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Chapter 10 — Bayesian Estimation

Section 10.8 Bayesian estimators for deterministic parameters

If no MVU estimator exists, or is very hard to find, we can apply an MMSE estimator
to deterministic parameters

Recall the form of the Bayesian estimator for DC-levelsin WGN
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Section 10.8 Bayesian estimators for deterministic parameters

If no MVU estimator exists, or is very hard to find, we can apply an MMSE estimator
to deterministic parameters

Recall the form of the Bayesian estimator for DC-levelsin WGN

a4
E(Alx) = Hat v (Z—pa) = aZ+(l—a)pa a<l

J§+E

Compute the MSE for a given value of A
mse(A) = var(A) + $*(4)

= a’var(Z) + [@d + (1 — a)pa — A)?
= %+ (1 ) = ua).

Variance smaller than classical estimator Large bias for large A
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Section 10.8 Bayesian estimators for deterministic parameters

Reca mse(A) (Bayesian)

mse(z) (MVU)
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MSE for Bayesian is smaller for A close to the prior mean, but larger far away
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However, the BMSE is smaller
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Section 10.8 Bayesian estimators for deterministic parameters

However, the BMSE is smaller
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Chapter 11 — General Bayesian Estimators

Risk Functions

An estimator that minimizezBayes risk, for some cost, is termed a Bayes estimator

p(0) O o(x|8) = Estimator 9 Error: € =0 -0

The MMSE estimator minimizes Bayes Risk R = E[C(e)] where the cost function is C(e) = €*

C(e) = lel C(e)

Cle) = €*
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Let us now optimize R = E[C(¢)] for different C(e)

Cle) = €*

\ For a quadratic cost, we already know that # = E(8|x)
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Let us now optimize R = E[C(¢)] for different C(e)

Bayes risk equals \
!

R = E[C(¢)]

C(e) = €2
/

6 = E(6)x)

_ f / C(8 — 6)p(x, 6) dx d6
_ / [ f c(6 - 6)p(6]x) d6| p(x) dx.

| )
1

Minimize this to minimize Bayes risk
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Let us now optimize R = E[C(¢)] for different C(e)

Bayes risk equals

R

g(6)

E[C(¢)]
f / C(6 — B)p(x, 6) dx d6

/ U C(8 - 8)p(6]x) 40| p(x) dx.

[ 16— bip(oix) a0

C(e) = €2

\/

6 = E(6)x)

\D(E) = |e|
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Let us now optimize R = E[C(¢)] for different C(e) Cle) = €2

Bayes risk equals \ /
!

R = E[C(¢) 6 = E(8}x)

_ f / C(8 — 6)p(x, 6) dx d6

- / [ f C(6 — 6)p(0)x) dﬂ] p(x) dx. \D(e) = |¢|
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Let us now optimize R = E[C(¢)] for different C(e)

Bayes risk equals
R = E[C(¢)]
- f / C(8 — O)p(x, 6) dx d8

_ / [ f c(6 — 6)p(6]x) dﬂ] p(x) dx.
90) = [ 16~ 0lp(0ix)do
= f_ 1 (6 — 6)p(8]x) d6 + fa miﬂ — 0)p(6]x) df

We need dﬂ(_‘_i) , but the limits of the integral
dé

depends on 0 Not standard differential

C(e) = €2

\/

6 = E(6)x)

\D(E) = |e|
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Interlude: Leibnitz’s rule (very useful)

9 realv ¢2(u) Bh(u,v) de,{u)
2 h(u,v)dv = f V) gy + L2 p 6o (w))
O Jg, (u) ) hiw)  Ou du

_ dn(u) )

— h(u, ¢1(u)).
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Leibnitz’s rule (very useful)

8 [¢lv) ¢2(4) Bh(u, v) do(u)

bu ), Mwvd = qu, e e T 6a(w)
d
P b, 61 (w),

We have:

6 oo .
'd%' [ (é — 8)p(0]x) d6 + fé (8 — 8)p(Q|x) db

/

h(6,8) = (6 — 8)p(6|x)
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Leibnitz’s rule (very useful)

8 [#alw _ ¢2(4) Bh(u, v) dfﬂ’?z{)

bu )., Mwvd = fmm S d +| A, g (w)
d
T b, 01 (w).

