Estimation Theory
Fredrik Rusek

Introduction
Chapters 1-3.4



Schedule, tentative

e Lectures: Tuesdays 10-12 in E:3139

— Easter break?
— 19/2 cancelled
— Possibly 26/2 needs to be moved

* Seminars: (about) every 2-3 weeks



Contents

e Chapters 1-13 in the book (+ some extra
minor material)

* | don’t know how many lectures that we
need, depends on the amount of discussion
at the lectures

* 8-12 lectures is a good guess



Examination
* Regs for passing degree (Alt. 1)

— About 80% attendance at lectures
— About 80% attendance at seminars
— Presented 2 problems during seminars

* Regs for passing degree (Alt. 2)
— Attend as much as you can
— Solve a lot of homework problems and hand them in

* 9ECTS



Estimation vs. Detection theory

In estimation theory, we try to estimate the value of a continuous
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Estimation vs. Detection theory

In estimation theory, we try to estimate the value of a continuous
variable

— =
In this example, /f/ R
we try to estimate ‘/
the distance to the Tﬂ;“;::‘“”% If it was a detection
airplane R antenna problem, we would
have tried to estimate
|| Radar processing the presence of an
ystem airplane (0/1)

In Detection Theory, we try to estimate the value of a discrete
variable



Estimation vs. Detection theory

Simply put,
In detection theory, we are either right or wrong
In estimation theory, we are always wrong
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Estimation vs. Detection theory

Remark: When the cardinality of the set is large,

discrete problems are usually classified as
estimation theory problems

Two famous examples:

e German tank problem

— Estimate number of produced german tanks per month
based on the number of tanks you observe at battlefield

* Doomsday problem

— Estimate how many more humans that will be born in the
future from the number of humans born so far (around 10*1)



Some words about the book

Simple to read

For engineers, not for mathematicians

More than half of the book is examples

Many examples are used throughout the book
Almost no proofs

99% based on discrete time. The reader is assumed to be able to
convert continuous time to discrete on his own. Possibly, we will
add one lecture at the end dealing with this shortcoming

First part is assuming deterministic parameters to estimate,
second part is assuming random parameters



Some words about the book

* First part is assuming deterministic parameters to estimate,
second part is assuming random parameters

May be confusing if you have

background on the subject, for example
/ knowledge of the MMSE estimator for

MIMO communications



Chapter 1

Mathematical formulation of the problem we’ll study

8 = g(z[0}, z[1],..., =[N — 1})

* X[n]is a sequence of, possibly dependent, observations. These
observations carry information about a parameter 6 that we
would like to estimate

* We do this by constructing a (deterministic) function g(x) that
produces an estimate of 0

X[0]

- —>
0 5| Physical |5 a(x) > &

process 3
X[N-1]




Chapter 1

Likelihood functions vs conditional probabilities

The data x=x[0]...x[N-1] is of course dependent on the parameter we
would like to estimate, 6, in some way

 We denote by p(x;6) a family of PDFs parameterized by 6. In words,
“This is the pdf that x will abide if the the unknown parameter is 0”

* Note that 6 is, on the most basic level, not a random variable

* |f 8 was the realization of a random process, then we have the
conditional pdf p(x|0)



Chapter 1

Likelihood functions vs conditional probabilities

* The data x=x[0]...x[N-1] is of course dependent on the parameter we
would like to estimate, 6, in some way

 We denote by p(x;6) a family of PDFs parameterized by 6. In words,
“This is the pdf that x will abide if the the unknown parameter is 0”

* Note that 6 is, on the most basic level, not a random variable

* |f 8 was the realization of a random process, then we have the
conditional pdf p(x|0)

* Note that a likelihood and a conditional pdf have the same formulas, it is only
the interpretation of them that differ



Chapter 1

Likelihood functions vs conditional probabilities

p(z[0}; 6)

VANIVANVAN

§ | ! T [Uj
91 ) 03

Given the functional form of the family of
likelihoods, p(x[0];0), we can infer the value of 8
from an observation x[0]

For example, if x[0]<0, then it is unlikely that 8= 6,



Chapter 2 — Minimum variance unbiased

estimators
Unbiased estimators

9 = g(z[0], z[1],...,2[N — 1])

Recall that the estimator is
A function only of x
e Random, since x is random

Since Ois random, it has an expectation E(8).

