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❆❜str❛❝t

❚❤✐s t❤❡s✐s ❝♦♥s✐❞❡rs t❤❡ ♣r♦❜❧❡♠ ♦❢ ✐♠♣r♦✈✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦❜s❡r✈❡❞ t✐♠❡
❞✐✛❡r❡♥❝❡ ♦❢ ❛rr✐✈❛❧ ✭❖❚❉❖❆✮ ❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣ ❢♦r ◆❛rr♦✇❜❛♥❞ ■♥t❡r♥❡t ♦❢ ❚❤✐♥❣s
✭◆❇✲■♦❚✮✳ ❆ ♥❡✇ ✐t❡r❛t✐✈❡ ❧♦✇✲❝♦♠♣❧❡①✐t② ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ ❡①♣❡❝t❛t✐♦♥ ♠❛①✲
✐♠✐③❛t✐♦♥ s✉❝❝❡ss✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ❝❛♥❝❡❧❧❛t✐♦♥ ✭❊▼✲❙■❈✮ ✐s ♣r❡s❡♥t❡❞✳ ❚❤❡ ❛❧❣♦✲
r✐t❤♠ t❛❝❦❧❡s t❤❡ ♥❡❛r✲❢❛r ♣r♦❜❧❡♠ ❜② ✉s✐♥❣ ❛♥ ✐t❡r❛t✐✈❡ ❙■❈✱ ✇❤❡r❡ ❢♦r ❡❛❝❤ r❡✲
❝❡✐✈❡❞ s✐❣♥❛❧ ❛ ❢r❡q✉❡♥❝② ♦✛s❡t ❝♦♠♣❡♥s❛t✐♦♥ ❛♥❞ ❝❤❛♥♥❡❧ ❡st✐♠❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✳
❆ ❧♦✇ r❡❝❡✐✈❡r s❛♠♣❧✐♥❣ r❛t❡ ♦❢ ✶✳✾✷ ▼❍③ ✐s ❛ss✉♠❡❞ ❛♥❞ t❤❡ t✐♠❡ ♦❢ ❛rr✐✈❛❧ ✭❚❖❆✮
❡st✐♠❛t❡s ❛r❡ r❡✜♥❡❞ ❜② ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ ❝♦rr❡❧❛t✐♦♥ r❡s✉❧ts t♦ ❛ ❤✐❣❤❡r s❛♠♣❧✐♥❣
r❛t❡✳ ❆t t❤❡ ✜♥❛❧ st❛❣❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✉❧t✐♣❛t❤ ❢❛❞✐♥❣ ✐s
❛❞❞r❡ss❡❞ ✉s✐♥❣ ❛♥ ✐t❡r❛t✐✈❡ ✜rst✲♣❛t❤ ❞❡t❡❝t♦r✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ ♣r♦♣♦s❡s
❊▼✲❙■❈ ❛❧❣♦r✐t❤♠ ❣r❡❛t❧② ✐♥❝r❡❛s❡s ♣♦s✐t✐♦♥✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣❛r❡❞ t♦ ❝♦♥✈❡♥✲
t✐♦♥❛❧ ♠❡t❤♦❞s ❛♥❞ t❤❡ ❡st✐♠❛t❡❞ ❚❖❆ ✈❛r✐❛♥❝❡ ❛❧♠♦st ❛tt❛✐♥s t❤❡ ❈r❛♠ér✲❘❛♦
❧♦✇❡r ❜♦✉♥❞✳
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❚❤❡ ✐♥t❡r♥❡t ♦❢ t❤✐♥❣s ✭■♦❚✮ ✐s t❤❡ ✐♥❢r❛str✉❝t✉r❡ t❤❛t ❡♥❛❜❧❡s t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢
s♠❛rt ❞❡✈✐❝❡s t♦ t❤❡ ✐♥t❡r♥❡t✳ ■t ❤❛s ❜❡❡♥ ❡st✐♠❛t❡❞ t❤❛t ❛r♦✉♥❞ ✶✵✵ ❜✐❧❧✐♦♥ ❞❡✈✐❝❡s
✇✐❧❧ ❜❡ ❝♦♥♥❡❝t❡❞ ❜② ✷✵✷✺ ❛♥❞ t❤✐s ❢❛st ❣r♦✇t❤ ✐s ❡①♣❡❝t❡❞ t♦ r❡✈♦❧✉t✐♦♥✐③❡ ♠❛♥②
✐♥❞✉str✐❡s✱ s✉❝❤ ❛s ❤❡❛❧t❤❝❛r❡✱ tr❛♥s♣♦rt❛t✐♦♥✱ ❛♥❞ ❛❣r✐❝✉❧t✉r❡✳ ❆s ♦❢ t♦❞❛②✱ ♠❛♥②
❡✈❡r②❞❛② ✐t❡♠s ❛r❡ ❛❧r❡❛❞② ❜❡✐♥❣ ❝♦♥♥❡❝t❡❞ ✐♥ s♠❛rt ❤♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❉✉❡ t♦
t❤❡ ✇✐❞❡ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡r❡ ❛r❡ ♠❛♥② ❞✐✛❡r❡♥t ❡♠❡r❣✐♥❣ st❛♥❞❛r❞s ❢♦r
❡♥❛❜❧✐♥❣ t❤❡ ■♦❚✳ ◆❛rr♦✇❜❛♥❞ ■♦❚ ✭◆❇✲■♦❚✮ ✐s ❛ ❝❡❧❧✉❧❛r t❡❝❤♥♦❧♦❣② t❤❛t ✇✐❧❧
❛❧❧♦✇ ❝♦♥♥❡❝t✐✈✐t② ❢♦r ❞❡✈✐❝❡s ✐♥ r❡♠♦t❡ ❛r❡❛s ✇❤✐❧❡ ❛❧❧♦✇✐♥❣ ❢♦r ✈❡r② ❧♦♥❣ ❜❛tt❡r②
❧✐❢❡t✐♠❡s✱ ✇❤✐❝❤ ✐s ❝r✐t✐❝❛❧ ✐♥ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳

■♥ t❤❡ ♥❡①t r❡❧❡❛s❡ ♦❢ ◆❇✲■♦❚✱ ❛ ♥❡✇ ❢❡❛t✉r❡ ❤❛s ❜❡❡♥ ❛❞❞❡❞ t❤❛t ✇✐❧❧ ❛❧❧♦✇
♣♦s✐t✐♦♥✐♥❣ ♦❢ ❞❡✈✐❝❡s ❜② ❛❧❧♦✇✐♥❣ t❤❡♠ t♦ r❡❝❡✐✈❡ s✐❣♥❛❧s ❢r♦♠ s❡✈❡r❛❧ ❝❡❧❧ t♦✇❡rs
s✐♠✉❧t❛♥❡♦✉s❧②✳ ❊①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ❢❡❛t✉r❡ ❛r❡ ✢❡❡t ♠❛♥❛❣❡♠❡♥t✱
♥❡t✇♦r❦ ❝❛♣❛❝✐t② ♣❧❛♥♥✐♥❣✱ ❛♥❞ ♥❛✈✐❣❛t✐♦♥ s❡r✈✐❝❡s✳ ❚❤❡ ✉s❡❞ ♣♦s✐t✐♦♥✐♥❣ t❡❝❤✲
♥✐q✉❡ ✐s ❦♥♦✇♥ ❛s ♦❜s❡r✈❡❞ t✐♠❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❛rr✐✈❛❧ ✭❖❚❉❖❆✮✱ ❜❡❝❛✉s❡ t❤❡ ❞❡✈✐❝❡
♠❡❛s✉r❡s t❤❡ ❛rr✐✈❛❧ t✐♠❡ ♦❢ s❡✈❡r❛❧ tr❛♥s♠✐tt❡❞ r❡❢❡r❡♥❝❡ s✐❣♥❛❧s✳ ❇② ✉s✐♥❣ t❤❡
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦❜s❡r✈❡❞ ❛rr✐✈❛❧ t✐♠❡s✱ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞❡✈✐❝❡ ❝❛♥ ❜❡
❡st✐♠❛t❡❞✳ ❍♦✇❡✈❡r✱ t❤✐s t❡❝❤♥✐q✉❡ ❤❛s s❡✈❡r❛❧ ❧✐♠✐t❛t✐♦♥s ✇❤✐❝❤ ♠❛❦❡s ✐t ❞✐✣✲
❝✉❧t t♦ ♦❜t❛✐♥ ❣♦♦❞ ♣♦s✐t✐♦♥ ❛❝❝✉r❛❝②✳ ❙✐♥❝❡ ◆❇✲■♦❚ ✐s t❡❝❤♥✐q✉❡ t❤❛t ❢♦❝✉s❡s
♦♥ ❧♦✇✲❡♥❞ ❞❡✈✐❝❡s✱ t❤❡r❡ ❤❛s ❜❡❡♥ ❛ tr❛❞❡ ♦✛ ✇❤❡r❡ s②st❡♠ ❝❛♣❛❝✐t② ❤❛s ❜❡❡♥
s❛❝r✐✜❝❡❞ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❧♦✇ ❝♦♠♣❧❡①✐t②✳ ❚❤❡r❡❢♦r❡ ✐t ✐s ❡s♣❡❝✐❛❧❧② ❝❤❛❧❧❡♥❣✐♥❣
t♦ ✐♠♣❧❡♠❡♥t ❖❚❉❖❆✲❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣ ✐♥ ◆❇✲■♦❚✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❜❛♥❞✇✐❞t❤
♦❢ t❤❡ r❡❢❡r❡♥❝❡ s✐❣♥❛❧s ✐s ✈❡r② s♠❛❧❧✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ❞✐✣❝✉❧t t♦ ❧♦❝❛t❡ t❤❡♠ ✐♥
t✐♠❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❧❛r❣❡ ❞✐st❛♥❝❡s ❝♦✈❡r❡❞ ❜② ◆❇✲■♦❚ ❝❡❧❧ t♦✇❡rs ❝❛✉s❡s t❤❡
r❡❝❡✐✈❡❞ s✐❣♥❛❧ ♣♦✇❡rs t♦ ❜❡ ✈❡r② ✇❡❛❦✳ ❙♠❛rt t❡❝❤♥✐q✉❡s ❛r❡ t❤❡r❡❢♦r❡ ♥❡❝❡ss❛r②
✐♥ ♦r❞❡r t♦ ❝♦rr❡❝t❧② ❧♦❝❛t❡ ❛♥ ◆❇✲■♦❚ ❞❡✈✐❝❡✳