6 oo N
w| [ @-owemadsl [ (@i as

h(u, $2(2)) = h(8,6) = (6 - 6)p(f|x) = 0

h(6,6) = (8 — 8)p(6]x)
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Leibnitz’s rule (very useful)

9 realv _ $a(u) Bh(u,v) do,
Ou Jy, () huv)dv = fqeu{uj o T W)
190,00,

6 oo .
'd%' [ (é — 8)p(0|x) d6 I+ fé (8 — 8)p(Q|x) db

h(u, d2(w)) = (B, 0) = (6 - O)p(d]x) = 0 d“’;t(‘“) _

h(6,6) = (8 — 8)p(6]x)
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Leibnitz’s rule (very useful)

9 realv dalu) E?h(u. U) do,
9 h(u,v)dy = f Y gy + L0210 )
Ou Jg, (u) (w.v) s1(w) _Ou
d
190,00,
Lower limit does
g P - not depend on u:
= f (6 — 0)p(B]x) d6 f (6 — d)p(0]x) d8 u=9
—_ 8

h(,6aw) = h(B,8) = @ - Op@x) =0 T g

h(6,6) = (8 — 8)p(6]x)
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Leibnitz’s rule (very useful)

da(u) d2{u)
9 vy dv =‘ 3" (v,0) |+ d‘*"”ﬂ
ou Sy, (u) 1{111
df;f’l
du

6 oo .
'd%' [ (é — 8)p(0|x) d6 I+ fé (8 — 8)p(Q|x) db

‘ Oh(u,v)
du

h(6,6) = (8 — 8)p(6]x)
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Leibnitz’s rule (very useful)

da(u) da{u)
O [ b, v) d =‘ ah“ |-+"!""’2
Ou Jo, (w) {u:u
df;fh
du

alr Tlo—4
y f_ m(ﬂ—ﬂ)p{ﬂx)dﬂ 1 fﬂ (6 — 8)p(0|x) do
‘ ﬂhg: v) dié h(,6) = dié (0 — 8)p(6]x) = p(fx)

h(6,6) = (8 — 8)p(6]x)
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Leibnitz’s rule (very useful)

oz(u) dalu)
9 h(u, v) dv =‘ ah (v, v) |+ d""’z
Ou Py (u) 1{11]
df;fh
du

6 oo .
'd%' [ (é — 8)p(0]x) d6 + fé (8 — 8)p(Q|x) db

- f_ ; p(6]x) df — l "~ p(6]x) d8
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Let us now optimize R = E[C(¢)] for different C(e)

Bayes risk equals
R = E[C(¢)]
- f / C(8 — O)p(x, 6) dx d8

= [[[ew-owomas] pix)as

90) = [ 16~ 0lp(0ix)do

= f_ ’ (6 — 6)p(8]x) d6 + fa miﬂ — 0)p(6]x) df

WO - [ powae- [ piolm)a0 =0

C(e) = €2

\/
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Let us now optimize R = E[C(¢)] for different C(e)

Bayes risk equals
R = E[C(¢)]
- f / C(8 — O)p(x, 6) dx d8

= [[[ew-owomas] pix)as

90) = [ 16~ 0lp(0ix)do

= f_ ’ (6 — 6)p(8]x) d6 + fa miﬂ — 0)p(6]x) df

3 8 80
%ﬁ;—?)#_mp(mx)dﬂ—ﬁ p(0]x) d8 = 0

6

| _pomas = [ poix)ds

A

O is the median of the posterior

C(e) = €2

\/

6 = E(6)x)

\D(E) = |e|
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Let us now optimize R = E[C(¢)] for different C(e)