The estimator is unbiased if
E() =0, Vo




Chapter 2 — Minimum variance unbiased

estimators
Unbiased estimators

g = g(x[0], z1},..., =[N —1])
Recall that the estimator is

A function only of x
e Random, since x is random

Since Ois random, it has an expectation E(8).

The estimator is unbiased if

£(d) =0, Vo E) = [gp(x8)ix=0 foralld




Chapter 2 — Minimum variance unbiased

estimators
Unbiased estimators

g = g(x[0], z1],...,z[N —1})
Recall that the estimator is

A function only of x
e Random, since x is random

Since Ois random, it has an expectation E(8).

The estimator is unbiased if It also has a variance
E() =0, Vo var(0) = E(6 — 6)?




Chapter 2 — Minimum variance unbiased

estimators
Unbiased estimators

g = g(x[0], z1],...,z[N —1})
Recall that the estimator is

A function only of x
e Random, since x is random

Since Ois random, it has an expectation E(8).

The estimator is unbiased if It also has a variance
E() =0, Vo var(0) = E(6 — 6)?

Note: The variance of the estimator depends on 6



Chapter 2 — Minimum variance unbiased

estimators
Quality of estimator

A natural criterion may be the mean square error

mse(6) = E (6 - 6)*]



Chapter 2 — Minimum variance unbiased

estimators
Quality of estimator

A natural criterion may be the mean square error
mse(d) = E [(o“ - 5)2]
However,

mse(6)

E { (6 B6)) + (E6) - a)r}
= var(d) + [E(é) — Sr
var() + b%(0)

where b(0) is the bias: b#) = E(8) — 8



Chapter 2 — Minimum variance unbiased

estimators
Quality of estimator

A natural criterion may be the mean square error
mse(d) = E [(o“ - 5)2]
However,

mse(6)

E { (6 B6)) + (E6) - a)r}

= var(9) + [E(é) - er +2E(|0 — E(6)|b(9))
var(6) + b°(6) =0

where b(0) is the bias: b@) = E(8) — 8



Chapter 2 — Minimum variance unbiased

estimators

The dependence of the bias on 0 is bad news, as is shown with an
example next



Chapter 2 — Minimum variance unbiased

estimators
Example 2.1 - Unbiased Estimator for DC Level in White Gaussian Noise

zln)=A+whn] n=01,.. ,N-1
— A: DC level to be estimated

— w[n], zero mean white Gaussian noise

N-1
Proposed estimator: A = }% Z I[ﬂ] (proven optimal later)
ﬂ:ﬂ
g Nl
Unbiased E(ji) = E[EZIM] = A
n==0
‘ (1 Y [1) LS o
Variance Ay = vari — rn|| = — varizin|) — _—_
var(A) 5 wE 2 varteln) = %




Chapter 2 — Minimum variance unbiased

estimators
Example 2.1 - Unbiased Estimator for DC Level in White Gaussian Noise

zln)=A+whn] n=01,.. ,N-1
— A: DC level to be estimated
— w[n], zero mean white Gaussian noise

Modified estimator: 4 — a__ Z z[n]

bias (a—1)A




Chapter 2 — Minimum variance unbiased

estimators
Example 2.1 - Unbiased Estimator for DC Level in White Gaussian Noise

zln)=A+whn] n=01,.. ,N-1
— A: DC level to be estimated
— w[n], zero mean white Gaussian noise

Modified estimator: 4 — a__ Z z(n]
. 2
dmse(A) 2ac? 9 — A
=5 +2(a—1)A Gopt = 2 1 o2/N

20.2

RN + (a — 1)2 A%,

mse(A) = var() + 6*(8) =

The optimal estimator depends on A -> Not realizable!!



Chapter 2 — Minimum variance unbiased

estimators
Summary

We seek a function g(x) that estimates a parameter 6 well



Chapter 2 — Minimum variance unbiased

estimators
Summary

We seek a function g(x) that estimates a parameter 6 well

* The natural performance metric is mse mse(d) = E [(é— 8)2]

— But this does not work as the bias term b(8) makes the optimal function g(x)
dependent on ©

* Restrict to the class of unbiased estimators, i.e.,
E() = [ J(x)p(x:6)dx =8  for all 6.