■♥ t❤✐s t❤❡s✐s✱ ❛ ❧♦✇✲❝♦♠♣❧❡①✐t② ❖❚❉❖❆✲❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣ ❛❧❣♦r✐t❤♠ t❤❛t
str✐✈❡s t♦ ♦✈❡r❝♦♠❡ t❤❡ ❝❤❛❧❧❡♥❣❡s ♦❢ ◆❇✲■♦❚ ♥❡t✇♦r❦s ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞✳
❚❤❡ ❛❧❣♦r✐t❤♠ ✐♠♣r♦✈❡s t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❛❝❝✉r❛❝② ❜② ❝❛♥❝❡❧❧✐♥❣ ✐♥t❡r❢❡r✐♥❣ s✐❣♥❛❧s
❢r♦♠ ♥❡✐❣❤❜♦✉r✐♥❣ ❝❡❧❧ t♦✇❡rs✱ ❡st✐♠❛t✐♥❣ t❤❡ ❢r❡q✉❡♥❝② ♦✛s❡t ♦❢ ❡❛❝❤ r❡❝❡✐✈❡❞ s✐❣✲
♥❛❧ ❛♥❞ ❝♦♥✈❡rt✐♥❣ t❤❡ r❡s✉❧ts t♦ ❛ ❤✐❣❤❡r s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝②✳ ❙✉❝❤ ♠❡t❤♦❞s ❤❛✈❡
❜❡❡♥ ✉s❡❞ ♦♥ t❤❡✐r ♦✇♥ ✐♥ ♦t❤❡r ❝❡❧❧✉❧❛r t❡❝❤♥♦❧♦❣✐❡s✱ ✇❤❡r❡❛s ✐♥ t❤❡ ❛❧❣♦r✐t❤♠
♣r♦♣♦s❡❞ ✐♥ t❤✐s t❤❡s✐s✱ t❤❡② ❛r❡ ❝♦♠❜✐♥❡❞ ❛♥❞ ❛♣♣❧✐❡❞ t♦ t❤❡ s♣❡❝✐✜❝ s❝❡♥❛r✐♦ ♦❢
♣♦s✐t✐♦♥✐♥❣ ❢♦r ◆❇✲■♦❚✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡ ♥❡✇ ❛❧❣♦r✐t❤♠ ✐♥❝r❡❛s❡s ♣♦s✐t✐♦♥✐♥❣
♣❡r❢♦r♠❛♥❝❡ s✐❣♥✐✜❝❛♥t❧② ❝♦♠♣❛r❡❞ t♦ ❝♦♥✈❡♥t✐♦♥❛❧ ♠❡t❤♦❞s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡

✐✐✐



♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❣✐✈❡♥ ✉s❡r ❡q✉✐♣♠❡♥t ❝❛♥ ❜❡ ❧♦❝❛❧✐③❡❞ ✐s ❣r❡❛t❧② ✐♥❝r❡❛s❡❞✱ ❛s
✇❡❧❧ ❛s t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❡st✐♠❛t❡❞ ♣♦s✐t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ s❤♦✇s t❤❛t ✐t ❝❛♥ ❜❡ r❡❛❧✐st✐❝❛❧❧② ✐♠✲
♣❧❡♠❡♥t❡❞ ✐♥ ✉s❡r ❡q✉✐♣♠❡♥t ❤❛r❞✇❛r❡ ❛♥❞ s♦❢t✇❛r❡✳ ❍♦✇❡✈❡r✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡
✐♥❝r❡❛s❡s ❛r❡ ♥♦t ❛s ❣r❡❛t ✐♥ ✉r❜❛♥ ❡♥✈✐r♦♥♠❡♥ts ✇❤❡r❡ s✐❣♥❛❧s ❝❛♥ s❝❛tt❡r ♦♥
❜✉✐❧❞✐♥❣s ❛♥❞ ♦t❤❡r ❧❛r❣❡ ♦❜❥❡❝ts✱ ❛♥❞ t❤✐s ✐s ❛♥ ❛r❡❛ ♦❢ ❞❡✈❡❧♦♣♠❡♥t ❢♦r ❢✉t✉r❡
✇♦r❦✳

✐✈



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❆❘▼ ❙✇❡❞❡♥ ❢♦r ❣✐✈✐♥❣ ♠❡ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ✇r✐t❡ ♠② t❤❡s✐s
♦♥ t❤✐s t♦♣✐❝✳ ❆ s♣❡❝✐❛❧ t❤❛♥❦s t♦ ▼✐❝❤❛❧ ❙t❛❧❛ ❢♦r s✉♣❡r✈✐s✐♥❣ ♠❡ ❛♥❞ ❣✐✈✐♥❣ ♠❡
❢❡❡❞❜❛❝❦ ♦♥ ♠② ✇♦r❦✳ ❋✉rt❤❡r♠♦r❡✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② ❣r❛t✐t✉❞❡ t♦ ❙❤❛
❍✉ ❢♦r ❤❡❧♣✐♥❣ ♠❡ ❞❡✈❡❧♦♣ t❤❡ ❝♦♥t❡♥ts ❛♥❞ ✐❞❡❛s ♦❢ t❤✐s t❤❡s✐s✳ ❲✐t❤♦✉t ❤✐s ❤❡❧♣✱
t❤❡ ✜♥❞✐♥❣s ♦❢ t❤✐s t❤❡s✐s ✇♦✉❧❞ ♥♦t ❤❛✈❡ ❜❡❡♥ ♣♦ss✐❜❧❡✳ ❋✐♥❛❧❧②✱ ■ ❣✐✈❡ t❤❛♥❦s t♦
♠② ✜❛♥❝é❡ ❆♥♥❛ ❢♦r ❤❡r ❧♦✈❡ ❛♥❞ ❡♥❝♦✉r❛❣❡♠❡♥t t❤r♦✉❣❤♦✉t ♠② ✇♦r❦✳

