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Chapter 3 — Cramer-Rao lower bound

Recap

* We deal with unbiased estimators of deterministic parameters

e Performance of an estimatoris measured by the variance of the estimate
(due to the unbiased condition)

* |f an estimator has lower variance for all values of the parameter to estimate,
it is the minimum variance estimator (MVU)

e |f the estimator is biased, one cannot definte any concept of being an optimal
estimator for all values of the parameter to estimate

 The smallest variance possible is determined by the CRLB

* |f the CRLB is tight for all values of the parameter, the estimatoris efficient
 The CRLB provides us with one method to find the MVU estimator

e Efficient -> MVU. The converse is not true

 To derive the CRLB, one must know the likelihood function



Chapter 3 — Cramer-Rao lower bound

Recap

Theorem 3.1 {Cramer-Rao Lower Bound - Scalar Parameter) It is assumed
that the PDF p(x; 0) satisfies the “requiarity” condition

B [3 In p(x; 8)

0 ] =0 for all 8

where the expectation is taken with respect to p(x; 8). Then, the variance of any unbigsed

estimator 6 must satisfy
1

* Inp(x; 0)
092
where the derivative is evaluated at the true value of 8 and the expectation is taken with

respect io p(x;0). Furthermore, an unbiased estimator may be found that attgins the
bound for all & if and only if

PRI _ 1o o) - 0) (3.7

var(f) >

(3.6)
-E

for some functions g and I. That estimator, which is the MV estimator, is § = g(x),
and the minimum veriance is 1/1(6).
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Fisher Information

The quantity

H®=-E[

0% In p(x; 8)
502

qualifies as an information measure

1. The more information, the smaller variance
1
_E [82 lnp(x;e)}
062

var(6) >

2. Nonnegative: E[(alngg,;g))ﬁ]=_E[aﬂlxg;(:;e)]

3. Additive for independent observations
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Fisher Information
3. Additive for independent observations is important:
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Fisher Information
3. Additive for independent observations is important:

N—1
For independent observations:  Inp(x;0) = Z In p(z[nl; 8)

n=(}
Flnp(x;0)] — . [¢?n P(I[”];g)}
—E[ g ];-ﬂ;E 502
And for 1ID observations x[n]
I1(8) = Ni(9)

2 .9
where ) =—-F [8 ln%(;[n} )]
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Fisher Information

3. Additive for independent observations is important:

N—1
For independent observations:  Inp(x;0) = Z In p(z[nl; 8)

9 In p(x; a)]
—E [ 56?

And for 1ID observations x[n]

10)=N

where

i(0)

0 = [ ZIartelni®)

n=(}

_Ni:lE [32 1np(r[n];9)}

06

n=0

Further verification of
"information measure”:
If x[0]=...x[N-1], then

1(8) = i(6)

06?
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Section 3.5: CRLB for signals in white Gaussian noise

* White Gaussian noise is common. Handy to derive CRLB explicitly for this case

Signal model z[n] = sn; 6] + w(n) n=01,...,N—1

N-=1
Likelihood p(x;8) = m exp {—27; Y (z[n] — s(n; 6] )“}

n=(0
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Section 3.5: CRLB for signals in white Gaussian noise
* White Gaussian noise is common. Handy to derive CRLB explicitly for this case

Signal model z[n] = sn; 6] + w(n) n=01,...,N—1

N-=1
Likelihood p(x;8) = m exp {—27; Y (z[n] — s(n; 6] )“}

n=(0

We need to compute % In p(x; 8)
the Fisher information 1(8)=-E [ 562
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Section 3.5: CRLB for signals in white Gaussian noise
* White Gaussian noise is common. Handy to derive CRLB explicitly for this case

Signal model z[n] = sn; 6] + w(n) n=01,...,N—1

N-=1
Likelihood p(x;8) = m exp {—27; Y (z[n] — s(n; 6] )“}

n=(0

Os [n, )|

. . 0
Take one differential alnp(x ) - = Z(m — s[n; 0) —=—
n=0
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Section 3.5: CRLB for signals in white Gaussian noise
* White Gaussian noise is common. Handy to derive CRLB explicitly for this case

Signal model z[n] = sn; 6] + w(n) n=01,...,N—1

1 N-=1
Likelihood p(x;8) = mexp {‘F Zﬂ(z[nl - sm; 9])“}

g
Take one differential 2} lnp(x 9) = Z(x — sfn; 9])33[‘"', ]

n=0

Take one more 321”&3;{: 18) _ = Z {{I[n] oln; ﬁnﬂ%[n ;6] (Bsg;; El) }

=i}
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Section 3.5: CRLB for signals in white Gaussian noise
* White Gaussian noise is common. Handy to derive CRLB explicitly for this case

Signal model z[n] = sn; 6] + w(n) n=01,...,N—1

- 1 | M-l -
Likelihood p(x;6) = @re)) ¥ exp {—F ;(z[ﬂ;] — s[n; 6]) }
Take one differential Blnp(x 0) _ Z(x — sfn; 9])33[‘"', 6]
n=0
Take one more 321”&3;{: 18) _ =~ nz_n {{I[n] sins ﬁnﬂzs[n ;6] (Bsg;; El) }

N-—
Take expectation (ag In p(x; 3)) — Z:l (33[“": 9])
06? T2

n=0
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Section 3.5: CRLB for signals in white Gaussian noise