— The MSE is now the variance var(6) of the estimator, which is taken as
performance metric



Chapter 2 — Minimum variance unbiased

estimators
Summary

We seek a function g(x) that estimates a parameter 6 well

* The natural performance metric is mse mse(d) = E [(é— 8)2]

— But this does not work as the bias term b(8) makes the optimal function g(x)
dependent on ©

* Restrict to the class of unbiased estimators, i.e.,
E() = [ J(x)p(x:6)dx =8  for all 6.

— The MSE is now the variance var(8) of the estimator, which is taken as
performance metric

GOAL: Find unbiased g(x) with as small var(8) as possible




Chapter 2 — Minimum variance unbiased
estimators

Check point

It is easy to find g(x) with a small variance, var(d), for example
g(x)=0 has zero variance



Chapter 2 — Minimum variance unbiased
estimators

Check point

It is easy to find g(x) with a small variance, var(d), for example
g(x)=0 has zero variance

But g(x)=0 is not unbiased



Chapter 2 — Minimum variance unbiased
estimators

Minimum variance unbiased estimator (MVU)

Recall, the variance of the estimator, var(8), depends on 8, and to be
the optimal estimator, it must provide the smallest variance for all ©

va.r{é} var(é)

i ————————————— 93 = MVU estimator j: éﬂ- estimator

g 6




Chapter 2 — Minimum variance unbiased
estimators

Minimum variance unbiased estimator (MVU)

Recall, the variance of the estimator, var(8), depends on 8, and to be
the optimal estimator, it must provide the smallest variance for all ©

var(6) var{é)
ettt —————————————— 93 = MVU E’Stimﬂtﬂr j: éﬂ- estimator
@ » g

The MVU exists only in some cases, see example 2.3 for a case
where it does not exist
Sometimes, there is not even any unbiased estimator at all




Chapter 2 — Minimum variance unbiased
estimators

Unbiasedness for Vector parameters 8 = [0, 6,...6,}"

E@,)=6; or E@6)=6

MVU for Vector parameters

var(,) for i = 1,2,....p is minimum among all unbiased estimators



Chapter 3 — Cramer-Rao lower bound

The CRLB is useful in the following ways:

It provides a lower bound on the variance of any unbiased estimator
If an MVU exists, the function g(x) will fall out as a side result

Some properties of CRLB

Derived for unbiased estimators (can easily be extended to biased, but not in this
book)

The bound is not always reachable (it is only a lower bound)

A regularity condition must hold, so the CRLB cannot always be applied
Better bounds exist (more about this later)

Cramér and Rao proved it independently in the mid 40s

French mathematician Frechét proved it earlier, but never published



Chapter 3 — Cramer-Rao lower bound

. . Some hand waving in these arguments
Basic idea of CRLB: /

p1(x[0] = 3; A) p2(z[0] = 3; A)
1 ] i A ‘%7\7_»?
1 2 3 4 5 6 1 2 3 4 5 6
(a) o = 1/3 (b) gy =1

For case (a): the value A=5 is not very likely
For case (b): A=5 cannot be ruled out



Chapter 3 — Cramer-Rao lower bound

. . Some hand waving in these arguments
Basic idea of CRLB: /

p1(x[0] = 3; A) p2(z[0] = 3; A)
1 ] i A ‘%7\7_»?
1 2 3 4 5 6 1 2 3 4 5 6
(a) g = 1/3 (b) 09 =

For case (a): the value A=5 is not very likely
For case (b): A=5 cannot be ruled out

In fact, the sharpness around x[0]=3 is important
If p(x[0];A) is very sharp around A=x[0], then we can expect to
be able to infer the value of A with a much better precision



Chapter 3 — Cramer-Rao lower bound

Y|
(1 + yIE )3,""2

In mathematics, “sharpness” has the name curvature
The curvature is measured by the reciprocal of the radius of the
circle



Chapter 3 — Cramer-Rao lower bound

But, at the correct value, an unbiased estimator has O slope, so

that we get

N

k=-y"|




Chapter 3 — Cramer-Rao lower bound

But, at the correct value, an unbiased estimator has O slope, so

that we get

N

k=-y"|

i b P

Further, multiplicative constants should not affect the
precision, e.g., -x% should be as good as the likelihood -2x?

Taking the log of the likelihood removes these constants.
Hence, the “sharpness” can be effectively measured by 82 In p(z[0]; A)

0A?




