - E(x))"a] - E [a" (x - E(x))(6 - E(6))]
—E[(6- E(0)(x- E(x)Ta]|+ E [(6 - E©9))°]

aTC,.a—a' Cpy — Cyza
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N—=1
Finding the LMMSE estimator ~ § = Y _ anz[n] +an

n=0

Brose(d) = [0~ 7] = {(H—E‘%x[nl—aw)zl

=l

N=1 3
{[Zan(mlnl (win))) - (8 - Ewn”

- B{@x-EG) - (0~ EO)]}

= E[aT(x— B(x))(x - E(x))"a] - E [a’ (x - E(x))(6 - E(6))]
—E[(6 - E@©)(x - E(x))Ta][+ E[(6 - E0))’]

alC,.a— a’ Cpy — Cora + Coo
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N—=1
Finding the LMMSE estimator ~ § = Y _ anz[n] +an

n=0

=l

Bmse(d) = E [(6 - 6)°] =E{(B—ﬁilanx[n]—aw)2]

N=1

2
- {[Zan(mlnl (win))) - (8 - Ewn”

- B{@x-EG) - (0~ EO)]}

= E[aT(x— B(x))(x - E(x))"a] - E [a’ (x - E(x))(6 - E(6))]
—E[(6 - E@©)(x - E(x))Ta][+ E[(6 - E0))’]

alC,.a— a’ Cpy — Cora + Coo

aTC,.a— 2a’ Cpp+ Coo
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N—=1
Finding the LMMSE estimator ~ § = Y _ anz[n] +an

n=0

=l

Bmse(d) = E [(6 - 6)°] =E{(B—ﬁilanx[n]—aw)2]

N=1

2
- {[Zan(mlnl (win))) - (8 - Ewn”

&Bmse(6)

5 2C,;a —2C

- B{@x-EG) - (0~ EO)]}

= E[aT(x— B(x))(x - E(x))"a] - E [a’ (x - E(x))(6 - E(6))]
—E[(6 - E@©)(x - E(x))Ta][+ E[(6 - E0))’]

-1
a=C_,C.g

alC,.a— a’ Cpy — Cora + Coo

aTC,.a— 2a’ Cpp+ Coo
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Collect the results using vector notation

N-1 N-1

D) o0 2c.| on=EO - 3wl | 5= sl +an
=0 n=0
=E(6'}--aTE(x) = aT1+uN

-1
a=C_,C.g
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Collect the results using vector notation

N=1 N—=1

D) o0 2c.| on=EO - 3wl | 5= sl +an
=0 n=0
=E(6'}--aTE(x) = aT1+uN

-1
a=C_,C.g

6§ = CLCIlx+ E(9) - CLCL, E(x)
= E(0) + Cy.C_, (x — E(x))
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Computing the Bmse cost

Bmse(é) = aTC,,a—a’Cy— Cpa+ Cpo

a= C;: C.s

Bmse(f) = Cps — Co:C1, Cuo
A

Schur complement
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Connections Bmse(f) = Cpp — CoC; Cs

We have seen the expression for the BMSE before

Theorem 10.2 (Conditional PDF of Multivariate Gaussian) If x and y are

jointly Gaussian, wherex is k x 1 and y 1s | x 1, with mean vector [E(x)” E(y)T]|T and
partitioned covariance matriz

— CI:I: C:]:y _ kxk kxt
C_[Cyr ny]_{i'xk Ixf] (10.23)

p(x,y) = e _1(["*5"‘}DTC-I(F“E{”D
’ (2m)*F det?(C) 2\| y-Ely) y — E(y) ’

then the conditional PDF p(y|x) is also Gaussian and

E(ylx) = E(y)+C,.C.l(x— E(x)) (10.24)
Cyl c,, - C,.C;lC,, (10.25)

I
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Connections

X and 8 jointly Gaussian X and B not jointly Gaussian

LMMSE estimator 9 = E(8) + Cy.C_; (x — E(x)) 8 = E(9) + Cy,CL, (x — E(x))
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Connections

X and 8 jointly Gaussian X and B not jointly Gaussian
LMMSE estimator 8 = E(8) + C4.C_} (x — E(x)) 8 = E(0) + Cy.C_, (x — E(x))
Bmse C&g - Cng;;Cﬂ C,pg — Cng;!Cxa

MMSE estimator E(8]x) =E(8) + C4.C_, (x — E(x)) E(8|x) = E(8) + Cy.C;; (x — E(x))
LMMSE = MMSE
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Connections

X and 8 jointly Gaussian

X and B not jointly Gaussian

LMMSE estimator

Bmse

MMSE estimator

Bmse

8 = E(8) + Cy.C_. (x — E(x))

C&g - CE::C;! C:tl?