Bayes risk equals
R = E[C(e)]
_ f / C(8 — 6)p(x, 6) dx d6
= [[[ew-owomas] pix)as

) 668 ! oo
mmzf 1¢wg@+£ 1. p(6]x) do
—00 +4
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\/
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Let us now optimize R = E[C(¢)] for different C(e)

Bayes risk

R

9(8) =
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= E[C(e)]
- f / C(8 — O)p(x, 6) dx d8

= [[[ew-owomas] pix)as

68 oo
]; 1-p(0lx)dé +[ - p(6|x)dé

b+

+4

i— fﬂ ploix) a8

C(e) = €2

\/

6 = E(6)x)

\D(E) = |e|

A

0 = median

0 lef<d

qa={1|4>a

#

- | &




Chapter 11 — General Bayesian Estimators

Let us now optimize R = E[C(¢)] for different C(e)

Bayes risk

R
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Let us now optimize R = E[C(¢)] for different C(e)

Bayes risk equals

R =

9(d) = j;:é 1 p(6lx)do +[

E[C(e)]

f/C{B — 8)p(x, 6) dx df
/ U C(8 - O)p(flx) dﬂ] p(x) dx.

o0
b+

+4

=1 _./1;-.5 p(0|x) dé.

A ﬂ'-l‘-rlﬁ
0 =arg max / p(6)x) d8

-4

- p(f]x) dé

Let 6->0:

é = arg max p(f|x)

(maximum a posterori (MAP))l

C(e) = €2

\/

6 = E(6)x)

\D(E) = |e|

A

0 = median

8

0 le|]<d

qa={1|4>a

#

% | &

648
= arg max f p(6]x) d6.
é
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Gausian posterior

What is relation between mean, median and max ?

p(8lx)

C(e) = €2

/

\

6 = E(6)x)
\D(f) = le|

| p
® = median

8

[0 lef<o
qa‘{1|4>a

#

% | &

648
= arg max f p(6]x) d6.
84
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Gausian posterior

What is relation between mean, median and max ?

p(8lx)

C(e) = €2

/

\

6 = E(6)x)
\D(f) = le|

| p
® = median

Gaussian posterior makes the three risk functions identical

8

[0 lef<o
qa‘{1|4>a

648
= arg max f p(6]x) d6.
84
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Suppose we have a vector parameter of unknowns 0

Consider estimation of 8. It still holds that the MAP estimatoruses p{f;|x)
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Extension to vector parameter

Suppose we have a vector parameter of unknowns 6

Consider estimation of 8. It still holds that the MAP estimator uses  p{f,|x)

The parameters 0, .... 6y are nuisance parameters, but we can integrate them away

p(6:|x) = / / p(8|x) db, - -

91 = j91p 6,|x) dé,

= /91U /9|xd92 }d&l

f 8,p(6]x) 6

The estimatoris
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Extension to vector parameter

In vector form

[ / 6, p(6]x) d8 |
f 0,p(6|x) d6

>
il

H

E(8]x)

f 8,p(6]x) dO

é1 = j | 6:1p(6, |x) d6,

_ f91 [[---/p(9|x)d92...d9p} 46,

f 8,p(6]x) 6
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Extension to vector parameter

Observations

Classical approach (non-Bayesian):
We must estimate all unknown paramters jointly, except if Fisher information is diagonal

Vector MMSE estimator minimizes the MSE for each component of the unknown
vector parameter®9, i.e.,

[6]; = [E(8ix)); minimizes E[(6; —b;)?]
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Performance of MMSE estimator

Bmse(6,) = E[(8, — 6,)%]

/ Function of x

- f (0, — 61)*p(x, 6,) dBrdx
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Performance of MMSE estimator

Bmse(6,) = E[(8, — 6,)%]

—f(a — 6,)%p(x, 6,) d6rdx /

/[ (0 — 9111) p(f:[x) lfiﬂl] p(x) dx

Y

MMSE estimator

Bayes rule
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Performance of MMSE estimator
Bmse(6,) = E[(6, — 6,)?]
—f(a — 6,)%p(x, 6,) d6rdx
= [ | 6~ E6u0) pi6113) 46| p(x)

= /va.r (6, |x)p(x) dx.