Chapter 3 — Cramer-Rao lower bound

If the "sharpness” of the log-likelihood function & In p(z[0]; A)
Is very big, we have a plot according to gA?

while we get the below plot if it is small

=i

-
w
@ -
o
o -
A

>



Chapter 3 — Cramer-Rao lower bound

If the "sharpness” of the log-likelihood function & In p(z[0]; A)
Is very big, we have a plot according to gA?

et

CIearIy, we expect much

better estimation
while we get the below plot if it is small precision for the first case
than for the second,

wh|ch ’proves” that the
curvature is most relevant
for determining bounds
™ T T T T onthevarlance
L /




P

Chapter 3 — Cramer-Rao lower bound

If the "sharpness” of the log-likelihood function & In p(z[0]; A)
Is very big, we have a plot according to gA?

while we get the below plot if it is small
Guess:

”Precision = 1/sharpness”
R
1 2 3 4 5 6

P

PPP
P
P
P



Chapter 3 — Cramer-Rao lower bound

If the "sharpness” of the log-likelihood function & In p(z[0]; A)
Is very big, we have a plot according to gA?

while we get the below plot if it is small
Guess:

”Precision = 1/sharpness”
T T
1 2 3 4 5 6
We next discuss an example where the guess is correct. /

Then we prove it by the Cramer-Rao theorem

P

P

PPP
P
P



Chapter 3 — Cramer-Rao lower bound
Example 3.1 - PDF Dependence on Unknown Parameter
z[0] = A + w[0] Estimate A

w{0] ~ N(0,0?)

A=1z[0l var(Ad) =0

Likelihood P (-T[O];A) = ﬁ‘;—? exp [._ﬁi(m[ﬂ] - A)E]



Chapter 3 — Cramer-Rao lower bound

Example 3.1 - PDF Dependence on Unknown Parameter

z[0] = A+ w[0] Estimate A
w{0] ~ N(0,0?%)

ﬁ::ﬂ[ﬁ]- m(_,ii) — {12

1 1 7
et P [“555(“‘[“1 A

1

Likelihood P (z[0}; A) =

Find curvature: Inp(z[0]; A) = —InV2n0? - ﬁ(l‘:ﬂ] — A)?
dinp(z[0; A) 1 3

9 lnp(z{0; 4) 1
B 0A? o2




Chapter 3 — Cramer-Rao lower bound

Example 3.1 - PDF Dependence on Unknown Parameter

z[0] = A+ w[0] Estimate A
w{0] ~ N(0,0?%)

ﬁ::ﬂ[ﬁ]- m(_,ii) — {12

So...
1

var(d) = ~ & Inp([0); 4)

0A?

The guess is correct in this case!ll

- a1 1 7
Likelihood P (I[O]s A) = ﬁ?_r? exp [—EEE(;;:[U] - A)E_
1 _
Find curvature: Inp(z[0]; A) = —InV2n0? - ﬁ(fﬂ] — A)?
dinp(z[0; A) 1 (z[0] — A)

dA T o2
9 lnp(z{0; 4) 1
- dA? T o2




Chapter 3 — Cramer-Rao lower bound
Interlude

In the previous example, the second derivative did not depend on
x[0], but it will in general TGl _

Curvature is a measure of precision, but we cannot have measure of
precision that depends on the particular realization of x

02 In p(z[0]; A)]

Solution: Find expected curvature - E[ SA?

This is independent of x



Chapter 3 — Cramer-Rao lower bound

Theorem 3.1 {Cramer-Rao Lower Bound - Scalar Parameter) It is assumed
that the PDF p(x; 8) satisfies the “regularity” condition

B [3 In p(x; 8)

50 } =0 for all 8

where the expectaiion is taken with respect to p(x; 8). Then, the variance of any unbiagsed
estimator 8 must satisfy
1

var(l) 2 ——m (% 0) } 36)

-k

a9

where the derivative is evaluated at the true value of 6 and the expectation is taken with

respect to p(x;0). Furthermore, an unbiased estimator may be found that attains the
bound for all & if and only if

TR — H0)(e(x) - ) (3.7

for some functions g and I. That estimator, which is the MV estimator, is § = g{x),
and the minimum variance s 1/I{6).



Chapter 3 — Cramer-Rao lower bound

Theorem 3.1 {Cramer-Rao Lower Bound - Scalar Parameter) It is assumed
that the PDF p(x; 8) satisfies the “regularity” condition

dInp(x; 8)
B |

where the expectation is taken with respect to p(x; 8).