❆①❡❧ ❇❡r❣

✈



✈✐



▲✐st ♦❢ ❆❝r♦♥②♠s

✸●PP ✸r❞ ●❡♥❡r❛t✐♦♥ P❛rt♥❡rs❤✐♣ Pr♦❥❡❝t

❆✲●◆❙❙ ❆ss✐st❡❞ ●❧♦❜❛❧ ◆❛✈✐❣❛t✐♦♥ ❙❛t❡❧❧✐t❡ ❙②st❡♠

❆❖❆ ❆♥❣❧❡ ♦❢ ❆rr✐✈❛❧

❆❲●◆ ❆❞❞✐t✐✈❡ ❲❤✐t❡ ●❛✉ss✐❛♥ ◆♦✐s❡

❇❙ ❇❛s❡ ❙t❛t✐♦♥

❈❉❋ ❈✉♠✉❧❛t✐✈❡ ❉✐str✐❜✉t✐♦♥ ❋✉♥❝t✐♦♥

❈❊ ❈❤❛♥♥❡❧ ❊st✐♠❛t✐♦♥

❈❋❖ ❈❛rr✐❡r ❋r❡q✉❡♥❝② ❖✛s❡t

❈P ❈②❝❧✐❝ Pr❡✜①

❈❘▲❇ ❈r❛♠ér✲❘❛♦ ▲♦✇❡r ❇♦✉♥❞

❉❋❚ ❉✐s❝r❡t❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠

❊✲❈■❉ ❊♥❤❛♥❝❡❞ ❈❡❧❧✲■❉

❊▼ ❊①♣❡❝t❛t✐♦♥ ▼❛①✐♠✐③❛t✐♦♥

❡◆♦❞❡❇ ❡✈♦❧✈❡❞ ◆♦❞❡ ❇

❊❚❯ ❊①t❡♥❞❡❞ ❚②♣✐❝❛❧ ❯r❜❛♥

❋❋❚ ❋❛st ❋♦✉r✐❡r ❚r❛♥s❢♦r♠

❋❖❈ ❋r❡q✉❡♥❝② ❖✛s❡t ❈♦♠♣❡♥s❛t✐♦♥

■♦❚ ■♥t❡r♥❡t ♦❢ ❚❤✐♥❣s

▲❆◆ ▲♦❝❛❧ ❆r❡❛ ◆❡t✇♦r❦

▲▼▼❙❊ ▲✐♥❡❛r ▼✐♥✐♠✉♠ ▼❡❛♥ ❙q✉❛r❡ ❊rr♦r

▲❖❙ ▲✐♥❡ ♦❢ ❙✐❣❤t

▲P❲❆◆ ▲♦✇ P♦✇❡r ❲✐❞❡ ❆r❡❛ ◆❡t✇♦r❦

✈✐✐



▲❙ ▲❡❛st ❙q✉❛r❡s

▲❚❊ ▲♦♥❣ ❚❡r♠ ❊✈♦❧✉t✐♦♥

▼✷▼ ▼❛❝❤✐♥❡ t♦ ▼❛❝❤✐♥❡

▼▲ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞

▼P❉ ▼✉❧t✐ P❛t❤ ❉❡t❡❝t✐♦♥

◆❇✲■♦❚ ◆❛rr♦✇❜❛♥❞ ■♥t❡r♥❡t ♦❢ ❚❤✐♥❣s

◆❋❈ ◆❡❛r ❋✐❡❧❞ ❈♦♠♠✉♥✐❝❛t✐♦♥s

◆P❘❙ ◆❛rr♦✇❜❛♥❞ P♦s✐t✐♦♥✐♥❣ ❘❡❢❡r❡♥❝❡ ❙✐❣♥❛❧

❖❋❉▼ ❖rt❤♦❣♦♥❛❧ ❋r❡q✉❡♥❝② ❉✐✈✐s✐♦♥ ▼✉❧t✐♣❧❡①✐♥❣

❖❚❉❖❆ ❖❜s❡r✈❡❞ ❚✐♠❡ ❉✐✛❡r❡♥❝❡ ♦❢ ❆rr✐✈❛❧

P❆◆ P❡rs♦♥❛❧ ❆r❡❛ ◆❡t✇♦r❦

P❆❘ P❡❛❦ ❚♦ ❆✈❡r❛❣❡

P❉❋ Pr♦❜❛❜✐❧✐t② ❉✐str✐❜✉t✐♦♥ ❋✉♥❝t✐♦♥

P❘❇ P❤②s✐❝❛❧ ❘❡s♦✉r❝❡ ❇❧♦❝

◗P❙❑ ◗✉❛❞r❛t✉r❡ P❤❛s❡ ❙❤✐❢t ❑❡②✐♥❣

❘❇ ❘❡s♦✉r❝❡ ❇❧♦❝❦

❘❊ ❘❡s♦✉r❝❡ ❊❧❡♠❡♥t

❘❙❙ ❘❡❝❡✐✈❡❞ ❙✐❣♥❛❧ ❙tr❡♥❣t❤

❙■❈ ❙✉❝❝❡ss✐✈❡ ■♥t❡r❢❡r❡♥❝❡ ❈❛♥❝❡❧❧❛t✐♦♥

❙■◆❘ ❙✐❣♥❛❧ t♦ ◆♦✐s❡ ❛♥❞ ■♥t❡r❢❡r❡♥❝❡ ❘❛t✐♦

❙◆❘ ❙✐❣♥❛❧ t♦ ◆♦✐s❡ ❘❛t✐♦

❚❉❖❆ ❚✐♠❡ ❉✐✛❡r❡♥❝❡ ♦❢ ❆rr✐✈❛❧

❚❖❆ ❚✐♠❡ ♦❢ ❆rr✐✈❛❧

❯❊ ❯s❡r ❊q✉✐♣♠❡♥t

❲❆◆ ❲✐❞❡ ❆r❡❛ ◆❡t✇♦r❦

✈✐✐✐



❚❛❜❧❡ ♦❢ ❈♦♥t❡♥ts

▲✐st ♦❢ ❋✐❣✉r❡s ①✐

▲✐st ♦❢ ❚❛❜❧❡s ①✐✐✐

✶ ■♥tr♦❞✉❝t✐♦♥ ✶

✷ ❇❛❝❦❣r♦✉♥❞ ✸

✷✳✶ ❚❤❡ ■♥t❡r♥❡t ♦❢ ❚❤✐♥❣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
✷✳✷ ◆❇✲■♦❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
✷✳✸ ❖❋❉▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✷✳✹ ❖✈❡r✈✐❡✇ ♦❢ P♦s✐t✐♦♥✐♥❣ ▼❡t❤♦❞s ✐♥ ❈❡❧❧✉❧❛r ◆❡t✇♦r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✸ ❖❚❉❖❆✲❇❛s❡❞ P♦s✐t✐♦♥✐♥❣ ❢♦r ◆❇✲■♦❚ ✾

✸✳✶ ◆❛rr♦✇❜❛♥❞ P♦s✐t✐♦♥✐♥❣ ❘❡❢❡r❡♥❝❡ ❙✐❣♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✸✳✷ ❙✐❣♥❛❧ ▼♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✸✳✸ ❚❖❆ ❊st✐♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✸✳✹ ❚❤❡ ◆❛✈✐❣❛t✐♦♥ ❙♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✸✳✺ ●❡♥❡r❛❧ P♦s✐t✐♦♥✐♥❣ Pr♦❝❡❞✉r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✸✳✻ ❆❝❝✉r❛❝② ♦❢ ❖❚❉❖❆✲❜❛s❡❞ P♦s✐t✐♦♥✐♥❣ ❛♥❞ Pr❡✈✐♦✉s ❲♦r❦ ✳ ✳ ✳ ✳ ✳ ✶✻

✹ Pr♦♣♦s❡❞ ❊▼✲❙■❈ ❆❧❣♦r✐t❤♠ ✶✾

✹✳✶ ❊▼✲❙■❈ ❙tr♦♥❣❡st P❛t❤ ❊st✐♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✹✳✷ ❘❡s♦❧✉t✐♦♥ ❘❡✜♥❡♠❡♥t ❚❤r♦✉❣❤ ❈♦rr❡❧❛t✐♦♥ ■♥t❡r♣♦❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✹✳✸ ■t❡r❛t✐✈❡ ❋✐rst P❛t❤ ❊st✐♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✹✳✹ ❈r❛♠ér✲❘❛♦ ▲♦✇❡r ❇♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✹✳✺ ❈♦♠♣✉t❛t✐♦♥❛❧ ❈♦♠♣❧❡①✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✺ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s ✷✾

✺✳✶ ❙✐♠✉❧❛t✐♦♥ P❛r❛♠❡t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
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①✐✈



❈❤❛♣t❡r✶
■♥tr♦❞✉❝t✐♦♥

❚❤✐s t❤❡s✐s ✐♥✈❡st✐❣❛t❡s t❤❡ ❝❤❛❧❧❡♥❣❡s ♦❢ ✐♠♣❧❡♠❡♥t✐♥❣ ♦❜s❡r✈❡❞ t✐♠❡ ❞✐✛❡r❡♥❝❡
♦❢ ❛rr✐✈❛❧ ✭❖❚❉❖❆✮ ❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣ ❢♦r ◆❛rr♦✇❜❛♥❞ ■♥t❡r♥❡t ♦❢ ❚❤✐♥❣s ✭◆❇✲
■♦❚✮✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐♥t❡❣r❛t❡❞ ❛s ❛ ♣❛rt ♦❢ t❤❡ ✸r❞ ●❡♥❡r❛t✐♦♥ P❛rt♥❡rs❤✐♣ Pr♦❥❡❝t
✭✸●PP✮ ▲♦♥❣ ❚❡r♠ ❊✈♦❧✉t✐♦♥ ✭▲❚❊✮ r❡❧❡❛s❡ ✶✹✳ ❆❘▼ ❈♦r❞✐♦✲◆ ■P ❢♦r ◆❇✲■♦❚
✇✐❧❧ ♣r♦✈✐❞❡ t❤❡ ✇✐❞❡ ❛r❡❛ ❛♥❞ ❧♦✇ ♣♦✇❡r ❝♦♥♥❡❝t✐✈✐t② r❡q✉✐r❡❞ ❢♦r ❧♦✇✲❡♥❞ ■♦❚
❞❡✈✐❝❡s✳ ■t ❝♦♥s✐sts ♦❢ ❘❋ ❛♥❞ ❜❛s❡❜❛♥❞ ❤❛r❞✇❛r❡✱ t♦❣❡t❤❡r ✇✐t❤ s♦❢t✇❛r❡ ❧❛②❡rs
✶✱ ✷ ❛♥❞ ✸ ❬✶❪✳ ❚❤✐s t❤❡s✐s ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ✐♥ ♦r❞❡r t♦ ❞❡✈❡❧♦♣ ❛ ♥♦✈❡❧ ❧♦✇✲
❝♦♠♣❧❡①✐t② ❛❧❣♦r✐t❤♠ ❢♦r t✐♠❡ ♦❢ ❛rr✐✈❛❧ ❡st✐♠❛t✐♦♥ t❤❛t ✇✐❧❧ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥
❧❛②❡r ✶ ❤❛r❞✇❛r❡ ❛♥❞ s♦❢t✇❛r❡✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❡✈❛❧✉❛t❡❞ ✉♥❞❡r ❞✐✛❡r❡♥t r❛❞✐♦
❡♥✈✐r♦♥♠❡♥ts ❛♥❞ ✐ts ♣♦s✐t✐♦♥✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✐s ❝♦♠♣❛r❡❞ t♦ st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤✐s t❤❡s✐s ✐s ❛s ❢♦❧❧♦✇s✿

❈❤❛♣t❡r ✷ ❣✐✈❡s ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ s✉❜❥❡❝t ❛♥❞ ♣r❡s❡♥ts r❡❧❡✈❛♥t ❜❛❝❦❣r♦✉♥❞ ✐♥✲
❢♦r♠❛t✐♦♥

❈❤❛♣t❡r ✸ ❡①♣❧❛✐♥s t❤❡ s♣❡❝✐✜❝s ♦❢ ❖❚❉❖❆✲❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣ ❢♦r ◆❇✲■♦❚ ❛❝❝♦r❞✐♥❣ t♦
✸●PP st❛♥❞❛r❞✐③❛t✐♦♥s ❛♥❞ ❝♦✈❡rs s♦♠❡ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❝❤❛❧❧❡♥❣❡s✱ ❛s ✇❡❧❧
❛s r❡❧❛t❡❞ ♣r❡✈✐♦✉s ✇♦r❦

❈❤❛♣t❡r ✹ ♣r❡s❡♥ts t❤❡ ♥♦✈❡❧ ❛❧❣♦r✐t❤♠ ❛❧♦♥❣ ✇✐t❤ ❛ ❜r✐❡❢ ❛♥❛❧②s✐s ♦❢ ✐ts ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦♠♣❧❡①✐t②

❈❤❛♣t❡r ✺ ♣r❡s❡♥ts r❡s✉❧ts ❢r♦♠ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇❤❡r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡
♥❡✇ ❛❧❣♦r✐t❤♠ ✐s ❡✈❛❧✉❛t❡❞

❈❤❛♣t❡r ✻ ❞r❛✇s t❤❡ ❝♦♥❝❧✉s✐♦♥s ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛♥❞ ♦✉t❧✐♥❡s ❢✉t✉r❡ ✇♦r❦