E(8|x) = E(0) + C4.CL.} (x — E(x))
LMMSE = MMSE

Cﬂg - Cﬂmc;_-: C:tﬁf

6 = E(6) + Co.C; (x — E(x))

C&g - Cﬂmc;;! C:tl?

E(8|x) = E(8) + Cy.C.} (x — E(x))

Better than Cjy — C4.C Cus
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Connections

X and 8 jointly Gaussian

X and B not jointly Gaussian

LMMSE estimator

Bmse

MMSE estimator

Bmse

8 = E(8) + Cy.C_. (x — E(x))

C&g - CE::C;! C:tl?

E(8|x) = E(0) + C4.CL.} (x — E(x))
LMMSE = MMSE

Cﬂg - Cﬂmc;_-: C:tﬁf

6 = E(6) + Co.C; (x — E(x))

C&g - Cﬂmc;;! C:tl?

E(8|x) = E(8) + Cy.C.} (x — E(x))

Better than Cjy — C4.C Cus

The LMMSE yields the same Bmse as if the variables are jointly Gaussian
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Example 12.1 zn]=A+wn)] n=01,...,.N—1 A~ U[-Aoc, Ad

Bayesian options:

1. MMSE. Not possiblein closed form

2. MAP. Possible: truncated sample mean
3. LMMSE

A = E(8) + C4,C.l(x — E(x)) All means are zero

-~

A = CﬂzC;:l:x
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Example 12.1 zn]=A+wn] n=01,...,N-1

Bayesian options:

1. MMSE. Not possiblein closed form
2. MAP. Possible: truncated sample mean

3. LMMSE

A = E(9) + C4.C} (x — E(x))

-~

A = CﬂzC;:l:x

Cﬂ:n

1l

A ~ U[—Ao, Ao)

E(xxT)

E (Al +w)(Al+w)"]
EAH 11T + 01
E(AxT)

E [A(A1 +w)T]
E(AT



Chapter 12 — Linear Bayesian Estimation

Example 12.1 zn]=A+wn)] n=01,...,.N—1 A~ U[-Aoc, Ad

Bayesian options:

1. MMSE. Not possiblein closed form

2. MAP. Possible: truncated sample mean
3. LMMSE

A = E(9) + C4.C} (x — E(x))

't -1
A= Culex C.. = E(xx")
i = CpCx = E[(Al+w)(Al+w)T]
= 31731 +40° 1) 'x = EANT +0'1
Co. = E(Ax")
= E[A(Al+w)"]
= E(AMT

oh = E(A%)

1
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Example 12.1 zn]=A+wn)] n=01,...,.N—1 A~ U[-Aoc, Ad

Bayesian options:

1. MMSE. Not possiblein closed form

2. MAP. Possible: truncated sample mean
3. LMMSE. Doable

A = E(9) + C4.C} (x — E(x))

i -1
A= Culex C.. = E(xx")
i = CpCx = E[(Al+w)(Al+w)T]
= 31731 +40° 1) 'x = EANT +0'1
~ Co. = E(Ax")
N . = E[A(A1+w)7)
FHE = EAHT

o4 = E(Aﬂ)
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Example 12.1 zn]=A+wn)] n=01,...,.N—1 A~ U[-Aoc, Ad

Observations
1. With no prior, the sample meanis MVU

2. The LMMSE is a tradeoff between the MVU 2
and the sample mean N Ap
3. We did not use the fact that A is uniform, only its A= o 3 T
mean and variancecomes in ﬂg_ + E_:_
4. We do not need A and w to be independent, 3 N
only uncorrelated

5. Nointegrationis needed
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We can work with each parameter individually

N-1

b: =" amzln] +ain Bmse(d;) = E [(9,; - é,-)z] i=1,2,...,p

n=
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Extension to vector parameter

We can work with each parameter individually

N-1

b: =" amzln] +ain Bmse(d;) = E [(9,; - é,-)z] i=1,2,...,p

n=

From before, we have that
8; = E(0;) + Cp..C. (x - E(x)) i=1,2,...,p

Bmse(8;) = Cy.9, — Co,2C Cro, i=1,2,...,p
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Extension to vector parameter