Some condition must

} =0 for all 6 hold. Must check



Chapter 3 — Cramer-Rao lower bound

Theorem 3.1 {Cramer-Rao Lower Bound - Scalar Parameter) It is assumed
that the PDF p(x; 8) satisfies the “regularity” condition

z [a Inp(x; 8) Some condition must
a6 hold. Must check

where the expectaiion is taken with respect to p(x; ). Then, the variance of any unbiased
estimator 8 must satisfy

} =10 for all

. - 1
Reciprocal of curvatur gy >
bec pdoca o. c.u ature var(f) > - Finp(x.0) (3.6)
ounds precision 502
where the deﬂmtz’vejs evaluated at the true value 6f 6 and the expectation is taken with

respect to p(x;6).

The CRLB only takes into account what the likelihood looks like around
the correct value

This is fine, since it is a lower bound

A complicated pdf with many peaks will lead to estimators very far
away from the CRLB

Examples of better bounds: Weiss-Weinstein, Bobrovsky-Zakai etc etc



Chapter 3 — Cramer-Rao lower bound

Theorem 3.1 {Cramer-Rao Lower Bound - Scalar Parameter) It is assumed
that the PDF p(x; 8) satisfies the “regularity” condition

dInp(x; 8)
e

Some condition must
hold. Must check

where the expectaiion is taken with respect to p(x; ). Then, the variance of any unbiased
estimator 8 must satisfy

} =0 for all #

- 1
i &) >
Reciprocal of c.urvature var(f) > Finp(x.0) (3.6)
bounds precision —F EYE
where the derivative is evaluated at the true value 6f 8 and the expectation is taken with

respect to p(x;0). Furthermore, an unbiased estimator may be found that attains the
bound for all & if and only if

dInp(x; @
PRI _ 10)(o) - 6) (3.7

for some functions g and I. That estimator, which is the MV estimator, is § = g{x),
and the minimum variance s 1/I{6).

Derivative of log-
likelihood produces the
estimator



Chapter 3 — Cramer-Rao lower bound

Theorem 3.1 {Cramer-Rao Lower Bound - Scalar Parameter) It is assumed
that the PDF p(x; 8) satisfies the “regularity” condition

B [3 In p(x; 8)

50 } =0 for all 8

where the expectaiion is taken with respect to p(x; 8). Then, the variance of any unbiagsed
estimator 8 must satisfy
1

var(l) 2 ——m (% 0) } 36)

-k

a9

where the derivative is evaluated at the true value of 6 and the expectation is taken with

respect to p(x;0). Furthermore, an unbiased estimator may be found that attains the
bound for all & if and only if

TR — H0)(e(x) - ) (3.7

for some functions g and I. That estimator, which is the MV estimator, is § = g{x),
and the minimum variance s 1/I{6).



Chapter 3 — Cramer-Rao lower bound

Proof.

Check the regularity condition E [alnp(x; 9)] =0

o0



Chapter 3 — Cramer-Rao lower bound

Proof.

Check the regularity condition E [alnp(x; 9)] =0

o0

d1lnp(x;8) Blnp{x )
E[ a2 ] p(x; 6) dx



Chapter 3 — Cramer-Rao lower bound

Proof.

Check the regularity condition E [alnp(x; 9)] =0

o0

d1lnp(x;8) Blnp{x )
E[ a2 ] p(x; 6) dx

g



Chapter 3 — Cramer-Rao lower bound

Proof.

Check the regularity condition E [alnp(x; 9)] =0

o0

E[@lnp(x;f?)] Blnp{x )p{ -6) dx
o6

B j‘Bp(x,G)

= 50 X

= %/p(x;ﬁ)dx




Chapter 3 — Cramer-Rao lower bound

Proof.
. oy d1np(x;0)
Check the regularity condition E [ ) ] =0
B [31113}(1:,9)] Blnp{x )p{ .6) dx
el
The regularity condition is in dp(x; 9)
most books that this = f 90
equality must hold \
(derivation and integration = — /p(x;ﬁ) dx
can be interchanged) a6

Alternative regularity
condition (plus some
differentiability conditions
that | don’t mention)

B ={x:p(x;0) >0}
Not dependent on 6



Chapter 3 — Cramer-Rao lower bound

Proof.
. oy d1np(x;0)
Check the regularity condition E [ ) ] =0
B [31113}(1:,9)] Blnp{x )p{ .6) dx
el
The regularity condition is in dp(x; 9)
most books that this = f 90
equality must hold \
(derivation and integration = — /p(x;ﬁ) dx
can be interchanged) a6

Example of likelihood that

Alternative regularity B = {x:p(x;0) > 0} violates the regularity
condition (plus some ' condition:

differentiability conditions 1
that | don’t mention) p(x;0) = 9’ 0<x<6

Not dependent on 6



Chapter 3 — Cramer-Rao lower bound

Proof.