* White Gaussian noise is common. Handy to derive CRLB explicitly for this case

Signal model z[n] = sn; 6] + w(n) n=01,...,N—1

. 1 p N T
Likelihood p(x;6) = mexp {—F ;(z[ﬂ;] sn; 6]) }
Take one differential Blnp(x 0) _ = Z(x — sfn; 9])33[‘"', 6]
n=0
Take one more 321”&3;{: 18) _ =~ nz_n {{I[n] — sin; ﬁnﬂzs[n ;6] (Bsg;; El) }

N-—
Take expectation (ag In p(x; 3)) — Z:l (33[“": 9])
06? T2

2

Conclude:  var(d) > a

SR

n=0

n=0
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Example 3.5: sinusoidal frequency estimation in white noise

1
Signal model s[n; fo] = Acos(2rfon+¢) 0< fo < 5

Derive CRLB for f,
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Example 3.5: sinusoidal frequency estimation in white noise

1
Signal model s[n; fo] = Acos(2rfon+¢) 0< fo < 5

Derive CRLB for f,

We have from
previous slides that

>
ds[n; 6]\ * (where 8=f,)
> (%)
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Example 3.5: sinusoidal frequency estimation in white noise

1
Signal model s[n; fo] = Acos(2rfon+¢) 0< fo < 5

Derive CRLB for f,

We have from
previous slides that

V&I(E) 2 Nz_:l (33[11; 9] )2 (Where ezfo)
n=>0 89 50—
. a? ; 4j
Which yields  var(f,) > 3 : 5;4
— i 2 25
A2 " [2wnsin(2n fon + ¢)] i
n=0 g 1,5~;+
1.0+—>

T T I T T T 1 T T T
0.00 005 010 015 020 025 030 035 0.40 045 0.50
Frequency
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Section 3.6: transformation of parameters

Now assume that we are interested in estimation of a=g(0)

39 2
E 5('56:21(1; 9)1
562

We already proved the CRLB for this case

var(&) >
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Section 3.6: transformation of parameters

Now assume that we are interested in estimation of a=g(0)

(5)

& aflnp(x;o)l

We already proved the CRLB for this case

var(&) >

392

"

Question: If we estimate 0 first, can we then estimate a as a=g(6) ?
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Section 3.6: transformation of parameters
Works for linear transformations g(x)=ax+b. The estimator for 0 is efficient.
Choose the estimator for g(6) as ¢(8) = g(6) = a + b

aB(6) +b=ab+b
= g(f)

We have: E(af + b)

so the estimatoris unbiased
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Section 3.6: transformation of parameters
Works for linear transformations g(x)=ax+b. The estimator for 0 is efficient.
Choose the estimator for g(6) as ¢(8) = g(6) = a + b

aB(6) +b=ab+b
9(6)

We have: E(af + b)

so the estimatoris unbiased

The CRLB states
(a |
— g)
vr(g@)) > -~

Il
.,
5}
g3
~—
=)
3 S
S
[

S

R

il

=]

Eﬁ
=
—
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Section 3.6: transformation of parameters
Works for linear transformations g(x)=ax+b. The estimator for 0 is efficient.
Choose the estimator for g(6) as ¢(8) = g(6) = a + b

We have: E(af + b) aE(0) +b=ab +b

= g(6)
so the estimatoris unbiased
The CRLB states
(@)2 but . . ,.
— o6 var(g(8)) = var(a@ + b) = a*var(6).
ar(g@) 2 7o
30 () ? so we reach the CRLB
= (%) var(6)

il

=]

Eﬁ
)
—
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Section 3.6: transformation of parameters

Works for linear transformations g(x)=ax+b. The estimator for 0 is efficient.

Choose the estimator for g(6) as ¢(8) = g(6) = ab + b

We have: E(af + b) aE(0) +b=ab +b

= g(6)
so the estimatoris unbiased
The CRLB states
(@)2 but . . ,.
— o6 var(g(8)) = var(a@ + b) = a*var(6).
wr(g®) >~
30 () ? so we reach the CRLB
= (%) var(6)

‘ Efficiency is preserved for affine transformations!

il

=]

Eﬁ
=
—
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Section 3.6: transformation of parameters

Now move on to non-linear transformations

Recall the DC level in white noise example. Now seek the CRLB for the power A2



Chapter 3 — Cramer-Rao lower bound

Section 3.6: transformation of parameters
Now move on to non-linear transformations

Recall the DC level in white noise example. Now seek the CRLB for the power A2

. (24)2 4A%?
—y2 2 -
We have g(x)=x?, so var(A?) > N/g? N
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Section 3.6: transformation of parameters

Recall: the sample mean estimator is efficient for the DC level estimation

;N1
A= 5 Zz[ﬂ.]

n=>0

Question: Is A2 efficient for A2 ?
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Section 3.6: transformation of parameters

Recall: the sample mean estimator is efficient for the DC level estimation

;Mo
A= 5 Zz[ﬂ.]

n=>0

Question: Is A2 efficient for A2 ?

NO! Thisis not even an unbiased estimator
E(#*) = E*z)+var(z)=A%+
£ A%

0.2

N
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Section 3.6: transformation of parameters

Recall: the sample mean estimator is efficient for the DC level estimation

;N1
A= 5 Zz[ﬂ.]

n=>0

Question: Is A2 efficient for A2 ?

NO! Thisis not even an unbiased estimator
E(#*) = E*z)+var(z)=A%+
£ A%

0.2

N

Efficiency is in general destroyed by non-linear transformations!
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Section 3.6: transformation of parameters

Non-linear transformations with large data records

2
g
Take a look at the biasagain ~ E(#?) = E*(Z)+ var(Z) = A% + N
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Section 3.6: transformation of parameters

Non-linear transformations with large data records

0.2

Take a look at the biasagain ~ E(#?) = E*(Z)+ var(Z) = A% + N

The square of the sample mean is asymptotically unbiased or unbiased as N grows large
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Section 3.6: transformation of parameters

Non-linear transformations with large data records

0.2

Take a look at the biasagain ~ E(#?) = E*(Z)+ var(Z) = A% + N

The square of the sample mean is asymptotically unbiased or unbiased as N grows large

_ad? | 208
=N "7

Further m(jj?)