We can work with each parameter individually

N-1

b: =" amzln] +ain Bmse(d;) = E [(9,; - é,-)z] i=1,2,...,p
n=
From before, we have that collect in vector notation
\ [ E(61) | [ CesCoz(x—E(x))
0, = E(0,) + Co,,C- 1 (x — E(x)) 5 _ | EO | Cs,.Cy {(x = B(x)
Bmse(6;) = Cy.6, — Co,-C2 C.s, | E(65) | | Co,Co; (x — E(x)) |
[ E(Bl) | ] Cﬂi.r ]
E(® Co,z
= | EO ] O e B
! E(ﬂp) 1 L Cez |

E(8) + Ce- ;i(x— E(x))
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Extension to vector parameter

We can work with each parameter individually

N=1
b: =" amzln] +ain Bmse(d;) = E [(9,; - é,-)z] i=1,2,...,p
n=
From before, we have that collect in vector notation
X [ E(6,) ] [ Cp,.Cl(x— E(x)) ]
0, = E(0,) + Cy..C) (x ~— E(x)) 5 _ | EO | Co,2Cy] {(x = B(x)
Bmse(0;) = Cy,5, — Cs,-C Co, | B(95) | | Co,eCri(x— E(x)) |
[ E(0,) | [ Co,z |
A A E(@ Co,
M; = E[@-8)@-87] - | "% | ] % ey
BMSE » :
= Cﬂﬂ - CE:::CII C:l:ﬂ i E(gp) ) Ce,,x §

Bmse(d,) = [My]., E(8) + Co:C7 (x ~ E(x))
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a=0+608 —s &=9Al+ég
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Three properties

1. Invariance holds for affine transformations

a=A0+b ——> G=AO+b

2. LMMSE of a sum is a sum of the LMMSE
a=0+608 —s &=él +ég
3. Number of observations can be less than parameters to

estimate a significant difference from linear classical
estimation
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With x=H6+w wehave g HE(9)

C.. HC,,H' + C,,
Cor = CgH'.
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Theorem 12.1 (Bayesian Gauss-Markov Theorem) If the data are described by
the Bayesian linear model form
x=H0+w (12.25)

where X is an N X 1 data vector, H is a known N x p observation matriz, @ isap X 1
random wvector of parameters whose realization is to be estimated and has mean E{0)
and covariance matriz Cgg, and w s an N X 1 random vector with zero mean and
covariance matriz C,, and is uncorrelated with 8 (the joint PDF p(w,8) is otherwise
arbitrary), then the LMMSE estimator of 8 is

6 = E(0)+ CosH (HC4HT +C,) ' (x — HE(8)) (12.26)
E(0) + (C,; + H'C'H)'HTC ' (x - HE(8)). (12.27)

The performance of the estimator is measured by the error € = 8 — 8 whose mean is
zero and whose covariance matriz s

C. = E,q(ee”)
= Cog — CopHT (HCysH” + C,,) " "HCgy (12.28)
(Csp +HTC'H) ™. (12.29)

The error covariance matriz is also the minimum MSE matriz M; whose diagonal
elements yield the minimum Bayesian MSE

[Mé]ﬁ = [Ccy
= Bmse(4;). (12.30)
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Covariance matrix=?7?



Chapter 12 — Linear Bayesian Estimation

Wiener filtering

Data: x[0], x[1],x[2],... WSS with zero mean

Covariance matrix

[ 722[0] rez(l] o Teg[N —1] ]
rreol] rez|0] o Tae[N =2
C.. = : : . :
rN-1] reaN=2 ... rul0]
- R:‘.-:m

Autocorrelation matrix

(Toeplitz structure)
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Wiener filtering
Data: x[0], x[1],x[2],... WSS with zero mean

Covariance matrix

[ 722[0] rez(l] o Teg[N —1] ]
rza:]- 'rz:cU Tz.-:rN_2]
. - 1 0]l
rN-1] reaN=2 ... rul0]
= Ry

Parameter to be estimated: s[n], zero mean

x[m] = s[m] +w[n]
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Wiener filtering

Four cases z[n]
Filtering I 2 I
|
| ! l 1
Find s[n] given x[0],...,x[n] H 3
L —
3[0]
il
— .
s(2]

W

3(3]

(a) Filtering



Chapter 12 — Linear Bayesian Estimation

Wiener filtering

Four cases z[n)
Smoothing * T 2 I
| i |
Find s[n] given x[0],...,x[N] 1 3
—— P
5[0]
3[1)
_ Tt
s[2]
N ———
5(3]

(b) Smoothing



Chapter 12 — Linear Bayesian Estimation

Wiener filtering

Four cases

Prediction z(n]

Find s[n-1+L] given x[0],...,x[n-1]

#[5]

(c) Prediction
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Wiener filtering

Four cases

_ z[n]
Interpolation

Find x[n] given x[0],...,x[n-1],x[n+1],... 1 ?