✶



✷ ■♥tr♦❞✉❝t✐♦♥



❈❤❛♣t❡r✷
❇❛❝❦❣r♦✉♥❞

✷✳✶ ❚❤❡ ■♥t❡r♥❡t ♦❢ ❚❤✐♥❣s

❚❤❡ ■♥t❡r♥❡t ♦❢ ❚❤✐♥❣s ✭■♦❚✮ ✐s ❛ ❧♦♦s❡❧② ❞❡✜♥❡❞ t❡r♠ r❡❢❡rr✐♥❣ t♦ t❤❡ ♥❡t✇♦r❦ ♦❢
s♠❛rt ♦❜❥❡❝t✱ s❡♥s♦rs ❛♥❞ ❡✈❡r②❞❛② ✐t❡♠s t❤❛t ❝❛♥ ❣❛t❤❡r ❛♥❞ ❡①❝❤❛♥❣❡ ❞❛t❛ ✇✐t❤
❡❛❝❤ ♦t❤❡r ❛♥❞ ✇✐t❤ t❤❡ ❝❧♦✉❞✳ ❙♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ■♦❚ ❛r❡ s♠❛rt ❤♦♠❡s✱
s♠❛rt ❝✐t✐❡s✱ s♠❛rt ❣r✐❞s✱ ❤❡❛❧t❤❝❛r❡✱ ❛✉t♦♠♦t✐✈❡✱ ♠❛♥✉❢❛❝t✉r✐♥❣✱ ❧♦❣✐st✐❝s ❛♥❞
s✉♣♣❧② ❝❤❛✐♥ ♠❛♥❛❣❡♠❡♥t ❬✷❪✳ ■t ❤❛s ❜❡❡♥ ❡st✐♠❛t❡❞ t❤❛t ❛r♦✉♥❞ ✶✵✵ ❜✐❧❧✐♦♥ ■♦❚
❞❡✈✐❝❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❡❝♦♥♦♠✐❝ ✐♠♣❛❝t ♦❢ ✩✶✶ tr✐❧❧✐♦♥✱ ✇✐❧❧ ❜❡ ❝♦♥♥❡❝t❡❞ ❜②
✷✵✷✺ ❬✸❪✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛✈❛✐❧❛❜❧❡ ❛♥❞ ❡♠❡r❣✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ st❛♥❞❛r❞s ❢♦r ❡♥✲
❛❜❧✐♥❣ t❤❡ ■♦❚✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥✱ t❤❡② ❝❛♥ ❜❡ ❜❛s❡❞ ♦♥ ❡✐t❤❡r ♥❡❛r
✜❡❧❞ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✭◆❋❈✮✱ ♣❡rs♦♥❛❧ ❛r❡❛ ♥❡t✇♦r❦s ✭P❆◆✮✱ s✉❝❤ ❛s ❇❧✉❡t♦♦t❤
❛♥❞ ❩✐❣❇❡❡✱ ❧♦❝❛❧ ❛r❡❛ ♥❡t✇♦r❦s ✭▲❆◆✮✱ ❢♦r ❡①❛♠♣❧❡ ❲✐✲❋✐✱ ♦r ✇✐❞❡ ❛r❡❛ ♥❡t✲
✇♦r❦s ✭❲❆◆✮✳ ❚❤❡ ❧❛st ❝❛t❡❣♦r② ❝♦♥s✐sts ♦❢ ❜♦t❤ ✉♥❧✐❝❡♥s❡❞ ❧♦✇ ♣♦✇❡r❡❞ ❲❆◆
✭▲P❲❆◆✮✱ s✉❝❤ ❛s ▲♦❘❛ ❛♥❞ ❙✐❣❋♦①✱ ❛♥❞ ❝❡❧❧✉❧❛r t❡❝❤♥♦❧♦❣✐❡s✳ ❆♠♦♥❣ ❝❡❧❧✉❧❛r
t❡❝❤♥♦❧♦❣✐❡s t❤❛t ♦♣❡r❛t❡ ♦♥ ❧✐❝❡♥❝❡❞ s♣❡❝tr✉♠ ❛r❡ ●❙▼✱ ❲❈❉▼❆✱ ▲❚❊ ❛♥❞ ✉♣✲
❝♦♠✐♥❣ ✺● st❛♥❞❛r❞s✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ❤❛✈❡ ♣r✐♠❛r✐❧② ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r ✈♦✐❝❡ ❛♥❞
❤✐❣❤✲t❤r♦✉❣❤♣✉t ❞❛t❛ s❡r✈✐❝❡s✱ ✇❤✐❝❤ ♠❛❦❡ t❤❡♠ ✉♥✜t ❢♦r ♠❛♥② ■♦❚ ❛♣♣❧✐❝❛t✐♦♥s
t❤❛t ❞♦ ♥♦t r❡q✉✐r❡ ❤✐❣❤ ❞❛t❛ t❤r♦✉❣❤♣✉t✱ ❜✉t ♦t❤❡r ❛s♣❡❝ts s✉❝❤ ❛s ❧♦✇ ❞❡✈✐❝❡
❝♦sts✱ ❧♦♥❣ ❜❛tt❡r② ❧✐❢❡✱ ❞❡❡♣ ✐♥❞♦♦r ❝♦✈❡r❛❣❡ ❛♥❞ ❧❛r❣❡ ❝❛♣❛❝✐t② ❝❛♥ ❜❡ ❝r✐t✐❝❛❧ ❬✹❪✳

✷✳✷ ◆❇✲■♦❚

◆❇✲■♦❚ ✐s ❛♥ ❡♠❡r❣✐♥❣ ❝❡❧❧✉❧❛r st❛♥❞❛r❞ ❢♦r ♠❛❝❤✐♥❡✲t♦✲♠❛❝❤✐♥❡ ✭▼✷▼✮ t②♣❡ ❝♦♠✲
♠✉♥✐❝❛t✐♦♥s t❤❛t ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ✸●PP ❘❡❧❡❛s❡ ✶✸ ❬✺✱ ✻❪✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡
♥❡✇ st❛♥❞❛r❞ ✐s t♦ ♣r♦✈✐❞❡ ✇✐❞❡✲❛r❡❛ ❝♦✈❡r❛❣❡ ❢♦r ♠❛ss✐✈❡ ■♦❚ ❞❡♣❧♦②♠❡♥ts✳ ◆❇✲
■♦❚ ✐s ❜❛s❡❞ ♦♥ ❡①✐st✐♥❣ ▲❚❊ s♣❡❝✐✜❝❛t✐♦♥s ❛♥❞ ❝❛♥ t❤❡r❡❢♦r❡ ❝♦✲❡①✐st ✇✐t❤ ❝✉rr❡♥t
▲❚❊ ♥❡t✇♦r❦s✳ ▼❛♥② ❛s♣❡❝ts ♦❢ ▲❚❊ ❤❛✈❡ ❜❡❡♥ r❡✉s❡❞✱ s✉❝❤ ❛s t❤❡ ♠♦❞✉❧❛t✐♦♥
s❝❤❡♠❡✱ ♠✉❧t✐♣❧❡ ❛❝❝❡ss ♠❡t❤♦❞s✱ ❝❤❛♥♥❡❧ ❝♦❞✐♥❣✱ r❛t❡ ♠❛t❝❤✐♥❣ ❡t❝✳ ◆❇✲■♦❚ ✐s
❞❡s✐❣♥❡❞ ❢♦r ✶✽✵ ❦❍③ s②st❡♠ ❜❛♥❞✇✐❞t❤✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❞❡♣❧♦② ◆❇✲
■♦❚ ✐♥s✐❞❡ ❛♥ ❡①✐st✐♥❣ ▲❚❊ ❝❛rr✐❡r ❜② r❡♣❧❛❝✐♥❣ ♦♥❡ ♦❢ ✐ts ♣❤②s✐❝❛❧ r❡s♦✉r❝❡ ❜❧♦❝❦s
✭P❘❇✮✱ ❛ s♦ ❝❛❧❧❡❞ ✐♥✲❜❛♥❞ ❞❡♣❧♦②♠❡♥t s❝❡♥❛r✐♦✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ❞❡♣❧♦②❡❞ ✐♥ t❤❡
❣✉❛r❞✲❜❛♥❞ ♦❢ ❛♥ ▲❚❊ ❝❛rr✐❡r✱ ♦r ✐♥ s♦ ❝❛❧❧❡❞ st❛♥❞❛❧♦♥❡ ♠♦❞❡✱ ❜② r❡♣❧❛❝✐♥❣ ❛♥
❡①✐st✐♥❣ ●❙▼ ❝❛rr✐❡r✳

✸



✹ ❇❛❝❦❣r♦✉♥❞

❙♦♠❡ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❜❥❡❝t✐✈❡s ❢♦r ◆❇✲■♦❚ ❛r❡✿

• ▲♦✇ ❞❡✈✐❝❡ ❝♦sts✿ s✉♣♣♦rt ❢♦r ✉❧tr❛✲❧♦✇✲❝♦♠♣❧❡①✐t② ❞❡✈✐❝❡s✱ ✉s✐♥❣ ♦♥❧②
♦♥❡ r❡❝❡✐✈❡ ❛♥t❡♥♥❛ ♦♣❡r❛t✐♥❣ ❛t ❛ ❧♦✇ s❛♠♣❧✐♥❣ r❛t❡✳

• ▲♦✇ ❞❛t❛ r❛t❡s✿ ✷✺✵ ❦❜✴s ♣❤②s✐❝❛❧ ❧❛②❡r ♣❡❛❦ ❞❛t❛ r❛t❡ ❬✼❪✱ ✇❤✐❝❤ ✐s
s✉✐t❛❜❧❡ ❢♦r ✉❧tr❛✲❧♦✇✲❡♥❞ ❞❡✈✐❝❡s✳

• ❊①t❡♥❞❡❞ ❝♦✈❡r❛❣❡✿ ✷✵ ❞❇ ❤✐❣❤❡r ♠❛①✐♠✉♠ ❝♦✉♣❧✐♥❣ ❧♦ss ❝♦♠♣❛r❡❞ t♦
▲❚❊ ❬✽❪✱ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r ✈❡r② ❧❛r❣❡ ❝❡❧❧ s✐③❡s ❛♥❞ ✐♠♣r♦✈❡❞ ✐♥❞♦♦r ❝♦✈❡r❛❣❡✳

• ■♥❝r❡❛s❡❞ ❝❛♣❛❝✐t②✿ ❛t ❧❡❛st ✺✷ ✺✵✵ ✉s❡r ❡q✉✐♣♠❡♥ts ✭❯❊s✮ ♣❡r s❡❝t♦r ✇✐❧❧
❜❡ s✉♣♣♦rt❡❞ ❬✾❪✳

• ■♥❝r❡❛s❡❞ ❜❛tt❡r② ❧✐❢❡t✐♠❡✿ ✉♣ t♦ ✶✵ ②❡❛rs ♦❢ ❯❊ ❜❛tt❡r② ❧✐❢❡t✐♠❡✱ ❛s✲
s✉♠✐♥❣ t❤❛t ❛♥ ❛✈❡r❛❣❡ ♦❢ ✷✵✵ ❜②t❡s ♦❢ ❞❛t❛ ✐s ❜❡✐♥❣ tr❛♥s♠✐tt❡❞ ♣❡r ❞❛②
❬✾❪✳

❚❤❡s❡ q✉❛❧✐t✐❡s ❣✐✈❡ ◆❇✲■♦❚ ❛♥ ❛❞✈❛♥t❛❣❡ ♦✈❡r ❝✉rr❡♥t ❝❡❧❧✉❧❛r t❡❝❤♥♦❧♦❣✐❡s ✐♥
❡♥❛❜❧✐♥❣ ♠❛ss✐✈❡ ❞❡♣❧♦②♠❡♥ts ♦❢ ❧♦✇✲❡♥❞ ■♦❚ ❞❡✈✐❝❡s✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ◆❇✲
■♦❚ ✐♥ ✸●PP ❘❡❧❡❛s❡ ✶✸ ✇❛s ❢r♦③❡♥ ✐♥ ❏✉♥❡ ✷✵✶✻ ❬✻❪ ❛♥❞ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❢❡❛t✉r❡s
❛✈❛✐❧❛❜❧❡ ✐♥ ▲❚❊ ✇❡r❡ ♥♦t ❝❛rr✐❡❞ ♦✈❡r t♦ ◆❇✲■♦❚✳ ❍♦✇❡✈❡r✱ t❤✐s ❢❡❛t✉r❡✱ ❛❧♦♥❣
✇✐t❤ s❡✈❡r❛❧ ♦t❤❡r ❡♥❤❛♥❝❡♠❡♥ts✱ ✐s ❣♦✐♥❣ t♦ ❜❡ ✐♥tr♦❞✉❝❡❞ ❛s ❛ ♣❛rt ♦❢ t❤❡ ♥❡✇
s♣❡❝✐✜❝❛t✐♦♥ ✐♥ ✸●PP ❘❡❧❡❛s❡ ✶✹ ❬✶✵❪✳ ❚❤❡ ♣♦s✐t✐♦♥✐♥❣ ♣r♦❝❡❞✉r❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥
♠♦r❡ ❞❡t❛✐❧ ✐♥ ❈❤❛♣t❡r ✷✳