Check the regularity condition E [ﬁlnggx; 9)] —0

Olnp(x;0)] _ [8lnp(x;6)
E[ 7 ] 59 Pixi0) dx

_ [ Op(x;6)

= f 50 dx
5

= f p(x;8) dx

o1

a0

0




Chapter 3 — Cramer-Rao lower bound

Proof.(interlude)

Interchanging derivation and integration allows us (at least me) to
actually understand the regularity condition

B [ﬂlnp(x;ﬁ)] P

0o

E [311125:;9)] _ % |E [lnp(x;e)],= 0
Y

/

This is independent of x.

Can be interpreted as the expected likelihood if the
parameter of interest has a certain value 0



Chapter 3 — Cramer-Rao lower bound

Proof.(interlude)

Interchanging derivation and integration allows us (at least me) to
actually understand the regularity condition

B [ﬂlnp(x;ﬁ)] P

0o

E [amg(ﬁx;e)] - % E [lnp(x;ﬁ’)] =0

Or, no matter what 0 is, you must get the same value
of the log-likelihood on average



Chapter 3 — Cramer-Rao lower bound

Proof.(generalization)

The proof in the book is more general than the statement of the theorem. However,
the generalization in the proof will be used later in the book

We assume some underlying parameter 6, but that we would like to estimate a
function thereof a=g(0).

For example, O can be the DC level, but we are more interested in the power of the
DC level, so that a= 67, i.e., g(x)=x>

Warning: the book uses g(x) both for the estimator function

6 = g(z[0}, z[1),..., =[N — 1])
and for
a=g(6)



Chapter 3 — Cramer-Rao lower bound

Proof
The unbiased condition now reads

E(ft) == 9(9)
or [ ao(x;6)dx = o(O)

Take differential (and change order of differentiation and integration)

/ a”("g)dx / alnpx&)p(x,ﬂ)dx:%@




Chapter 3 — Cramer-Rao lower bound

Proof
The unbiased condition now reads

E(&) = a = g(f)
or [ pxi8)dx = g(B2
Take differential (and change order of differentiation and integration)
IB00) [0 0500
/ oo dx = \p(x )dx = %
Use regularity condition (1 added a ”0” term to the l.h.s.)

/(& - a)am;‘?; B)p(x; f)dx = %‘2




Chapter 3 — Cramer-Rao lower bound

Proof (Interlude: 3-term Cauchy-Schwarz)

[ [ w@s@he dxr < [wix)g*x) dx [ w@hx) dx

equality if and only if g(x) = ch(x) for ¢ some constant not dependent on x



Chapter 3 — Cramer-Rao lower bound

Proof

[ [ w@s@he dxr < [wix)g*x) dx [ w@hx) dx

equality if and only if g(x) = ch(x) for ¢ some constant not dependent on x

Compare now with what we had before
/(ﬂ‘ - ﬂ!) P( ‘ )p(l; 9) dx = —-—g( )

06 0o
w(x) = p(x;0)
g(x) = d—a’
hx) = dInp(x;d)

ao :



Chapter 3 — Cramer-Rao lower bound

Proof

[ [ w@s@he dxr < [wix)g*x) dx [ w@hx) dx

equality if and only if g(x) = ch(x) for ¢ some constant not dependent on x

Compare now with what we had before
/(ﬂ‘ - ﬂ!) P( ‘ )p(l; 9) dx = —-—g( )

08 06
w(x) = p(x;0)
g(x) = a-a

_ 3lnp(x;9)
h(x) = T

(ag—g"))z < [(@-arpixi0)ax [ (3‘“221;9))2p(x;0J dx



Chapter 3 — Cramer-Rao lower bound

Proof

(ag—g"))z < [(@-arpixoax [ (3'“2(;;‘9’)2;:(1; 6) dx

But this can be written as
(ag(ﬂ)) ’
o8

B [(alngg; 9))2]

var(é&) >




Chapter 3 — Cramer-Rao lower bound

Proof

(ag—g"))z < [(@-arpixoax [ (3'“2(;;‘9’)2;:(1; 6) dx

But this can be written as

39(9)\"
s — )