2[2]

(d) Interpolation
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Wiener filtering

Filtering problem z[n]
Signal and noise are uncorrelated
I
CII = R.gs + R—ww | i i ]
i 3
Since the means are zero, we know that ;[n]
6= CQIC;;I 3(1]
—————— j—
s(2]
3(3]

(a) Filtering
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Wiener filtering

Filtering problem z[n]
Signal and noise are uncorrelated
P
cr:n = Rss + Rﬂuw | 1 ] 1
b4
Since the means are zero, we know that ;[n]
6= CQIC;;I 3(1]
) 3[2] )
We have Y
3(3]
Co. = E(s[ni] z[0] z[1] ... z[n] })

(a) Filtering
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Wiener filtering

Filtering problem z[n]
Signal and noise are uncorrelated
I
CII = R.gs + R—ww | i i ]
i 3
Since the means are zero, we know that ;[n]
6= CQIC;;I 3(1]
—————— j—
s(2]
We have 7 g

3(3]
Coe = E(s[n][2[0] z1] ... z[r]]) o
= E(sln][ sl0] sl ... sla]]) (a) Filtering
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Wiener filtering

Filtering problem z[n]
Signal and noise are uncorrelated
al
Crr = Rss + Ry | ! ] 1
L6 3
Since the means are zero, we know that ;[n]
6= CQIC;;I 3(1]
) 3[2] )
We have 7
3(3]
Co. = E(s[n][ z[0] =z[1] ... zln] ) —_
= E(s[n][ sl0] sl ... s[n]]) (2) Filtering

ros[n] 7os[n = 1] ... 76 [0]] = 1,
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Wiener filtering

Filtering problem

Signal and noise are uncorrelated
C..=R..+R,,

Since the means are zero, we know that
6= Cy.C_'x

We have
CE:J:

E (sln] [ z[0] =[] ... zln]])
E(s[a] [ s[0] s{1} ... sin] ])

ros[n] 7os[n = 1] ... 76 [0]] = 1,

So,

§[n] = ' (Rys + Ruw) ' x
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Wiener filtering

Filtering problem

Signal and noise are uncorrelated
C..=R..+R,,

Since the means are zero, we know that
6= Cy.C_'x

We have
CE:J:

E (sln] [ z[0] =[] ... zln]])
E(s[a] [ s[0] s{1} ... sin] ])

ros[n] 7os[n = 1] ... 76 [0]] = 1,

So,
§[n] = ' (Rys + Ruw) ' x

With
a={Re +Ruw) ' T,

We get
§[n] =a’x
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Wiener filtering

Why is it a filtering? Find s[n]
X[n-3]
'[ | X[n-2] x[n]
lx[n—4] X[n-1]
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Wiener filtering
Why is it a filtering? Find s[n]

We do this as a weighted sum
s[n] = agx[n]+ax[n-1]+ a,x[n-2]

X[n-3]
'[ | X[n-2] x[n]
lx[n—4] x[n-1]
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Why is it a filtering? Find s[n]

We do this as a weighted sum
s[n] = agx[n]+ax[n-1]+ a,x[n-2]

X[n-3]
'[ | X[n-2] x[n]
lx[n—4] x[n-1]
So, the weights {a,} can be seen as a FIR filter
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Wiener filtering
Why is it a filtering? Find s[n]

We do this as a weighted sum
s[n] = agx[n]+ax[n-1]+ a,x[n-2]
X[n-3]

I | x[n-2] x[n] X[n+1]
lx[n—4] x[n-1] l

So, the weights {a,} can be seen as a FIR filter

However, at the next time, the weights {a,} are
not the same (edge effect)
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X[n-3]

X[n-2] x[n] X[n+1]

[

Wiener filtering
Why is it a filtering? I
X[n-4]
To estimate s[n], we filter the
recent observations with a filter
thatis dependenton n
The filter is time-variant
A™k] = an_i k=0,1,...,n