✷✳✸ ❖❋❉▼

❖rt❤♦❣♦♥❛❧ ❋r❡q✉❡♥❝② ❉✐✈✐s✐♦♥ ▼✉❧t✐♣❧❡①✐♥❣ ✭❖❋❉▼✮ ✐s ❛ ♠❡t❤♦❞ ♦❢ tr❛♥s♠✐t✲
t✐♥❣ ❞✐❣✐t❛❧ s②♠❜♦❧s ♦✈❡r s❡✈❡r❛❧ ♣❛r❛❧❧❡❧ ❞❛t❛ str❡❛♠s ❬✶✶✱ ✶✷❪✳ ❚❤❡ s②♠❜♦❧s ❛r❡
♠♦❞✉❧❛t❡❞ ✇✐t❤ ❛♥ ❛r❜✐tr❛r② ♠♦❞✉❧❛t✐♦♥ s❝❤❡♠❡ ❛♥❞ tr❛♥s♠✐tt❡❞ ♦✈❡r ♦rt❤♦❣♦♥❛❧
s✉❜❝❛rr✐❡rs✳ ❈♦♥s✐❞❡r ❛ s❡t ♦❢ ❝♦♠♣❧❡① s②♠❜♦❧s X[k]✱ ✇❤❡r❡ k = 0, ..., Nsc − 1 ❞❡✲
♥♦t❡s t❤❡ s✉❜❝❛rr✐❡r ✐♥❞❡①✳ ❚❤❡ ❜❛s❡❜❛♥❞ ❖❋❉▼ s✐❣♥❛❧ ❝❛♥ t❤❡♥ ❜❡ r❡♣r❡s❡♥t❡❞
❛s

x(t) =

Nsc−1
∑

k=0

X[k]ej2π∆fkt, 0 ≤ t < Tu ✭✷✳✶✮

✇❤❡r❡ ∆f ✐s t❤❡ s✉❜❝❛rr✐❡r s♣❛❝✐♥❣ ❛♥❞ Tu = 1/∆f ✐s t❤❡ s②♠❜♦❧ ❞✉r❛t✐♦♥✳ ❯♥❞❡r
✐❞❡❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤✐s ❝❤♦✐❝❡ ♦❢ s②♠❜♦❧ ❞✉r❛t✐♦♥ ❣✉❛r❛♥t❡❡s s✉❜❝❛rr✐❡r ♦rt❤♦❣♦♥❛❧✲
✐t②✱ s✐♥❝❡

Tu
∫

0

ej2π∆fk1t
(

ej2π∆fk2t
)∗

= 0, ❢♦r k1 6= k2 ✭✷✳✷✮

❢♦r t❤✐s ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ Tu✳ ❍♦✇❡✈❡r✱ ✐♥ t✐♠❡✲❞✐s♣❡rs✐✈❡ ❢❛❞✐♥❣ ❝❤❛♥♥❡❧s✱ t❤❡
♦rt❤♦❣♦♥❛❧✐t② ❜❡t✇❡❡♥ s✉❜❝❛rr✐❡rs ✇✐❧❧ ❜❡ ❧♦st ✉♥❧❡ss ❛ ❣✉❛r❞ ✐♥t❡r✈❛❧ ✐s ✐♥s❡rt❡❞
❜❡t✇❡❡♥ t❤❡ ❖❋❉▼ s②♠❜♦❧s✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝②❝❧✐❝ ♣r❡✜① ✭❈P✮ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜②
❝♦♣②✐♥❣ t❤❡ ❧❛st ♣♦rt✐♦♥ ♦❢ ❡❛❝❤ s②♠❜♦❧ ✇✐t❤ ❞✉r❛t✐♦♥ TCP ❛♥❞ ✐♥s❡rt✐♥❣ ✐t ♣r✐♦r
t♦ t❤❡ s②♠❜♦❧ st❛rt✱ s✉❝❤ t❤❛t

x(t) = x(t+ Tu + TCP ), −TCP ≤ t < 0 ✭✷✳✸✮



❇❛❝❦❣r♦✉♥❞ ✺

Symbol 
Modulation

Input Bit Stream Serial to 
Parallel

N-Point IFFT
Parallel to 

Serial and CP 
Insertion

Digital to 
Analog and 

Upconversion

TX

DemodulationOutput Bit Stream Parallel to 
Serial

N-Point FFT
Serial to 

Parallel and 
CP Removal

Analog to 
Digital and 

Downconver.

RX

Multipath 
Fading 

Channel

❋✐❣✉r❡ ✷✳✶✿ ❖❋❉▼ tr❛♥s♠✐tt❡r ❛♥❞ r❡❝❡✐✈❡r str✉❝t✉r❡s

❚❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ✈❡rs✐♦♥ ♦❢ ❛♥ ❖❋❉▼ s✐❣♥❛❧ ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡
❉✐s❝r❡t❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✳ ❈♦♥s✐❞❡r ❛♥ ❖❋❉▼ s✐❣♥❛❧ s❛♠♣❧❡❞ ✇✐t❤ s❛♠♣❧✐♥❣
❢r❡q✉❡♥❝② Fs = 1/Ts = N∆f ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r N ≫ Nsc✱ ✐✳❡✳

x[n] =
1√
N

x(nTs) =
1√
N

Nsc−1
∑

k=0

X[k]e
j2πkn

N =
1√
N

N−1
∑

k=0

X ′[k]e
j2πkn

N ✭✷✳✹✮

✇❤❡r❡

X ′[k] =

{

X[k], k = 0, ..., Nsc − 1

0, k = Nsc, ..., N − 1
✭✷✳✺✮

✐s ❛ ③❡r♦ ♣❛❞❞❡❞ ✈❡rs✐♦♥ ♦❢ X[k]✳ ❊q✉❛t✐♦♥ ✭✷✳✹✮ s❛②s t❤❛t x[n] ✐s ✐♥ ❢❛❝t t❤❡
✐♥✈❡rs❡ ❉❋❚ ♦❢ X ′[k]✳ ❚❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r 1/

√
N ❤❛s ❜❡❡♥ ❛❞❞❡❞ t♦ ❛❝❤✐❡✈❡ ❛

✉♥✐t❛r② tr❛♥s❢♦r♠✳
❚❤❡ ❢❛❝t t❤❛t ✇❡ ❝❛♥ ❡①♣r❡ss ❛♥ ❖❋❉▼ s✐❣♥❛❧ ✐♥ t❡r♠s ♦❢ t❤❡ ❉❋❚ ♠❛❦❡s ✐t

❝♦♥✈❡♥✐❡♥t t♦ ✐♠♣❧❡♠❡♥t tr❛♥s❝❡✐✈❡r str✉❝t✉r❡s ✉s✐♥❣ t❤❡ ❋❛st ❋♦✉r✐❡r ❚r❛♥s❢♦r♠
✭❋❋❚✮ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✳

❚❤❡ tr❛♥s♠✐tt❡❞ ❖❋❉▼ ❞❛t❛ ❝❛♥ ❜❡ ✈✐s✉❛❧✐③❡❞ ✐♥ t❡r♠s ♦❢ ❛ t✐♠❡✲❢r❡q✉❡♥❝②
❣r✐❞✱ s✉❝❤ ❛s ✐♥ ❋✐❣✉r❡ ✷✳✷✳ ■♥ ✸●PP ◆❇✲■♦❚✱ t❤❡ tr❛♥s♠✐tt❡❞ ❞❛t❛ ✐s ♠❛♣♣❡❞ t♦
s♦ ❝❛❧❧❡❞ ❘❡s♦✉r❝❡ ❊❧❡♠❡♥ts ✭❘❊s✮✱ ✇❤✐❝❤ ❝♦♥s✐st ♦❢ ♦♥❡ s②♠❜♦❧ l ❜② ♦♥❡ s✉❜❝❛rr✐❡r
k✳ ❆ s✉❜❝❛rr✐❡r s♣❛❝✐♥❣ ♦❢ ∆f = 15 ❦❍③ ✐s ✉s❡❞ ❛♥❞ ❡❛❝❤ s②♠❜♦❧ ✐s ✶✴✶✹ ♠s ❧♦♥❣
✐♥ t✐♠❡✶✳ ❚❤❡ t✐♠❡ ❞♦♠❛✐♥ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ❞✐✛❡r❡♥t ✉♥✐ts✿ s❡✈❡♥ s②♠❜♦❧s ♠❛❦❡ ✉♣
♦♥❡ s❧♦t✱ t✇♦ s❧♦ts ♠❛❦❡ ✉♣ ♦♥❡ s✉❜❢r❛♠❡ ❛♥❞ ✶✵ s✉❜❢r❛♠❡s ♠❛❦❡ ✉♣ ♦♥❡ ❢r❛♠❡✳
■♥ ♦t❤❡r ✇♦r❞s✱ ♦♥❡ s✉❜❢r❛♠❡ ✐s ❝♦rr❡s♣♦♥❞s t♦ ✶ ♠s ♦❢ t✐♠❡ ❞❛t❛✳ ■♥ ◆❇✲■♦❚✱ ✶✷
s✉❜❝❛rr✐❡rs ✐s ❛❧✇❛②s ✉s❡❞✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ t♦t❛❧ ❜❛♥❞✇✐❞t❤ ♦❢ ✶✽✵ ❦❍③✳
❚❤❡ s♠❛❧❧❡st ✉♥✐t ♦❢ ❘❊s t❤❛t ❝❛♥ ❜❡ ❛❧❧♦❝❛t❡❞ ✐s ♦♥❡ s❧♦t ❜② ✶✷ s✉❜❝❛rr✐❡rs ❛♥❞
✐s ❞❡♥♦t❡❞ ❛s ❛ ❘❡s♦✉r❝❡ ❇❧♦❝❦ ✭❘❇✮ ❬✶✸❪✳

❚❤❡ s②st❡♠ s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② ✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ s♣❡❝✐✜❝ ❛♥❞ ♠❛② ✈❛r② ❜❡✲
t✇❡❡♥ ❞✐✛❡r❡♥t ❯❊s✳ ❙✐♥❝❡ ❧♦✇ ❞❡✈✐❝❡ ❝♦♠♣❧❡①✐t② ✐s ♦❢ ❤✐❣❤ ✐♠♣♦rt❛♥❝❡✱ ✐t ✐s
♣r❡❢❡rr❡❞ t♦ ♥♦t ✉s❡ ❛ ❤✐❣❤❡r s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② t❤❛♥ ♥❡❝❡ss❛r②✳ ❋r♦♠ ❤❡r❡ ♦♥✱
✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ ❯❊ ✐s ✉s✐♥❣ Fs = 1.92 ▼❍③✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❋❋❚
s✐③❡ ♦❢ N = 128✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ t❤❡ ❧♦✇ s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② ✇✐❧❧
s❡✈❡r❡❧② ✐♠♣❛❝t t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❛❝❝✉r❛❝②✳