_ —~. _ (24)? 4A%*
2 =
While the CRLB states that  var(4%) 2 {5 = =5
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Section 3.6: transformation of parameters

Non-linear transformations with large data records

2
g
Take a look at the biasagain ~ E(#?) = E*(Z)+ var(Z) = A% + N

The square of the sample mean is asymptotically unbiased or unbiased as N grows large

_ad? | 208
=N "7

Further m(jj?)

_ —~. _ (24)? 4A%*
2 =
While the CRLB states that  var(4%) 2 {5 = =5

Hence, the estimator AZis asymptotically efficient
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Section 3.6: transformation of parameters

Why is the estimator &=g(§) asymptotically efficient ?
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Section 3.6: transformation of parameters

Why is the estimator (“x:g(é) asymptotically efficient ?

When the data record grows, the data statistic* becomes more concentrated around a stable
value. We can linearize g(x) around this value, and as the datarecord grows large, the non-
linear region will seldomly occur

*Definition of statistic: function of data observations used to estimate parameters of interest
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Section 3.6: transformation of parameters

Why is the estimator (“x:g(é) asymptotically efficient ?

When the data record grows, the data statistic* becomes more concentrated around a stable
value. We can linearize g(x) around this value, and as the datarecord grows large, the non-
linear region will seldomly occur

Sy

Small N Large N
*Definition of statistic: function of data observations used to estimate parameters of interest
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Section 3.6: transformation of parameters

Why is the estimator &=g(§) asymptotically efficient ?

Linearizationat A

o(@) ~ o(4) + 2Lz - 4)

T g
Large N
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Section 3.6: transformation of parameters

Why is the estimator &=g(§) asymptotically efficient ?

Linearizationat A Expectation
o(2) ~ g(A) + -‘-i%‘)-(f _a Ele(@)] = g(4) = 4°
Unbiased!

Sy

T g
Large N
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Section 3.6: transformation of parameters

Why is the estimator &=g(§) asymptotically efficient ?

Linearizationat A Expectation Variance

_ dg(A)]”
o)+ U ) Ela@l=g4) =4 varig(®)] = L2 @
Unbiased! _ (24)%0?
N
_ 4A%¢
- N
Efficient!

Sy

Large N
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Section 3.7: Multi-variable CRLB 8=106,9,...6,]F

Theorem 3.2 (Cramer-Rao Lower Bound - Vector Parameter) It is assumed
that the PDF p(x; 8) satisfies the “regularity” conditions

B [8 In p(x; 6)

o ]:n for all @

where the expectation is taken with respect to p(x;€). Then, the covarience matriz of
any unbiased estimator @ satisfies

C;~T7(8) >0 (3.24)

where > @ i3 interpreted as meaning thal the matriz 1s positive semidefinite. The Fisher
information matriz 1(8) is given as

HCHFE [?f_;%%%‘%}

where the derivatives are evaluoted at the true velue of @ and the expectation is taken
with respect to p(x;&). Furthermore, an unbiased estimator may be found that attains
the bound in that C3 = 171(8) if and only if

PO - 10)gx) - 0) (3.25)

for some p-dimensionol function g and some p X p matriz §. That estimator, which is
the MV estimator, is @ = g(x), and its covariance matriz is I1(8).
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Section 3.7: Multi-variable CRLB 8=106,9,...6,]F

Theorem 3.2 (Cramer-Rao Lower Bound - Vector Parameter) It is assumed
that the PDF p(x; 8) satisfies the “regularity” conditions

E [?EEEE_@] —0  joralle®

o6 Same regularity
where the expectation is taken weth respect to p(x; 6). conditions as
before
Satisfied (in

general) when
integration and
differentiating
can be
interchanged
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Section 3.7: Multi-variable CRLB 8=106,9,...6,]F

Theorem 3.2 (Cramer-Rao Lower Bound - Vector Parameter) It is assumed
that the PDF p(x; 8) satisfies the “regularity” conditions

B [Slnp(x; 8)

= ]:n for all @

where the expectation is taken with respect to p(x;€). Then, the covarience matriz of
any unbiased estimator @ satisfies

C;~T7(8) >0 (3.24)

where > @ i3 interpreted as meaning thal the matriz 1s positive semidefinite. The Fisher
information matriz 1(8) is given as

HCHFE [?f_;%%%‘%}

where the derivatives are evaluoted at the true velue of @ and the expectation is taken
with respect to p(x; &). . . . .
( Covariance of estimator minus Fisher

matrix is positive semi-definite

Will soon be a bit simplified
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Section 3.7: Multi-variable CRLB 8=106,9,...6,]F

We can find
the MVU
estimator
alsoin this
case

Theorem 3.2 (Cramer-Rao Lower Bound - Vector Parameter) It is assumed
that the PDF p(x; 8) satisfies the “regularity” conditions

B [8 In p(x; 6)

o ]:n for all @

where the expectation is taken with respect to p(x;€). Then, the covarience matriz of
any unbiased estimator @ satisfies

C;~T7(8) >0 (3.24)

where > @ i3 interpreted as meaning thal the matriz 1s positive semidefinite. The Fisher
information matriz 1(8) is given as