- E (31np(x;6‘))2
06 Should be

\ Y S — B {Bilnp(x;ﬁ)]
06°

This is not the same as is stated in the theorem, so we are not done yet



Proof

We have

Chapter 3 — Cramer-Rao lower bound

P [Blng(;; 0)] _

/3lnp(x;9)p(x; 0) dx

a6

E3)

|
Should be l

8% In p(x; 6)
-b { PTE

|




Proof

We have

Chapter 3 — Cramer-Rao lower bound

P [Blng(;; 0)]

/3111;5;:;9)?(]:; 0) dx

Take one more differential, and change order

/3111;0 X; 9
d6

d'n p(x; 9) dp(x; 0)

E3)

|
Should be l

8% In p(x; 6)
-b { PTE

|

|

p(x;0) +

/ {62 In p(x; 6)

592
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(69(9))2
Proof var(é) > %
[(Blnp(x,ﬁ'
E
Rearranging gives | %
Y
#np(x;0)7 [ O0lnp(x;0)dlnp(x;0) Should b
'E[ | = [T s T

. [(3111;3(;9})2] |

Take one more differential, and change order

/3111;0::9 x0)dx = 0
d6

PInplst) o g , Qa0 )] 1y
\/L 06 p(x’ﬂ)ﬁ 9 o6 | > 0

1

o

2nd part
done....
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Proof

o)
5 {32 lna;;(zx; 8)]

var(a@) >

If @ = g(ﬁ) =, the statement of the theorem follows
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Theorem 3.1 {Cramer-Rao Lower Bound - Scalar Parameter) Jf is assumed
that the PDF p(x; 8) satisfies the “reqularity” condition

dInp(x; 6)
B

] =0 for all

where the expectation s taken with respect to p(x; ). Then, the variance of any unbiased
estimator & must satisfy
i

W(é} = a2 iﬂp{x; 3)} (3'6)

-F
og*?

where the derivative is evaluated at the true value of 8 and the expectation is taken with,
respect to p(x;0}.
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Theorem 3.1 {Cramer-Rao Lower Bound - Scalar Parameter) Jf is assumed
that the PDF p(x; 8) satisfies the “reqularity” condition

dInp(x; 6)
B2

] =0 for all

where the expectation is taken with respect to p(x; 8). Then, the variance of any unbiased
estimator & must satisfy
i

W(é} = a2 iﬂp{x; 3)} (3'6)

—-F

og*?

where the dervative is evaluated at the true value of 8 and the expectation is taken with

respect to p(x;0). | Furthermore, an unbiased estimator may be found that attoins the
bound for all 8 if and only if

PREGE) _ 16)(gw) o) (3.7

for some functions g and I. That estimator, which is the MV estimator, is § = g(x),
and the minimum verionce is 1/I(6).
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Proof (last part)
Lets go back and check the condition for equlity in the C-S inequality

[ wstnm i) < [wimeed [ueme i

equality if and only if g(x) = ch(x) for ¢ some constant not dependent on x

w(x) = p(x;0)
gx) = a—-a .
h(x) = dInp(x;6)

69 :
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Proof (last part)
Lets go back and check the condition for equlity in the C-S inequality

[ wstnm i) < [wimeed [ueme i

equality if and only if g(x) = ch(x) for ¢ some constant not dependent on x

w(x) = p(x;0)
gx) = a—-a .

_ Olnp(x;6)
h(I) - 69 :

So, for equality we must have

Olnp(x;8) 1 .
89 - C(a ﬂ)

Where c can depend on 6, but not on x
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Proof (last part)
Now, assume a = g(#) =8 (other g() are discussed in later sections) which yields

8lnp(x;0) _ -1-(& —a) Olnp(x;6) 1

a6 ¢ 08 (9 (9-6)
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Proof (last part)
Now, assume a = g(#) =8 (other g() are discussed in later sections) which yields

Olnp(x;6) 1 . Olnp(x;8) 1 -
o~ T e —ag ¥
Take one more differential:
#mnp(x;0) 1 + c(9) (@)

56? ) 98
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Proof (last part)
Now, assume a = g(#) =8 (other g() are discussed in later sections) which yields

8ln p(x; 9) dlnp(x;8) 1
56 (a @) —> 50 0(9)(9 9)
Take one more differential:
a(— )
Phlnp(xf) _ 1 (F:Té'i -
s = “aot e 09