✶❚❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✱ ♥♦r♠❛❧ ❈P ✐s ❛ss✉♠❡❞



✻ ❇❛❝❦❣r♦✉♥❞

F
re

qu
en

cy

Time

Resource Element

1 Slot (7 Symbols)

1 Subframe

12 Subcarriers

1 Slot (7 Symbols)

❋✐❣✉r❡ ✷✳✷✿ ❖❋❉▼ t✐♠❡✲❢r❡q✉❡♥❝② ❣r✐❞ s❤♦✇✐♥❣ ✶✹ s②♠❜♦❧s ❜② ✶✷
s✉❜❝❛rr✐❡rs✳ ❚❤❡ s❤❛❞❡❞ ❛r❡❛ ❝♦rr❡s♣♦♥❞s t♦ ♦♥❡ ❘❇✳

✷✳✹ ❖✈❡r✈✐❡✇ ♦❢ P♦s✐t✐♦♥✐♥❣ ▼❡t❤♦❞s ✐♥ ❈❡❧❧✉❧❛r ◆❡t✇♦r❦s

❚❤❡r❡ ❛r❡ ❛ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ♠❡t❤♦❞s ❢♦r ♣♦s✐t✐♦♥ ❡st✐♠❛t✐♦♥ ✐♥ ❝❡❧❧✉❧❛r ♥❡t✲
✇♦r❦s✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ❣♦❛❧ ✐s t♦ ✜♥❞ t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♦r❞✐♥❛t❡s✱ ✐✳❡✳ ❧❛t✐t✉❞❡
❛♥❞ ❧♦♥❣✐t✉❞❡ ✷✱ ♦❢ t❤❡ ❯❊✱ ❣✐✈❡♥ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ❜❛s❡ st❛t✐♦♥s ✭❇❙s✮ ❛♥❞
s♦♠❡ t②♣❡ ♦❢ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ❧♦❝❛t✐♦♥ ❜❛s❡❞ s❡r✈✐❝❡s✱ s✉❝❤ ❛s ✢❡❡t
♠❛♥❛❣❡♠❡♥t✱ ♥❡t✇♦r❦ ❝❛♣❛❝✐t② ♣❧❛♥♥✐♥❣✱ tr❛❝❦✐♥❣ s❡r✈✐❝❡s✱ ❡♥❤❛♥❝❡❞ ✾✶✶✱ ❛♥❞
♥❛✈✐❣❛t✐♦♥ t♦♦❧s✱ t❤❛t ✉t✐❧✐③❡ t❤❡ ✉s❡r ♣♦s✐t✐♦♥✳ ❙♦♠❡ s❡r✈✐❝❡s✱ ❧✐❦❡ str❡❡t ♥❛✈✐❣❛✲
t✐♦♥✱ r❡q✉✐r❡ ❛ ✈❡r② ❛❝❝✉r❛t❡ ♣♦s✐t✐♦♥ ❡st✐♠❛t❡ t❤❛t ✐s ❞✐✣❝✉❧t t♦ ❛❝❤✐❡✈❡ ✇✐t❤♦✉t
t❤❡ ❛ss✐st❛♥❝❡ ♦❢ s❛t❡❧❧✐t❡ ❞❛t❛✳ ❍♦✇❡✈❡r✱ ❢♦r ♦t❤❡r s❡r✈✐❝❡s ✇❤❡r❡ t❤❡ ♣♦s✐t✐♦♥
❛❝❝✉r❛❝② ✐s ♥♦t ❛s ❝r✐t✐❝❛❧✱ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ❝❡❧❧✉❧❛r ♠❡❛s✉r❡♠❡♥ts ❛r❡ s✉✣❝✐❡♥t✳
❚❤❡s❡ ♠❡t❤♦❞s r❡❧② ♦♥ ♠❡❛s✉r❡♠❡♥ts ♦♥ tr❛♥s♠✐tt❡❞ r❡❢❡r❡♥❝❡ s✐❣♥❛❧s t♦❣❡t❤❡r
✇✐t❤ ❦♥♦✇♥ ❇❙ ❧♦❝❛t✐♦♥s ❛♥❞ ❝❛♥ ❜❡ ❡✐t❤❡r ❯❊✲❜❛s❡❞ ♦r ♥❡t✇♦r❦✲❜❛s❡❞✱ ❞❡♣❡♥❞✲
✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❡st✐♠❛t✐♦♥s ❛r❡ ❝❛rr✐❡❞ ♦✉t ❜② t❤❡ ❯❊ ♦r t❤❡ ❇❙s✳
❋✉rt❤❡r♠♦r❡✱ ❛ ♠❡t❤♦❞ ✐s ❞❡♥♦t❡❞ ❛s ❯❊✲❛ss✐st❡❞ ✐❢ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ♠❛❞❡
❛t t❤❡ ❯❊ ❛♥❞ r❡♣♦rt❡❞ t♦ t❤❡ ♥❡t✇♦r❦✱ ✇❤✐❝❤ t❤❡♥ ❝❛❧❝✉❧❛t❡s t❤❡ ♣♦s✐t✐♦♥ ❜❛s❡❞
♦♥ t❤❡s❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ t❤❡ ❦♥♦✇♥ ❣❡♦♠❡tr✐❝ ❧♦❝❛t✐♦♥s ♦❢ t❤❡ ❞❡t❡❝t❡❞ ❇❙s✳

❚❤❡ ♠♦st ❝♦♠♠♦♥ ❝❡❧❧✉❧❛r ♣♦s✐t✐♦♥✐♥❣ ♠❡t❤♦❞s ❛r❡ ❜❛s❡❞ ♦♥ ♦♥❡✱ ♦r ❛ ❝♦♠✲
❜✐♥❛t✐♦♥ ♦❢✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛s✉r❡♠❡♥ts✿ r❡❝❡✐✈❡❞ s✐❣♥❛❧ str❡♥❣t❤ ✭❘❙❙✮✱ ❛♥❣❧❡
♦❢ ❛rr✐✈❛❧ ✭❆❖❆✮✱ t✐♠❡ ♦❢ ❛rr✐✈❛❧ ✭❚❖❆✮ ❛♥❞ t✐♠❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❛rr✐✈❛❧ ✭❚❉❖❆✮
❬✶✹❪✳ ❘❙❙ ♠❡❛s✉r❡♠❡♥ts ❝❛♥ ❜❡ ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ r❛♥❣❡ ♠❡❛s✉r❡♠❡♥ts ✈✐❛ ❛ ♣❛t❤
❧♦ss ♠♦❞❡❧✳ ❙✐♠✐❧❛r❧②✱ ❚❖❆ ♠❡❛s✉r❡♠❡♥ts ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ r❛♥❣❡✱ ❣✐✈❡♥ t❤❛t t❤❡
❯❊ ❝❧♦❝❦ ✐s s②♥❝❤r♦♥✐③❡❞ ✇✐t❤ t❤❡ ❇❙s✳ ❚❉❖❆ ♦✈❡r❝♦♠❡s t❤✐s r❡q✉✐r❡♠❡♥t ❜②
❢♦r♠✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ s❡✈❡r❛❧ ❚❖❆ ♠❡❛s✉r❡♠❡♥ts✱ t❤✉s ❡❧✐♠✐♥❛t✐♥❣ t❤❡

✷■♥ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ✐t ♠✐❣❤t ❜❡ ❜❡♥❡✜❝✐❛❧ t♦ ❡st✐♠❛t❡ t❤❡ ❛❧t✐t✉❞❡ ❛s ✇❡❧❧✱ ❜✉t ❢♦r

♠♦st ♣✉r♣♦s❡s ❛ ✢❛t ❣❡♦❣r❛♣❤② ❝❛♥ ❜❡ ❛ss✉♠❡❞✳



❇❛❝❦❣r♦✉♥❞ ✼

✉♥❦♥♦✇♥ s✐❣♥❛❧ tr❛♥s♠✐t t✐♠❡✳ ❚❤❡ ♦❜s❡r✈❡❞ r❛♥❣❡s✱ ♦r r❛♥❣❡ ❞✐✛❡r❡♥❝❡s✱ ❝❛♥ t❤❡♥
❜❡ ♠❛♣♣❡❞ t♦ ❛ ❯❊ ♣♦s✐t✐♦♥ ✉s✐♥❣ ♠✉❧t✐❧❛t❡r❛t✐♦♥ t❡❝❤♥✐q✉❡s✳ ❆t ❧❡❛st t❤r❡❡ ❇❙s
❛r❡ ♥❡❡❞❡❞ ❢♦r ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❆❖❆✲❜❛s❡❞ ♠❡t❤♦❞s ✇♦r❦ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥✱
✇❤❡r❡ ♠❡❛s✉r❡❞ ❛♥❣❧❡s ❛r❡ ♠❛♣♣❡❞ t♦ ❛ ♣♦s✐t✐♦♥ ✉s✐♥❣ ♠✉❧t✐❛♥❣✉❧❛t✐♦♥✳ ❖♥❧② t✇♦
❇❙s ❛r❡ ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ❜✉t ❛♥ ❛♥t❡♥♥❛ ❛rr❛② ✐s ♥❡❡❞❡❞ t♦
♣❡r❢♦r♠ ♠❡❛s✉r❡♠❡♥ts✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ❧❡ss ✉s❡❢✉❧ ❛s ❛ ❯❊✲❛ss✐st❡❞ ♦♣t✐♦♥ ❬✶✺❪✳