HCHFE [?f_;%%%‘%}

where the derivatives are evaluoted at the true velue of @ and the expectation is taken
with respect to p(x;&). Furthermore, an unbiased estimator may be found that attains
the bound in that C3 = 171(8) if and only if

PO - 10)gx) - 0) (3.25)

for some p-dimensionol function g and some p X p matriz §. That estimator, which is
the MV estimator, is @ = g(x), and its covariance matriz is I1(8).
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Section 3.7: Multi-variable CRLB

Let us start with an implicationof C; —I71(8) > g
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Section 3.7: Multi-variable CRLB

Let us start with an implicationof C; —I71(8) > g

The diagonal elements of a positive semi-definite matrix are non-negative

Therefore
[C; -17H®)],, >0
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Section 3.7: Multi-variable CRLB

Let us start with an implicationof C; —I71(8) > g

The diagonal elements of a positive semi-definite matrix are non-negative

Therefore
[C; -17H®)],, >0

And consequently, var(6;) = (Cli; = [1I74(8)]

111
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Proof

Regularity condition:same story as for single parameter case

Start by differentiatingthe “unbiasedness conditions” E(&;) = a; = [g(8)}: i=12,...,r

olg(8): . [62mpE0) g 4 AEOL

.
a—gifa;p(x,ﬂ)dx= %, 20,

P
T
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Proof

Regularity condition:same story as for single parameter case

Start by differentiatingthe “unbiasedness conditions” E(&;) = a; =

d(g(8)]: |
98;

%Ja;p(x;a)dx _

And then add ”0” via the regularity condition ¥ [
to get

f(ﬂ;-ﬂi)&lnp(x1 )P( 9)

& d1np(x; 0)

99,

Olnp(x;0)] _
39 ] =4

Olg(6)]:
a0;

dx =

p(x; 0) dx = E[g;ﬁ_

P
T

()] i=12,...
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Proof

Regularity condition:same story as for single parameter case

Start by differentiatingthe “unbiasedness conditions” E(é&:) = o

d(g(8)]: |
98;

%Ja;p(x;a)dx _

And then add ”0” via the regularity condition ¥ [
to get

& d1np(x; 0)

9,

Olnp(x;0)] _
i ] =4

f (“‘"ﬂi)&l”" (%) pix; 0) dx = a[if)]
Forizj, we have | I
/(f!- —ai)alngg:, QJP(K; 9)dx = ﬂ[ga(ﬂﬂ)]t

’ ]

= [g(8)); i=12,...

p(x; 8) dx = E[g;ﬁ_

P
T
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Proof

Regularity condition:same story as for single parameter case

Combininginto matrix form, we get

[@- @) 2" ) g - O]

Olg(6)]:
a0;

f (m-m)&‘“""“ ) p(x; ) dx = 2L

/(&i —ai)alngéf', ejp(x;ﬂ) dx = ﬂ[ga(ﬂﬂ)]t
’ 3
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Proof

Regularity condition:same story as for single parameter case

Combininginto matrix form, we get

[@a-a )alnp(z,a) p(x;0)dx = 22O

rx1 vector

1xp vector rxp matrix
dig(@
[t~ ag 2B iy gy gy - AEDUL

/(&i —ai)alngéf', ejp(x;ﬂ) dx = ﬂ[ga(ﬂﬂ)]t
’ 3
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Proof
Regularity condition:same story as for single parameter case

Combininginto matrix form, we get

T
[(@- ) ZREED) yix;0) dx = 200

Now premultiply with a” and postmultiply with b, to yield

T
faT(f!—u)alng(;'a) hp(x;ﬂ)d::aTaga?)h
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Proof

Regularity condition:same story as for single parameter case

Combininginto matrix form, we get

T
[(@- ) ZREED) yix;0) dx = 200

Now premultiply with a” and postmultiply with b, to yield

T
faT(f!—u)alng(;'a) hp(x;ﬂ)d::aTaga?)h

Now apply C-S to yield (ar—agg)b)z < ]ET(& — a)(& — a)’ap(x; ) dx

/'bTﬂlnp X; B)Bing&x,ﬂ) bp(x: 8) dx
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Proof

Regularity condition:same story as for single parameter case

Combininginto matrix form, we get

T
[(@- ) ZREED) yix;0) dx = 200

Now premultiply with a” and postmultiply with b, to yield

T
faT(f!—u)alng(;'a) hp(x;ﬂ)d::aTaga?)h

Now apply C-S to yield (ar—agg)b)z < ]ET(& — a)(& — a)’ap(x; ) dx

. -0 T
[0

a’C;ab"1(8)b
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Proof

Regularity condition:same story as for single parameter case

Note that X6)),, = —E 32:‘;:;: 9)]
but since
E [ﬂlngg;ﬁ] 31:1;2; 9)] __E laz;;f)é;;m} _ 1)),
this is ok

(ar?%?)b)z < ]ET(& — a)(é& — a)Tap(x; 0) dx

bTﬂlnp (x;0) dln p(x; 6)”

- / B bp(x;6) dx

= a'C, ale(o)b




Chapter 3 — Cramer-Rao lower bound

Proof .
The vectors a and b are arbitrary. Now selectbas b= I‘l(o}-a%(:—l a

(armb)z < ]ET(& — a)(é& — a)Tap(x; 0) dx

, -0 T
‘/bTﬂlngg,B)aing(gx ) bp(x: 8) dx

a’C;ab"1(8)b
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Proof .
The vectors a and b are arbitrary. Now selectbas b= I‘l(o}-a%(:—l a