)

By definition
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Performance of MMSE estimator
Bmse(6,) = E[(6, — 6:)?]
— f(a — 6,)%p(x, 6,) d6rdx

/[/ (8: — E(B:[x))" p(6:[%) dEI] p(x) dx

— / [ f (6, — E(8,|x))” p(6]x) dﬂ] p(x) dx

p(61]x) =f-~/p(ﬂ|x}dﬂg...d9
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Performance of MMSE estimator
Bmse(6,) = E[(6, — 6:)?]
— f(ﬂl - 631]2;1[1:, 6,) df,dx

= /[[(91 - E(8,|x)) P91|I)d51] p(x) dx

— / [ f (6, — E(8,|x))” p(6]x) dﬂ] p(x) dx
\

Y ’ Element[1,1] of

i

Bmse(6;) = ][me]ﬁﬂ(l) dx Coi- = Eo- [(8 — E(8]x))(0 — E(8]x))"]




Chapter 11 — General Bayesian Estimators

Additive property
Independentobservations x,X,

Estimate ©
Assume that x;,X,, 0 are jointly Gaussian

6 = E(6|x) = E(8) + C,.C_} (x — E(x)) Theorem 10.2
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Additive property

Independentobservations x,X,

Estimate O

Assume that x;,X,, 0 are jointly Gaussian

§ = E(8|x) = E(8) + C.C (x — E(x))

-1
C..

C:r_:lifl CI‘[E:

- [ C:E:Il CIEIE i

_— CIII‘I 0

- 0 C.rp |
— 0;111’[ “ -
L0 G

. —1

Independent observations

Typo in book, should
include means as well
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Additive property

Independent observationsxy,x,
Estimate ©

Assume that x;,X,, 0 are jointly Gaussian

§ = E(8|x) = E(8) + C.C (x — E(x))

- C-! 0 ] xi — E(x,)
= FE 9 C - C . TiTy B

6 ( ) * [ o o ] [ 0 C:l:zla:z [ Xy — E{Ig}
= E(8) + Coe, CIL, (x1 — E(x1)) + C2,C ), (x2 — E(x2)).

MMSE estimate can be updated sequentially !!!
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MAP estimator

f = arg max p(6|x)

p(x|6)p(6)
p(x)

= arg max

= arg max p(x|0)p(6)

= arg max [ln p(x|6) + 1" p(6)]
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MAP estimator
Benefits compared with MMSE

§ = arg max p(6|x)
p{xw}p(g} |__— Not needed (typically hard to find)

= argmax
g € p(x )/

= arg max p(x|0)p(6)

Optimization generally easier than

—  finding the conditional expectation
= arg max In p(x{8) + In p(8)]
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MAP vs ML estimator

Alexander Aljechin (1882-1946) became world chess champion 1927
(by defeating Capablanca)

Aljechin defended his title twice, and regained it once

Magnus Calrsen became world champion 2013, and defended the title
Oncein 2014

Now consider a title game in 2015. Observe Y=y1, where yl=win
Two hypotheses:

e H1: Aljechin defends title

e H2: Carlsen defends title

Given the above statistics

f(y1|H1)>f(y1|H2)

ML rule: Aljechin takes title (although he died in 1946)
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MAP vs ML estimator

Alexander Aljechin (1882-1946) became world chess champion 1927
(by defeating Capablanca)

Aljechin defended his title twice, and regained it once

Magnus Calrsen became world champion 2013, and defended the title
Oncein 2014

Now consider a title game in 2015. Observe Y=y1, where yl=win
Two hypotheses:

e H1: Aljechin defends title

e H2: Carlsen defends title

Given the above statistics

f(y1|H1)>f(y1|H2)