Take expectation with respect to x and use the unbiasedness of the estimator

—E' [82111391: 9}] _ L

062 c(8)
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Proof (last part)
Now, assume a = g(#) =8 (other g() are discussed in later sections) which yields

dlnp(x;6) _ dlnp(x;8) 1

36 (‘” @) 99 c(e)(g o)
Take one more differential:
o —. )
#lnp(x;6) _ 1 (c(ﬂ] 5 _
s = “aot e 09

Take expectation with respect to x and use the unbiasedness of the estimator
1 1

o [Inp(x6)] _ 1 c(6) = 57 T = T
E[ 562 ] <(6) —E[ “;;(f’ )} 16)
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Theorem 3.1 {Cramer-Rao Lower Bound - Scalar Parameter) Jf is assumed
that the PDF p(x; 8) satisfies the “reqularity” condition

dInp(x; 6)
B2

] =0 for all

where the expectation is taken with respect to p(x; 8). Then, the variance of any unbiased
estimator & must satisfy
i

W(é} = a2 iﬂp{x; 3)} (3'6)

—-F

og*?

where the dervative is evaluated at the true value of 8 and the expectation is taken with

respect to p(x;0). | Furthermore, an unbiased estimator may be found that attoins the
bound for all 8 if and only if

PREGE) _ 16)(gw) o) (3.7

for some functions g and I. That estimator, which is the MV estimator, is § = g(x),
and the minimum verionce is 1/I(6).
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Some remarks
* The CRLB depends on ©

* An estimator that meets the CRLB is said to be efficient

 An efficient estimator is not the same as an MVVU estimator

- . waf)
— / 8 — / 9:{
— él and CRLB —— 61

-
a?

8, efficient and MVU 8, MVU but not efficient
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Example (3.2, a look at 3.1 again)

Example 3.1 - PDF Dependence on Unknown Parameter

z[0] = A + w[0] Estimate A . .
In this example, we just

w(0] ~ A (0, a?) guessed that x[0] would be a good
' estimator for A.

A=z[0 var(d) = o2 But what if we cannot make such guess?
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Example (3.2, a look at 3.1 again)

Example 3.1 - PDF Dependence on Unknown Parameter

z[0] = A + w[0] Estimate A . .
In this example, we just

w(0] ~ A (0, a?) guessed that x[0] would be a good
' estimator for A.

A=z[0 var(d) = o2 But what if we cannot make such guess?
| Use the CRLB theorem

Furthermore, an unbiased estimator may be :fuund that attuiﬁsnt-!;é
bound for all & if and only if

alnplx: 8
% = 1{6)(g(x) — 6) (3.7)

for some functions g and I. That estimator, which is the MVU estimator, is § = g(x),
and the minimum varience s 1/1(6).
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Example (3.2, a look at 3.1 again)

Example 3.1 - PDF Dependence on Unknown Parameter

z[0] = A + w[0] Estimate A . .
In this example, we just

w(0] ~ A (0, a?) guessed that x[0] would be a good
' estimator for A.

A=z[0 var(d) = o2 But what if we cannot make such guess?
| Use the CRLB theorem

dinp(z[0; A) 1 B
A = ;3(1‘[0] A)
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Example (3.2, a look at 3.1 again)

Example 3.1 - PDF Dependence on Unknown Parameter

z[0] = A + w[0] Estimate A . .
In this example, we just

w(0] ~ A (0, a?) guessed that x[0] would be a good
' estimator for A.

A=z[0 var(d) = o2 But what if we cannot make such guess?
| Use the CRLB theorem

dinp{z[0]; A) _ 1

A EE(I[U]'A)
Now identify b = AlL
10) = —

il
3
=

g9(=[0])
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Example (3.2, a look at 3.1 again)

Example 3.1 - PDF Dependence on Unknown Parameter

z[0] = A + w[0] Estimate A . .
In this example, we just

w(0] ~ A (0, a?) guessed that x[0] would be a good
' estimator for A.

A=z[0 var(d) = o2 But what if we cannot make such guess?
| Use the CRLB theorem
0; A 1
dinp{z[0]; A) = L a0 - 4)

0A o?

Now identify 6 = A

In most cases we cannot express the 18) = 1

derivative in this way, and an efficient (8) = o2

estimator does not exist in those cases g(x[0])

il
3
=