Some manipulationsyield

2 T\
(aT?%g;}l“(ﬂ)-a%@Ta) <a’Csa (arf.—ggﬁl'l(ﬂ)%ﬂ a)

(armb)z < ]ET(& — a)(é& — a)Tap(x; 0) dx

T
‘/bTﬂlngg,B)ﬁing(;,ﬂ) bp(x: 8) dx

a’C;ab"1(8)b




Chapter 3 — Cramer-Rao lower bound

Proof .
The vectors a and b are arbitrary. Now selectbas b= I‘l(o}-a%(:—l a

Some manipulationsyield

2 T\
(aT?%g;}l“(ﬂ)-a%@Ta) <a’Csa (arf.—ggﬁl'l(ﬂ)%ﬂ a)

For later use, we must now prove that the Fisher information matrix 1(0) is positive semi-
definite.
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Interlude (proof that Fisher information matrix is positive semi-

definite)
We have
= & lnp(x;8)] _ _ [3Inp(x;8) np(x;8)
Ok, 'E[ 56,06; }' E[ ) ]
So

n p(x; 10
K@) = E[ﬂl ;(Bx ﬂ)ﬂlnggt, )]
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Interlude (proof that Fisher information matrix is positive semi-

definite)
We have
= & lnp(x;8)] _ _ [3Inp(x;8) np(x;8)
Ok, 'E[ 56,06; }' E[ ) ]
So

n p(x; 10
K@) = E[ﬂl ;(Bx ﬂ)ﬂlnggt, )]

Condition for positive semi-definite: a* 1(8)a >0
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Interlude (proof that Fisher information matrix is positive semi-

definite)
We have
= & lnp(x;8)] _ _ [3Inp(x;8) np(x;8)
Ok, 'E[ 56,06; }' E[ ) ]
So

n p(x; 10
K@) = E[ﬂl ;(Bx ﬂ)ﬂlnggt, )]

Condition for positive semi-definite: a* 1(8)a >0

o7 d1lnp(x; @) 8In p(x; 8) a

But a’ I(9)a = E[ o 20

|- &[] 20
dInp(x; 8) .

ford = 90
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Proof

Now return to the proof, we had

o0

2 T\
(aT?%g;}l“(ﬂ)-a%@Ta) < aTCsa (aT?—g(ﬂﬁl‘l(a)m n)




Chapter 3 — Cramer-Rao lower bound

Proof

o0

2 T\
(aT?%g;}l“(ﬂ)-a%@Ta) < aTCsa (aT?—g(ﬂﬁl‘l(a)m n)

We have
I(8) positive semi-definite
I-1(@) positive semi-definite

8(6) 1, 08(0)"
Bga(:)l_ C )353(93) positive semi-definite (aT..E.S_] (e)T a) >0
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Proof

We therefore get

(J%.(f;}rl(e)?%’):) <a’Csa

T



Chapter 3 — Cramer-Rao lower bound

Proof

and

T
i (os- OB )20

9g(0)

T
56 1‘1(8)8‘%‘(:)- must be positive semi-definite

but aisarbitrary, so C4 —



Chapter 3 — Cramer-Rao lower bound

Proof

Last part:

.. Furthermore, an unbiused estimator may be found that attains
the bound in that C; = 1" Y(6) if and only if

alﬂggi &) = K8)(g(x) — 6) (3.25)

for some p-dimensional function g and some p x p matriz Y. That estimator, which is
the MVU estimator, is @ = g(x), and its covariance matriz is I-1(8).



Chapter 3 — Cramer-Rao lower bound

Proof

Last part:

.. Furthermore, an unbiused estimator may be found that attains
the bound in that C; = 1" Y(6) if and only if

alﬂggi &) = K8)(g(x) — 6) (3.25)

for some p-dimensional function g and some p x p matriz Y. That estimator, which is
the MVU estimator, is @ = g(x), and its covariance matriz is I-1(8).

dlnp(x;6)"
Condition for equality al(d—a) = ¢ ngg ]b
.anT n’
_ Omp(0)T ) 0BO) T,
06 o6

T



Chapter 3 — Cramer-Rao lower bound

Proof

Last part:

.. Furthermore, an unbiused estimator may be found that attains
the bound in that C; = 1" Y(6) if and only if

alﬂggi &) = K8)(g(x) — 6) (3.25)

for some p-dimensional function g and some p x p matriz Y. That estimator, which is
the MVU estimator, is @ = g(x), and its covariance matriz is I-1(8).

dlnp(x;0)"
Condition for equality al(d—a) = ¢ ngg ) b
.anT n’
_ Olnpxi8) 4, 0800)7,
a6 o6
However, a is arbitrary, so it must hold that alng(;; f) = _1.1(9)(3‘ -6)
c .

rb

o =g(6) =6
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Proof

Each element of the vector equals

8In p(x; 6)
80

Olnp(x;8) _ o~ [1(0)]u ;
- (65 — 6x)

00, c(8)

T
Condition for equality al(d—a) = calngg’ﬂ] b
- T T
_ Omp(0)T ) 0BO) T,
06 o6

However, a is arbitrary, so it must hold that alng(;; f) = _1.1(9)(3‘ -6)
c .
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Proof

8In p(x; 6)

Each element of the vector equals

Olnp(x;8) IO, ;
50, ~ 2 o) %)

One more differential (just as in the single-parameter case) yields (via the chain rule)

p 3([1{9)}*)
09?1 i 0))ix 6 2
N - e wn:—ﬂo)

e(8) 89,

k=1
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Proof

Each element of the vector Blng(ox; 9)

equals

Olnp(x;8) IO, ;
50, ~ 2 o) %)