MAP rule: f(H1)=0, -> Carlsen defends title
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Example DC-level in white noise, uniform prior U[-A,,A,]

The posterioris

| ! exp | — ! (A—:E)z]
vema?/N 2‘5 Al < Aq
_ A =
p(Alx) = "l el (4-52?| da
-Ag /2102 /N 25
0 Al > Ag

We got stuck here:
Cannot put the denominatorin closed form
Cannot integrate the nominator

Lets try with the MAP estimator
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Example DC-level in white noise, uniform prior U[-A,,A,]

The posterioris

( 1 1 5
V2N '2%“"*)] Al < 4,
pAm) =9 > 1 1 —f,-}?] A
-Ag /2102 /N 25
0 |A| > Ag

Denominator: Does not depend on A -> irrelevant
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Example DC-level in white noise, uniform prior U[-A,,A,]

The posterioris

( 1 1 5
V2N '2%“"*)] Al < 4,
pAm) =9 > 1 1 —f,-}?] A
-Ag /2102 /N 25
0 |A| > Ag

Denominator: Does not depend on A -> irrelevant
We need to maximize the nominator
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Example DC-level in white noise, uniform prior U[-A,,A,]

! exp [—L(A - :1:)2]
A V2r? N 2% Al < Ag )
PR =1 [ 1.5 l-L(A—f}‘*’J dA = —ApfZ< A
~A0 \/2ma? [N 2%
|A] > Ao
plAlx)




Chapter 11 — General Bayesian Estimators

Example DC-level in white noise, uniform prior U[-A,,A,]

PlAx) =<

A= T —-ApLz<
Ao T > Ap.

Ag

|A] > Ao
p(Al|x)
el i
J ': . “'"'Hn-
| l ! A
—Ap Ap Z
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Example DC-level in white noise, uniform prior U[-A,,A,]

1 1 i
varor /N exp [_Q?(A - 3)2] —An I < _Aﬂ
(Ax) =< % 1 h{ A=A }i— T Ay << A
AR = mexpl—zﬁ(A—i}zJ dA = i c_n_I_ 0
o VrIN L2 Ao I> Ao
0 |A] > Ao
p(A[x)
MAP estimator can be found!
-“'l“'-..'*
S Lesson learned (generally true)
T MAP is easier to find than MMSE
|-uu"""t.“+ : k
] | | A
T —Ap An
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Element-wise MAP for vector-valued parameter

p(8, |x) / [ (8|x)d, . ..dB,. | “No-integration-needed” benefit gone

8, = arg max p (8, 1x)
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Element-wise MAP for vector-valued parameter

p(8, |x) / [ (8|x)d, . ..dB,. | “No-integration-needed” benefit gone

8, = arg max p (8, 1x)

LS

The estimator  #; = arg n}axp{ﬁ,-tx)

Minimizes the “hit-or-miss” risk R; = E[C(ﬁli — 91)] for each |, where 6->0

0 )
co={7 {53

5 | s
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Element-wise MAP for vector-valued parameter

p(8, |x) / [ (8|x)d, . ..dB,. | “No-integration-needed” benefit gone

8, = arg max p (8, 1x)

Let us now define another risk function

_[ 1 llell >0 —a_p

Easy to prove that as 6->0, Bayes risk is minimized by the vector-MAP-estimator

6 = arg max p(6}x)
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Element-wise MAP and vector valued MAP are not the same

L

(a) Posteriof PDF p(61,6:|x) (b) [ Posterior PDF p(#82{x)

Vector-valued MAP solution Element-wise MAP solution
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Two properties of vector-MAP

* For jointly Gaussian x and 0, the conditional mean E(0|x) coincides with
the peak of p(0|x). Hence, the vector-MAP and the MMSE coincide.
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Two properties of vector-MAP

* For jointly Gaussian x and 0, the conditional mean E(0|x) coincides with
the peak of p(0|x). Hence, the vector-MAP and the MMSE coincide.