■♥ ✸●PP ▲❚❊✱ t❤r❡❡ ✐♥❞❡♣❡♥❞❡♥t ♣♦s✐t✐♦♥✐♥❣ t❡❝❤♥✐q✉❡s ❛r❡ s✉♣♣♦rt❡❞✿ ❆s✲
s✐st❡❞ ●❧♦❜❛❧ ◆❛✈✐❣❛t✐♦♥ ❙❛t❡❧❧✐t❡ ❙②st❡♠ ✭❆✲●◆❙❙✮✱ ❊♥❤❛♥❝❡❞ ❈❡❧❧✲■❉ ✭❊✲❈■❉✮
❛♥❞ ❖❚❉❖❆✳ ■t ❤❛s ❜❡❡♥ ❞❡❝✐❞❡❞ t❤❛t ❘❡❧❡❛s❡ ✶✹ ◆❇✲■♦❚ ✇✐❧❧ s✉♣♣♦rt ❊✲❈■❉ ❛♥❞
❯❊✲❛ss✐st❡❞ ❖❚❉❖❆✲❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ ❛s ▲❚❊ ❜② ✐♥tr♦❞✉❝✐♥❣
❛ ♥❡✇ r❡❢❡r❡♥❝❡ s✐❣♥❛❧✳ ❚❉❖❆ ✇✐❧❧ ❛❧s♦ ❜❡ s✉♣♣♦rt❡❞ ✉s✐♥❣ ✉♣❧✐♥❦ ♠❡❛s✉r❡♠❡♥ts✱
❣✐✈❡♥ t❤❛t ✐t ✉s❡s t❤❡ s❛♠❡ ◆❇✲■♦❚ tr❛♥s♠✐ss✐♦♥s ❛s ✐♥ ❘❡❧❡❛s❡ ✶✸ ❬✶✵❪✳ ■♥ t❤✐s
t❤❡s✐s✱ t❤❡ s❝♦♣❡ ✐s ❧✐♠✐t❡❞ t♦ ❖❚❉❖❆✲❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣✱ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ✐♥
♠♦r❡ ❞❡t❛✐❧ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳
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❚❤❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡s ♦❢ ❖❚❉❖❆✲❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✶✳ ❙❡✈✲
❡r❛❧ t✐♠❡ s②♥❝❤r♦♥✐③❡❞ ❇❙s✱ ✐♥ ✸●PP ▲❚❊ ❞❡♥♦t❡❞ ❛s ❡✈♦❧✈❡❞ ◆♦❞❡ ❇s ✭❡◆♦❞❡❇s✮✱
s✐♠✉❧t❛♥❡♦✉s❧② tr❛♥s♠✐t ♣♦s✐t✐♦♥✐♥❣ r❡❢❡r❡♥❝❡ s✐❣♥❛❧s✳ ❚❤❡ ❯❊ ❞❡t❡❝ts t❤❡ tr❛♥s✲
♠✐tt❡❞ s✐❣♥❛❧s ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛ss✐st❛♥❝❡ ❞❛t❛ ♣r♦✈✐❞❡❞ ❜② ❛ ❧♦❝❛t✐♦♥ s❡r✈❡r ❛♥❞
❡st✐♠❛t❡s t❤❡ ❚❖❆s✱ ✇❤✐❝❤ ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞✐st❛♥❝❡ t♦ ❡❛❝❤ ❡◆♦❞❡❇✳ ❚❤❡
❚❖❆s ❢r♦♠ ♥❡✐❣❤❜♦✉r ❡◆♦❞❡❇s ❛r❡ s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ ❚❖❆ ♦❢ ❛ r❡❢❡r❡♥❝❡ ❡◆✲
♦❞❡❇✱ ✐♥ ♦r❞❡r t♦ ❢♦r♠ ❚❉❖❆ ❡st✐♠❛t❡s✳ ❚❤❡s❡ ❛r❡ t❤❡♥ r❡♣♦rt❡❞ ❜❛❝❦ t♦ t❤❡
s❡r✈❡r✱ ✇❤✐❝❤ ✉s❡s t❤❡ ♠❡❛s✉r❡♠❡♥ts t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❯❊ ♣♦s✐t✐♦♥ ❜② ♠✉❧t✐❧❛t❡r❛✲
t✐♦♥✳ ❆t ❧❡❛st t❤r❡❡ ❚❖❆ ❡st✐♠❛t✐♦♥s ❛r❡ ♥❡❝❡ss❛r② ❢♦r ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳

❚❤❡ ♣♦s✐t✐♦♥✐♥❣ ♣r♦❝❡❞✉r❡ ♠❛② t❛❦❡ ♣❧❛❝❡ ❡✐t❤❡r ✐♥ t❤❡ ❝♦♥tr♦❧ ♣❧❛♥❡✱ ✇❤✐❝❤
❝❛rr✐❡s t❤❡ s✐❣♥❛❧✐♥❣ tr❛✣❝✱ ♦r t❤❡ ✉s❡r ♣❧❛♥❡✱ ✇❤✐❝❤ ❝❛rr✐❡s t❤❡ ❞❛t❛ tr❛✣❝✳ ■♥
t❤❡ ❝♦♥tr♦❧ ♣❧❛♥❡✱ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❛tt❡♠♣t ✐s ✐♥✐t✐❛t❡❞ ❜② t❤❡ t❤❡ ♥❡t✇♦r❦ ❛♥❞
❛❧❧ t❤❡ ♥❡❝❡ss❛r② r❡❢❡r❡♥❝❡ s✐❣♥❛❧s ❛♥❞ ❛ss✐st❛♥❝❡ ❞❛t❛ ✐s tr❛♥s♠✐tt❡❞ ♦✈❡r ❝♦♥tr♦❧
❝❤❛♥♥❡❧s✳ ■♥ t❤❡ ✉s❡r ♣❧❛♥❡✱ ❛❧❧ t❤❡ s✐❣♥❛❧❧✐♥❣ ✐s tr❛♥s♠✐tt❡❞ ♦✈❡r ❜❡❛r❡r ❝❤❛♥♥❡❧s✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t ♥❡t✇♦r❦ ❞♦❡s ♥♦t ❞✐st✐♥❣✉✐s❤ ✐t ❢r♦♠ ♦t❤❡r ✉s❡r ❞❛t❛ ❬✶✻❪✳ ❚❤❡
❣❡♥❡r❛❧ ♣♦s✐t✐♦♥✐♥❣ ♣r♦❝❡❞✉r❡s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ▲❚❊ P♦s✐t✐♦♥✐♥❣ Pr♦t♦❝♦❧✱
✇❤✐❝❤ ❤❛s ❜❡❡♥ ✉♣❞❛t❡❞ t♦ s✉♣♣♦rt ◆❇✲■♦❚ ✐♥ ❘❡❧❡❛s❡ ✶✹ ❬✶✼❪✳

✸✳✶ ◆❛rr♦✇❜❛♥❞ P♦s✐t✐♦♥✐♥❣ ❘❡❢❡r❡♥❝❡ ❙✐❣♥❛❧

❚❤❡ ◆❛rr♦✇❜❛♥❞ P♦s✐t✐♦♥✐♥❣ ❘❡❢❡r❡♥❝❡ ❙✐❣♥❛❧ ✭◆P❘❙✮ ✐s ❞❡✜♥❡❞ ✐♥ ❬✶✽❪✳ ■t ❝♦♥s✐sts
♦❢ ❛ ◗✉❛❞r❛t✉r❡ P❤❛s❡ ❙❤✐❢t ❑❡②✐♥❣ ✭◗P❙❑✮ ♠♦❞✉❧❛t❡❞ ♣s❡✉❞♦ r❛♥❞♦♠ s❡q✉❡♥❝❡
t❤❛t ✐s ♠❛♣♣❡❞ t♦ ❘❊s ✐♥ ♦♥❡ s✉❜❝❛rr✐❡r ✇✐t❤ Nsym = 14 ❖❋❉▼ s②♠❜♦❧s✳ ❚❤❡
s❡q✉❡♥❝❡ ✐s ❣❡♥❡r❛t❡❞ ❛s

zns,l[m] =
1√
2
(1− 2c[2m]) + j

1√
2
(1− 2c[2m+ 1]), m = 0, 1 ✭✸✳✶✮

✇❤❡r❡ ns ✐s t❤❡ s❧♦t ♥✉♠❜❡r✱ l ✐s t❤❡ ❖❋❉▼ s②♠❜♦❧ ♥✉♠❜❡r ✇✐t❤✐♥ t❤❡ s❧♦t ❛♥❞
c[m] ✐s ❛ ❧❡♥❣t❤✲✸✶ ●♦❧❞ s❡q✉❡♥❝❡ t❤❛t ✐s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ t❤❡ s❡❡❞

cinit = 228
⌊

NID

512

⌋

+ 210
(

7(ns + 1) + l + 1
)(

2(NID mod 512) + 1
)

+ 2(NID mod 512) +NCP ✭✸✳✷✮

✾
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❋✐❣✉r❡ ✸✳✶✿ ❇❛s✐❝ ♣r✐♥❝✐♣❧❡s ♦❢ ❖❚❉❖❆✲❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣✳ ❊❛❝❤ ❡◆✲
♦❞❡❇ tr❛♥s♠✐ts ❛ r❡❢❡r❡♥❝❡ s✐❣♥❛❧ t❤❛t ✇✐❧❧ ❛rr✐✈❡ ✇✐t❤ ❞✐✛❡r❡♥t
t✐♠❡ ❞❡❧❛②s ❛t t❤❡ ❯❊✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡st✐♠❛t❡❞
t✐♠❡ ♦❢ ❛rr✐✈❛❧s ❛r❡ t❤❡♥ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❯❊ ♣♦s✐t✐♦♥✳

❛t t❤❡ st❛rt ♦❢ ❡❛❝❤ ❖❋❉▼ s②♠❜♦❧ ❛♥❞ NID ✐s t❤❡ ♣❤②s✐❝❛❧ ❝❡❧❧ ✐❞❡♥t✐t② ♦❢ t❤❡
❡◆♦❞❡❇ ❛♥❞ NCP = 1 ❢♦r ♥♦r♠❛❧ ❝②❝❧✐❝ ♣r❡✜①✳ ●♦❧❞✲❝♦❞❡s ❡①❤✐❜✐t ❡①❝❡❧❧❡♥t ❝r♦ss✲
❝♦rr❡❧❛t✐♦♥ ♣r♦♣❡rt✐❡s✱ ✐✳❡✳ t❤❡② ❛r❡ ❤✐❣❤❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡♠s❡❧✈❡s✱ ✇❤❡r❡❛s
❝♦❞❡s ✇✐t❤ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧✐③❛t✐♦♥ s❡❡❞s ❤❛✈❡ ❧♦✇ ❝♦rr❡❧❛t✐♦♥✳ ■♥ ♣r❛❝t✐❝❡✱ t❤✐s
♠❡❛♥s t❤❛t ◆P❘❙ s✐❣♥❛❧s ❢r♦♠ ❞✐✛❡r❡♥t ❝❡❧❧s ✇✐❧❧ ❜❡ q✉❛s✐✲♦rt❤♦❣♦♥❛❧ t♦ ❡❛❝❤
♦t❤❡r✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ❡❛s✐❡r ❢♦r t❤❡ ❯❊ t♦ t❡❧❧ t❤❡♠ ❛♣❛rt✳

❚❤❡ ♠❛♣♣✐♥❣ ♦❢ t❤❡ ◆P❘❙ s❡q✉❡♥❝❡ t♦ t❤❡ ❘❊s {l, k} ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✷✳
■♥ ❣❡♥❡r❛❧✱ t❤❡ s❡q✉❡♥❝❡ ✐s ♠❛♣♣❡❞ ❛s