Take expectation

E[E!zlnp(x, ]_ [i 1(8)] SN g, 8([Ii?;])tk)(ék_9k))]

00,00, —= | <9) a9,



Chapter 3 — Cramer-Rao lower bound

Proof

Each element of the vector Blng(ox; 9)

equals

inp(x;8) & MOk 5
_; () (0x — 6)

80;

Take expectation

[32 In p(x; 6) ] _
08,08,

Only k=j remains



Chapter 3 — Cramer-Rao lower bound

Proof

Each element of the vector Blng(ox; 9)

equals

inp(x;8) & MOk 5
_; () (0x — 6)

80;

Take expectation

[32 In p(x; 6) ] _
08,08,

& lnp(x;6)] (L8]
80:00; | c(6)

[1(9)];'1 = —FE
def



Chapter 3 — Cramer-Rao lower bound

Proof

Each element of the vector Blng(ox; 9)

equals

inp(x;8) & MOk 5
_; () (0x — 6)

80;

Take expectation

[lenp(x, ]=
88,08
dlnp(x;8) _
50 l(ﬂ)(8 @)
O lnp(x;6)]  [18)]; =
KON = ~Bl =638, |~ 0 =1
def o dlnp(x; )

From o =10)(g(x) - 0)
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Example 3.6

DC level in white Gaussian noise with unknown density: estimate both A and o2
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Example 3.6

DC level in white Gaussian noise with unknown density: estimate both A and o2

Fisher Information matrix is

I 0% In p(x; 8)] (3 Inp(x;:60)] 7
-k - 9A? -F | 8Ad0?
1(6) = _ _ - -
_E 9% In p(x; 0) _E 8% In p(x; 0)
| | 00204 | - dot L] -
__N N o, 1K 2
inp(x;8) = —5 In27 ~ 0l Ing* — 557 (z[n] — A)

n=_0{
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Example 3.6

DC level in white Gaussian noise with unknown density: estimate both A and o2

Fisher Information matrix is

I 0% In p(x; 8)] (3% Inp(x;8)] 7
16) -k 94T -k | 0Ado?
B _E (0% Inp(x;0)] _E 3% Inp(x;0)]
| | 00204 | - dot L] -
N N, , 1 & )
lnp(x,&)—-—fln%r—-?lna —-%_—ZT;.(I[H]-A)
Derivativesare ~ &lnp(x8) _ N
0A2 a?
8% In p(x; ) 1 =
TAder = o & -4
. N N—-1
T = g X el - 4

n=0(



Chapter 3 — Cramer-Rao lower bound

Example 3.6

DC level in white Gaussian noise with unknown density: estimate both A and o2

Fisher Information matrix is

DA
20t
N N 1 =
Inp(x; @) = Y In2r ~ Ing? — 507 (z[n] = A)*
n=_0{
Derivativesare ~ &lnp(x,8) _ N
0A2 a?
8% In p(x; ) Ry
N
Inp(x; 0 N 1
‘% = 55 2 =l - A)

n=0(
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Example 3.6

DC level in white Gaussian noise with unknown density: estimate both A and o2

Fisher Information matrix is

DA
1@y=1°
204

What are the implications of a diagonal Fisher information matrix?
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Example 3.6
DC level in white Gaussian noise with unknown density: estimate both A and o2

Fisher Information matrix is

DA
1@y=1°
204

What are the implications of a diagonal Fisher information matrix?

, - Pmnp(x;8)] _ N
var(4) = 1'(6),; = —E 942 | o2
. [ lnp(x:;0) ] 2°
ar(e?) 2 ), = —EB| TR < 2

But this is precisely what one would have obtained if only one parameter was unknown
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Example 3.6
DC level in white Gaussian noise with unknown density: estimate both A and o2

Fisher Information matrix is

N

— 0
1@y=1°
204

A diagonal Fisher Information matrix means that the parameters
to estimate are “independent” and that the quality of the estimate ar
not degraded when the other parameters are unknown.
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Example 3.7

Line fitting problem: Estimate A and B from the data x[n]

z[n] = A+ Bn + w(nj

Fisher Information matrix

I(6) =

p(x;0)

-F

—-E

n=0,1
(0% In p(x; 9)‘
-E
JA2 ]
"6% In p(x; 9)] B
|, OBOA I

1

(2702) % P

{

1 N—-1 )
~ 551 Z(m[nl — A - Bn)

0AOB
(3% Inp(x;0)]

0% Inp(x;0)]

dB*

n=»{

}
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Example 3.7

Line fitting problem: Estimate A and B from the data x[n]

zn)=A+Bn+whn] n=01,..., N-1

Fisher Information matrix

N-1 1
N(N -1)
A 1 N 2
I(9) = — N n=0 = =
o2 z-l = 71 N(N-1) N(N-1(@2N-1)
—un Z—;]n " 2 6
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Example 3.7

Line fitting problem: Estimate A and B from the data x[n]

Fisher Information matrix

1-1(9) = o2

z[n] = A+ Bn + w(nj
" 202N - 1) 6
N(N+1) N(N+1)
6 12
N(N+1) N(N2-1) |

n=0,1,..

var(B)

S 2(2N — 1)o?
— N(N+1)
1202
N(N?2 -1}

2

In this case, the quality of A is degraded if B is unknown (4 times if N is large)
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Example 3.7

How to find the MVU estimator?
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Example 3.7

How to find the MVU estimator?
Use the CRLB!