X[n-1]

ais computed for a givenn
(not shown explicitly)
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X[n-3]
Wiener filterin
g X[n-2] x[n] X[n+1]
Why is it a filtering? T T
x[n-4] x[n-1]
A 4

To estimate s[n], we filter the We get,

recent observations with a filter n

thatis dependenton n §n] = Zakm[k]

k=0
The filter is time-variant )
h(")[k] = Qi k=0,1,...,n
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X[n-3]

Wiener filterin
g X[n-2] x[n] X[n+1]
Why is it a filtering? T T
x[n-4] x[n-1]
A 4
To estimate s[n], we filter the We get,
recent observations with a filter n
thatis dependenton n §n] = Zakm[k]
k=0
The filter is time-variant -
= Z ™ n — k|z[k]
k=0
A™k] = an_i k=0,1,...,n
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X[n-3]

Wiener filterin
g X[n-2] x[n] X[n+1]
Why is it a filtering? T T
x[n-4] x[n-1]
A 4
To estimate s[n], we filter the We get,
recent observations with a filter n
thatis dependenton n §n] = Zakm[k]
k=0
The filter is time-variant _ z“: B — Klz[K]
k=0
h(n)[k] — Opn—k k=ﬂ,1,...,n n
§[n] = Z A [klz[n — k]
k=l
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Wiener filtering

Observe
‘h = [ AM[1].. AMR|T is a but flipped upside-down

a=[aga,...a,]T

To estimate s[n], we filter the We get,

recent observations with a filter n

thatis dependenton n §n] = Zakm[k]
k=0

The filter is time-variant

z“: ™ n — k|z[k]

k=0

A™k] = an_i k=0,1,...,n

§[n] = i A [klz[n — k]
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Wiener filtering

Observe
‘h = [ AM[1].. AMR|T is a but flipped upside-down

a=lapa;...a,]"

Recall We get,
a = Rss + wa ! r;.g - -
( ) sn) = ) axz[k]
k=0

r‘: = [ry,[nlrssn — 1]... 7. [0]]

§[n] = Z A [klz[n — k]

k=l
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Wiener filtering

Observe
‘h = [ AM[1].. AMR|T is a but flipped upside-down

a=[aga,...a,]T

Recall We get,
. -1 _t e
a= (Rss + wa) Tss 5’[1’1] = Zak.’ﬂ[k]
17 = [y resln = 1] 76 (0]
(Ros + Ruu)a =, = > h"n—kjzlk

§[n] = Z A [klz[n — k]

k=il
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Wiener filtering

Observe

h = (R[] A™[1]... A™r)|T

isa but flipped upside-down

a=|ag@y...0n|

Recall
a={R. +Ruw) T,

r‘: = [ry,[nlrssn — 1]... 7. [0]]
(Rﬁ! + R‘W‘lﬂ) a= r:rs
(Rss + wa) h= Lss

Tos = [Tss[0] 7ssll] ... 7ys[n]]”

We get,

§[n]

3[n]

i ﬂkI[k]

Z A k|z[n — k]

k=il
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Wiener filtering

(Rss + wa) h=

Tos = [Tss[0] 7ssll] ... 7ys[n]]”
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Wiener filtering

Wiener-Hopf equations

[ ree(0) ree(l] o ree[n] ][ R™[O] [ 7, [0] 7
1 B ) N T it
raen] Fealn=1 - rml0] | | B0 ] | reln] |

(Rss + wa) h=

Tos = [Tss[0] 7ssll] ... 7ys[n]]”
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Wiener filtering

Wiener-Hopf equations

[ ree(0) ree(l] o ree[n] ][ R™[O] [ 7, [0] 7
1 B ) N T it
raen] Fealn=1 - rml0] | | B0 ] | reln] |

These equationscan be solved recursively by the Levinson algorithm

Observe: The matrixis Toeplitz, but cannot be approximated as circulant
as n grows. Therefore, Szego theory does not apply.
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Wiener filtering

Wiener-Hopf equations

[ ree(0) ree(l] o ree[n] ][ R™[O] [ 7, [0] 7
1 B ) N T it
raen] Fealn=1 - rml0] | | B0 ] | reln] |

i ™ (k] reell — k] = 1ol] [=0,1,..., n

k=0 T'zm_[‘_‘k] = me{k]
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Wiener filtering