* Invariance does not hold for MAP (as opposed to MLE)
& = g(0)
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Invariance

Why does invariance hold for MLE?

With a=g(8), it holds that p(x|a) = pg(x|g(a))



Chapter 11 — General Bayesian Estimators

Invariance

Why does invariance hold for MLE?

With a=g(8), it holds that p(x|a) = pg(x|g(a))

However, MAP involvesthe prior, and it doesn’t hold that p (a)=pg(g?(a)), since the two
distributionsare related through the Jacobian
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Example

p(z[n]|8) = { gexp(—ﬂ:r[n]) ;Eﬂ Z g Exponential

9 — Aexp(—=A8) 8>0 Inverse gamma
Pl =1 o <0
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Example
p(z[n]|8) = { gexp(—ﬂ:r[n]) ;Eﬂ Z g Exponential
p(d) = { E;‘“p(_'w) gz g Inverse gamma
MAP

9(8) = Inp(x|6) + Inp(6)
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Example
p(z[n]|8) = { gﬁp(_ﬂ‘r[”]) ;lﬁ] Z g Exponential
p(d) = { E;‘“p(_'w) gz g Inverse gamma
MAP
g(8) = Inp(x|6) + Inp(H)
N-1
= In [9” exp (—6‘ E :r[n.])] + In [J\ exp(—A8)]

n=0

NIln8— N6z +InA - X6
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Example
p(z[n]|8) = { gexp(—ﬂ:r[n]) ;Eﬂ Z g Exponential
p(d) = { E;‘“p(_'w) gz g Inverse gamma
MAP

9(8) = Inp(x|6) + Inp(6)
N-=-1
= In [9” exp (-e ) :r[n])] + In [A exp(—A8)]

n=0

— NlIn@— N6Z+1In)— )

2|
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Example
g —fzn]) z|n} >0 .
plafml) = { g0 28 o =
Consider estimation of T+ N
a=1/8
g _ [ Aexp(=28) 8>0
p(0) = 0 f <0 1 A
G = i 4+ N ? (holds for MLE)
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Example

plain]o) = { o PP 2> 0

Aexp(~=A8) 6> 0
ﬂ”={u PM) B%e

p(z[n1|a)={ E‘""“’(‘T) z[n] >0
0 z[n] < 0

f = —
Consider estimation of Z+ %
a=1/8
1
G = i I+ N ? (holds for MLE)
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Example

plain]o) = { o PP 2> 0

= {3 322
l X —I_[T"l']' Zin

p(z[n1|a)={a“’( a) [n] >0
0 z[n] < 0

f = —
Consider estimation of Z+ %
a=1/8
1
G = i I+ N ? (holds for MLE)
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Example

plain]o) = { o PP 2> 0

o
1 z[n]
p(z[n1|a)={ E‘""“’(‘T) zln] >0
0 z[n] < 0
pe(6(a))

f = —
Consider estimation of Z+ %
a=1/8
1
G = i I+ N ? (holds for MLE)
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Example

plain]o) = { o PP 2> 0

= (370 322
p(z[n1|a)={ ée"p(‘%ﬂ) =[] >0

0 z[n] < 0
i - Bl

46

Aexp(—A/a) a0

- 2
0 ¢ a < 0.

f = —
Consider estimation of Z+ %
a=1/8
1
G = i I+ N ? (holds for MLE)
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Example
§exp(—0z[n]) z[n] >0 ~ 1
plafn]0) = { be -
0 z[n] <0 Consider estimation of Z+ %
a=1/8
g _ [ Aexp(=28) 8>0 f
p@) =1 o 9 < 0.
& = = T 2
1 z[n]
p(z[n1|a)={ E‘""“’(‘T) =l >0
0 zn] <0 )
gla) = Inp(xja)+lnpla) =
pola) = pa(f(a))
do dg N+2 Ni+A
df o Ta T
) Aexp{(]-;)l/cu) a0
0 a < 0. 4= N+ A