. Furthermore, an unbiased estimator may be found that attains
the bound in that C =171(6) if and only if

Olnplx; &
TPE)  16)(gx) - 6) (3.25)

for some p-dimensionol function g and some p X p matriz Y. That estimator, which is
the MVU estimator, is 8 = g(x), and its covariance matriz is I-1(8).
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Example 3.7

Not easy to see

this....
Find the MVU estimator.

We have Olnp(x: 8) | Nl 7
np(x; = _A—
dlnp(x;8) A a? ;(x[n] A= Bn)
06 B Alnp(x;0) | — | N
8B | — Y (zfn] — A - Bn)n
L g n=0 i
N N(N -1)
B ol 207 [ A-A J
N(N-1) N(N-1)2N -1) B-B
202 bo? -
. 22N-1)& ., 6 &
A = NiNFD) ; O vy ,;a na(n]
6 N=1 12 N-=-1
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Example 3.7
Not easy to see
this....
Find the MVU estimator.
We have B 1n.p(x; ) | ol
np(x L A
dlnp(x;8) GA pe ﬂ:ﬂ(ﬁt?[i“l] A — Bn)
L] dlnp(x;0) | ~ | N
OB = Z_;(::rr[ﬂ] — A— Bn)n
N N(N -1) 7
o2 202 [ A—- A N Nodependency
= N(N-1) N(N-1)(2N-1) B-B on pa.rameters
i 202 b2 | to estimate
;- 2N -1 6
No dependency 4 = N(N +1) ; z[n] N(N + 1) ,;g nz(n]
on x[n] A 6 N1 . N1
B = "~vv+p Eﬂ I+ T o ; nain]
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Example 3.8

DC level in Gaussian noise with unknown density.

A?
Estimate SNR a = —
o
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Example 3.8

DC level in Gaussian noise with unknown density.

A?
Estimate SNR a = —
o

N

— 0
Fisher information matrix (@) = [ o? N 1

D —_—
20t

0 0"
From proof of CRLB  Ca — 383(9 )1-1(9)%2 >0
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Example 3.8

DC level in Gaussian noise with unknown density.
AE

Estimate SNR a = —
o

N

— 0
Fisher information matrix (@) = [ o? N 1

D —_—
20t

0 0"
From proof of CRLB  Ca — 3—3“('%1-1(9)%) >0

9g(6) _ [ 9g(6) 9g(8) } _ [ 9g(6) 9g(0) J
06 o0, 00, oA da?

£

D’i [T'l

]
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Example 3.8

DC level in Gaussian noise with unknown density.

A?
Estimate SNR a = —
o
N 0
Fisher information matrix gy = | ¢* N
Ly
20

Ca — 50 T

So o? 24
3g(9)1-1(9]33(9)’" _ [QA AaAlly © o)
a0 o8~ |7 ‘;;:] , Wl A
N ot

44 240

~ Ne&?2  Not

dor + 20
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Section 3.9. Derivation of Fisher matrix for Gaussian signals

A common case is that the received signal is Gaussian
x~ N (u(8),C(8))

Convenientto derive formulas for this case (see appendix for proof)

1e)),, [%?]TC'I(G) lag_éf)]
(o)

L, 8C(6)
“Ohc- 075 }

1 -1
+ Etl‘ [C (9) 33

When the covariance is not dependenton 0, the second term vanishes, and one can reach

1 = Bs[n; 0] ds[n; )
ﬂ':_zz_: 80, 06,
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Example 3.14

Consider the estimationof A, f;, and ¢

a:[n]=Ams{21rfun+¢)+w[n} n=0,1,...,N—-1

1 = Bs[n; 0] ds[n; )
ﬂ':_zz_: 80, 06,
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Example 3.14

Consider the estimationof A, f;, and ¢

z[n] = Acos(27 fon + ¢) + w(n)

; 0] Gs[n; 6]

1 = ds[n
[1(9)]1'3' = ) Zu 09, 98

n=01,... N—-1

Interpretation of the structure?
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Example 3.14

Consider the estimationof A, f;, and ¢

a:[n]=Ams{21rfun+¢)+w[n} n=0,1,...,N—-1

- IN T
o 0 0 " 207
9 > —
U B
_1 o0 24y n? 7A?Y ; 1
16) = = = = | ) 2 GrmNeE-D
N-1
1 NAE a 2(2N - 1)
2 > ..
0 74 nzzﬂ n > ) 2 N
= A%/(20%}
1 = lﬂs[n 6] Bs[n 9] ! @
)i = E:r:z —~

Frequency estimation decays as 1/N3
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Section 3.10: Asymptotic CRLB for Gaussian WSS processes

For Gaussian WSS processes (first and second order statistics are constant) over time

The elements of the Fisher matrix can be found easy

df

N (% 8lnP,.(f;0) 8o P..(f;0
K@), =+ [ % n ao‘-(f ) 9ln aeff )

Where P,, is the PSD of the process and N (observation length) grows unbounded

This is widely used in e.g. ISI problems



Chapter 4 — The linear model

Definition x=H8+w

Thisisthe linear model, note
thatin this book, the noise
x = [z[0]z[l]...z[N — 1)*

is white Gaussian
w = [wo]w[l]...wN-1]]7

w ~ N(0, 0.21]
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Definition x=H8+w

x = [z[0)=[1]...z[N —1]]F
w = [wo]w[l]...wN-1]]7
w ~ N(0,°1

Let us now find the MVU estimator....Howto proceed?
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Definition x=H8+w

x = [z[0)=[1]...z[N —1]]F
w = [wo]w[l]...wN-1]]7
w ~ N(0,°1

Let us now find the MVU estimator

8lnp(x;6) _ _
0 - 1(8)(g(x) — 8)