Wiener-Hopf equations

[ ree(0) ree(l] o ree[n] ][ R™[O] [ 7, [0] 7
1 B ) N T it
raen] Fealn=1 - rml0] | | B0 ] | reln] |

SR Kl =k =l 1=0,1,...,n
"= roa[=K] = 722]H]

As n grows, the filter convergesto a stationarysolution

S kel — K = 7] L=0,1,...
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Wiener filtering

To find h[n], we can apply spectral factorization (= same method as is
used to find a minimum phase version of a filter)

i hlklreo[l — k] =r,ll]  1=0,1,..
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Wiener smoothing

Now consider asymptotic Wiener smoothing

X[n-3]
X[n-2] x[n]
T T X[n+1] T
x[n-4] x[n-1] l | |
X[n+2]

\4

We can still express the estimation of s[n] as a filtering of {x[k]}
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Wiener smoothing

Now consider asymptotic Wiener smoothing

X[n-3]
X[n-2] x[n]
T T X[n+1] T
x[n-4] x[n-1] l | |
X[n+2]

\4

We can still express the estlmatlon of s[n] as a filtering of {x[k]}
The filter is not causal
3 n] Z h[k]m[n k]
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Wiener smoothing

Filtering Smoothing
§[n] = i hlk]z[n - k| )= Y_ hlkjz[n — k]

| |

S hlklreall — k] =rl]  1=0,1,... . 2227777
b=
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Wiener smoothing

Filtering Smoothing
§[n] = i hik]z[n — k] snj= Y hlklz[n — k]
i h[k]ru[l — k] = Tssl] [=0,1,....

i hlkrez(l — k] = TM[KDG <l <o

(12.61): Typo in book |
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Wiener smoothing

i hik]raell — K] =1os[k]  —o0<l<o00

k=—ox

No edge effect in the smoothing setup!

Can be solved by approximatingR,, as a
circulant matrix (Szego theory)
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Wiener smoothing

i hik]raell — K] =1os[k]  —o0<l<o00

k=—ox

No edge effect in the smoothing setup!

Can be solved by approximatingR,, as a
circulant matrix (Szego theory)

Psa(f)
P (f)

P(f)
Pys(f) + Puu(f)

h[n] x Tz5{n] = rss(n] H(f) =
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Wiener prediction

Filtering equations

(0] e[l o regn]l [ RMI[O] ] T (0]
reell]  T22l0] ... Tagln —1] RV[1] ros[1]

ll

raln] resln—1] . a0l | L &™R] ] | raln] |
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Wiener prediction

Filtering equations....Filtering"predicts” s[n] given x[n]

(0] e[l o regn]l [ RMI[O] ] T (0]
o1 IR ) N S N i I R
raln] resln—1] . a0l | L &™R] ] | raln] |




Chapter 12 — Linear Bayesian Estimation

Wiener prediction

Filtering equations....Filtering"predicts” s[n] given x[n]

(0] e[l o regn]l [ RMI[O] ] T (0]
o1 IR ) N S N i I R
raln] resln—1] . a0l | L &™R] ] | raln] |

In prediction x[n] is not available, therefore there is no h[0] coefficient.
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Wiener prediction

Filtering equations....Filtering"predicts” s[n] given x[n]

Tez[0)] Pre|l] cer Tz [N=1] 1 [ R[1] T
N =1 ralN=2 ... ral0] || &M ]

In prediction x[n] is not available, therefore there is no h[0] coefficient.
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Wiener prediction

Filtering equations....Filtering"predicts” s[n] given x[n]

[0 reel] o0 T[N =1] ] [ A[1] ] - roell] 7
?'m[l] Tz 0] rm:[N - 2] h[?] “-":::.:[f + 1]
V-1 raN-2 o oralol [ LR | N1

In prediction x[n] is not available, therefore there is no h[0] coefficient.

We are also predicting | steps into the future
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Wiener prediction

Filtering equations....Filtering"predicts” s[n] given x[n]

[0 reel] o0 T[N =1] ] [ A[1] ] - roell] 7
?'m[l] Tz 0] rm:[N - 2] h[?] “-":::.:[f + 1]
V-1 raN-2 o oralol [ LR | N1

In prediction x[n] is not available, therefore there is no h[0] coefficient.
We are also predicting | steps into the future

Wiener-Hopf prediction equations. For I=1 we obtain the Yule-Walker equations
Solved by Levinson recursion or spectral factorization (not Szegd Theory)