Chapter 4 — The linear model

Definition x=H8+w

X =

w =

[z[0] z[1] ... z[N — 1]]"
[w[0] w(1]...wN —1]]7
w ~ N(0,°1

Let us now find the MVU estimator

dlnp(x;0)

o0

= 1(6)(g(x) — 8)




Chapter 4 — The linear model

Definition x=H8+w

X =

w =

w ~ N(0, 0.21]

Let us now find the MVU estimator

[z[0] z[1] ... z[N — 1]]"
[w[0] w(1]...wN —1]]7

dlnp(x;0)

o0

= 1(6)(g(x) — 8)

2 [ imtanon® - sx - HO) - Ho)|

1 d

— ——

202 00

[x"x — 2xTHO + 6"HTHO)
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Definition x=H8+w

x = [z[0)=[1]...z[N —1]]F 31';9"8 = b
w = [w0]wl].. . wN-1]" ae;‘;o _ oas
w ~ N(0,0°1

Let us now find the MVU estimator

Olnp(x;8) _ _
0 1(6)(g(x) — 8)
dlnp(x;0) O 0 ﬂ_aza;i__l_x_ T(x —
i) _ DT in(ano®)¥ - ooz x— HO)T(x— HO)|
1 8

~sso (x"x ~ 2x"HO + 6T H"HO]
a
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Definition x=H8+w

x = [z[0)=[1]...z[N —1]]F 31';9"8 = b
w = [w0]wl].. . wN-1]" ae;‘;o _ oas
w ~ N(0,0°1

Let us now find the MVU estimator

8lnp(x;6) _ _
0 - 1(8)(g(x) — 8)

Olnp(x;8) _
e =

EIE[HTI—- HTHO)




Chapter 4 — The linear model

Definition x=H8+w

x = [z[0)=[1]...z[N —1]]F 31;;0
w = [w[o]w[l]...w[N—1]]" 80T A0
8

w ~ N(0, 0.21]

Let us now find the MVU estimator

i

2A0

dlnp(x;0)

Olnp(x;8) _
e =

00

0 - 1(6)(g(x) — 8)

EIE[HTI—- HTHO)

dinp(x;8) H'H

o?

[(HTH)'HTx - 6]
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Definition x=H8+w

obT @
x = [z[0)=[1]...z[N —1]]F 5 " b
_ 1T T
w = [w0]wll]... w[N—1]] 00 3;9 _ oap
w ~ N(0,0°
Let us now find the MVU estimator
Conclusion 1: dlnp(x;8) = 1(8)(g(x) — 8) Conclusion 2:
MVU estimator (efficient) a0 Statistical
§ = (HTH)-'H'x ' performance
e Olplxif) _ ~a7x - HTHO) b~ N (0,04 (TE))
Covariance g
—_ -1 . r
Cé =1 1(0) = Uz(HTH) 1 Bmﬁli 3) = HJQH [(HTH)—IHTI - a]
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Example 4.1: curve fitting
Task is to fit data samples with a second order polynomial

I(tn)=91 +a2t“+93ti+W(tn) ﬂ=0,1,”.,N—1

We can write this as and the (MVU) estimatoris

x=HO+w a" — (HTH)—IHTx

[z{to) z(t)) . . .:r(tN_l)]T

S
[

(0162 65]"
(1t 2
Ho 1 t.l t.f

| ]. tN._]_ tz -1
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Section 4.5: Extended linear model

Now assume that the noise is not white, so

w ~ N(0,C)
Further assume that the data containsa known part s, so that we have
x=HO0+s+w
We can transfer this back to the linear model by applying the following transformation:
X'=D(x-s)

where
C1l=D'D
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Section 4.5: Extended linear model
In general we have

Theorem 4.2 (Minimum Variance Unblased Estimator for General Linear
Model) If the date can be modeled as

Xx=HO+s+w (4.300

;_.'?JEH-EI‘E i an N = 1 veclor of chservations, H is a known N % p observation matriz
N > p)of rank p, 8 45 a p x 1 veclor of parameiers to be estimated, 5 is an WV x 1
cvector of known signal somples, and w is an N x 1 noise vector with PDF N(0,C),
Mhen the MV estimator is

g=(H"C'H'H' C }x -3 (4.31)

L.

A

%ﬁ‘rﬂﬂlﬂ covarionce matrir is
___::1:5"*5 general linear model the M VU estimator iz efficient in that it atiains the CRLA.
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Example: Signal transmitted over multiple antennas and received by
multiple antennas

Assume that an unknown signal @ is transmitted and received over equally many antennas

oj0] (1) E i () 0ol
O[1] <<<>>> > (U) x[1] All channels are assumed

-

Different due to the nature
of radio propagation

B[N-1] @) @ XIN-1]
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Chapter 4 — The linear model

Example: Signal transmitted over multiple antennas and received by
multiple antennas

Assume that an unknown signal @ is transmitted and received over equally many antennas

oj0] (1) E i () 0ol
O[1] <<<>>> > (U) x[1] All channels are assumed

-

Different due to the nature
of radio propagation

B[N-1] @) @ XIN-1]

The linear model applies x=H8 +w
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Chapter 4 — The linear model

Example: Signal transmitted over multiple antennas and received by
multiple antennas

Assume that an unknown signal @ is transmitted and received over equally many antennas

oj0] (1) E i () 0ol
O[1] <<<>>> > (U) x[1] All channels are assumed

-

Different due to the nature
of radio propagation

B[N-1] @) @ XIN-1]

The linear model applies x=H8 +w

So, the best estimator (MVU) is g = (HTH)"IHTJ:. which is the ZF equalizerin MIMO
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