Sl[k] = zns,l[m] ✭✸✳✸✮

✇❤❡r❡

k = 6m+ (6− l + vshift) mod 6 ✭✸✳✹✮

m = 0, 1 ✭✸✳✺✮

vshift = NID mod 6 ✭✸✳✻✮

❚❤❡ ❢r❡q✉❡♥❝②✲s❤✐❢t ♣❛r❛♠❡t❡r vshift ❛❧❧♦✇s ❢♦r ✉♣ t♦ s✐① ❞✐✛❡r❡♥t ❝❡❧❧s t♦ tr❛♥s♠✐t
◆P❘❙ s✐❣♥❛❧s ♦♥ ❞✐✛❡r❡♥t s✉❜❝❛rr✐❡rs s♦ t❤❛t t❤❡② ❞♦ ♥♦t ♦✈❡r❧❛♣ ✐♥ t❤❡ ❢r❡q✉❡♥❝②
❞♦♠❛✐♥✳ ❚❤✐s ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❜❡t✇❡❡♥ ◆P❘❙
s✐❣♥❛❧s ❢r♦♠ ❞✐✛❡r❡♥t ❝❡❧❧ t♦✇❡rs ❛♥❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦❞❡ ♦rt❤♦❣♦♥❛❧✐t② ✐t ❣✐✈❡s
t❤❡ s✐❣♥❛❧s ❣♦♦❞ ❤❡❛r❛❜✐❧✐t② ♣r♦♣❡rt✐❡s✳

❋♦r ✐♥✲❜❛♥❞ ♦♣❡r❛t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠❜♦❧s ❛r❡ ❛❧❧♦❝❛t❡❞ ❢♦r ◆P❘❙ tr❛♥s✲
♠✐ss✐♦♥✿

l =

{

3, 5, 6, ns mod 2 = 0

1, 2, 3, 4, 5, 6, ns mod 2 = 1
✭✸✳✼✮

❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ t♦t❛❧ ♦❢ NNPRS = 8 s②♠❜♦❧s ✐♥ t❤❡ s✉❜❢r❛♠❡ ❜❡✐♥❣ ❛❧❧♦❝❛t❡❞
❢♦r ◆P❘❙ tr❛♥s♠✐ss✐♦♥✳ ❚❤❡ ♦t❤❡r s②♠❜♦❧s ❛r❡ r❡s❡r✈❡❞ ❢♦r ▲❚❊ ❝❡❧❧ s♣❡❝✐✜❝
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✭❛✮ ■♥✲❜❛♥❞

R6

R6
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R6 R6

R6 R6

R6 R6 R6 R6

R6 R6

R6 R6

R6 R6

R6 R6

R6 R6
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F
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✭❜✮ ❙t❛♥❞❛❧♦♥❡

❋✐❣✉r❡ ✸✳✷✿ ◆P❘❙ ♠❛♣♣✐♥❣ t♦ ❘❊s ✐♥ ♦♥❡ s✉❜❢r❛♠❡✱ ✉s✐♥❣ ❛ ❢r❡✲
q✉❡♥❝② s❤✐❢t vshift = 0✳ ❚❤❡ ◆P❘❙ ❡❧❡♠❡♥ts ❛r❡ ❞❡♥♦t❡❞ ❜②
R6✱ t❤❡ ❝❡❧❧ s♣❡❝✐✜❝ r❡❢❡r❡♥❝❡ s✐❣♥❛❧ ❜② R0 ❛♥❞ t❤❡② s❤❛❞❡❞
❛r❡❛ ✐s ❛❧❧♦❝❛t❡❞ t♦ ❝♦♥tr♦❧ ❝❤❛♥♥❡❧s✳ ❖♥ t❤❡ ✇❤✐t❡ ❘❊s✱ ♥♦
❞❛t❛ ✐s ❜❡✐♥❣ tr❛♥s♠✐tt❡❞✳

r❡❢❡r❡♥❝❡ s✐❣♥❛❧ ❛♥❞ ❝♦♥tr♦❧ ❝❤❛♥♥❡❧s✳ ❋♦r st❛♥❞❛❧♦♥❡ ♦♣❡r❛t✐♦♥✱ t❤✐s ❞♦❡s ♥♦t
♥❡❡❞ t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ t❤❡r❡❢♦r❡ ❛❧❧ t❤❡ ❖❋❉▼ s②♠❜♦❧s ❝❛♥ ❜❡ ✉s❡❞
❢♦r ◆P❘❙ tr❛♥s♠✐ss✐♦♥✱ s✉❝❤ t❤❛t NNPRS = Nsym = 14✳

❚❤❡ t✐♠❡ ❞♦♠❛✐♥ s②♠❜♦❧s sp,l[n]✱ ✇❤❡r❡ p ❞❡♥♦t❡s t❤❡ ❡◆♦❞❡❇ ✐♥❞❡①✱ ✐s tr❛♥s✲
♠✐tt❡❞ ❜② ❖❋❉▼ ♠♦❞✉❧❛t✐♦♥ ❛t ❡❛❝❤ ❝❡❧❧ ❛❝❝♦r❞✐♥❣ t♦ ✭✷✳✹✮✱ ✇❤✐❝❤ ❣✐✈❡s

sp,l[n] =
1√
N

N−1
∑

k=0

S′
p,l[k]e

j2πkn

N ✭✸✳✽✮

✇❤❡r❡ S′
p,l[k] ✐s t❤❡ ③❡r♦ ♣❛❞❞❡❞ ✈❡rs✐♦♥ ♦❢ Sl[k] ❢♦r ❝❡❧❧ p✳

✸✳✷ ❙✐❣♥❛❧ ▼♦❞❡❧

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ✇❤❡r❡ ❛ ❯❊ ❧♦❝❛t❡❞ ❛t ♣♦s✐t✐♦♥ (x, y) r❡❝❡✐✈❡s s✐♠✉❧t❛♥❡✲
♦✉s❧② tr❛♥s♠✐tt❡❞ ◆P❘❙ s✐❣♥❛❧s ❢r♦♠ p = 0, ..., P −1 ❡◆♦❞❡❇s ❧♦❝❛t❡❞ ❛t ♣♦s✐t✐♦♥s
(xp, yp)✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s✐❣♥❛❧s ❛r❡ tr❛♥s♠✐tt❡❞
❛t t✐♠❡ t = 0✳ ❋r♦♠ t❤❡ ♣r♦✈✐❞❡❞ ❛ss✐st❛♥❝❡ ❞❛t❛✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝✐♣❛t✐♥❣
❡◆♦❞❡❇s P ✐s ❦♥♦✇♥ ❛t t❤❡ ❯❊✱ ❜✉t s✐♥❝❡ t❤❡ ❯❊ ❝❧♦❝❦ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② s②♥✲
❝❤r♦♥✐③❡❞ ✇✐t❤ t❤❡ ♥❡t✇♦r❦✱ t❤❡ ◆P❘❙ tr❛♥s♠✐t t✐♠❡ ✐s ❝♦♥s✐❞❡r❡❞ ✉♥❦♥♦✇♥✳ ❚❤❡
s✐❣♥❛❧ ❢r♦♠ ❝❡❧❧ p ✇✐❧❧ ❜❡ tr❛♥s♠✐tt❡❞ ✇✐t❤ tr❛♥s♠✐t ♣♦✇❡r Gp✱ ❡①♣❡r✐❡♥❝❡ ❛ ♣❛t❤
❧♦ss αp✱ ❛♥❞ ♣❛ss t❤r♦✉❣❤ ❛ ♠✉❧t✐♣❛t❤ ❢❛❞✐♥❣ ❝❤❛♥♥❡❧ ✇✐t❤ i = 0, ..., Lp − 1 ♣❛t❤s✳
■❢ t❤❡ s✐❣♥❛❧ ❢r♦♠ t❤❡ it❤ ♣❛t❤ ♦❢ t❤❡ pt❤ ❝❡❧❧ ❛rr✐✈❡s ❛t t❤❡ ❯❊ ❛t t✐♠❡ τp,i✱ t❤❡
t✐♠❡ ♦❢ ❛rr✐✈❛❧ ✐♥ t❡r♠s ♦❢ s❛♠♣❧❡s ✇✐❧❧ ❜❡

np,i = ⌊τp,iFs⌋ ✭✸✳✾✮
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✇❤❡r❡ Fs = 1.92 ▼❍③ ✐s t❤❡ ✐♥❞✉str② st❛♥❞❛r❞ ❯❊ s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝②✳ ❚❤❡
❧✐♥❡✲♦❢✲s✐❣❤t ✭▲❖❙✮ ❝♦♠♣♦♥❡♥ts τp,0✱ ✐✳❡✳ t❤❡ ✜rst ♣❛t❤s ♦❢ ❛rr✐✈❛❧ t❤❛t ♣r♦♣❛❣❛t❡
✐♥ ❛ str❛✐❣❤t ♣❛t❤ ❢r♦♠ t❤❡ ❝❡❧❧ t♦✇❡r t♦ t❤❡ ❯❊ ✇✐t❤♦✉t ❜❡✐♥❣ s❝❛tt❡r❡❞✱ ❛r❡
r❡❧❛t❡❞ t♦ t❤❡ ❯❊ ♣♦s✐t✐♦♥ ❛s τp,0 = rp/c✱ ✇❤❡r❡ c ✐s t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ❛♥❞ rp =
√

(x− xp)2 + (y − yp)2 ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❝❡❧❧✲t♦✇❡r p ❛♥❞ t❤❡ ❯❊✳
❚❤❡ s②♠❜♦❧ ❛rr✐✈✐♥❣ ❛t t❤❡ ❯❊ ♠❛② t❤❡♥ ❜❡ ♠♦❞❡❧❧❡❞ ❛s

yp,i[n+ lM ] =















0, 0 ≤ n < np,i
√

Gp

αp
hl
p,i[n]sp,l[n− np,i], np,i ≤ n < np,i +M

0, np,i +M ≤ n < np,i +M + M̃

✭✸✳✶✵✮
❢♦r s♦♠❡ ✉♥❦♥♦✇♥ ❝♦♠♣❧❡① ❝❤❛♥♥❡❧ ❝♦❡✣❝✐❡♥ts hp,i[n] ❛♥❞ ✇❤❡r❡ M ✐s t❤❡ s②♠❜♦❧

❧❡♥❣t❤ ❛♥❞ M̃ ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ❚❖❆ s❡❛r❝❤ ✇✐♥❞♦✇✳ ❋♦r ◆❇✲■♦❚ s②st❡♠s✱ t❤❡
s②♠❜♦❧ ❧❡♥❣t❤ M ✐s ✶✸✼ s❛♠♣❧❡s ✐♥❝❧✉❞✐♥❣ ❈P✱ ❡①❝❡♣t ❢♦r t❤❡ ✜rst s②♠❜♦❧s ✐♥
❡❛❝❤ s❧♦t✱ ✇❤✐❝❤ ❛r❡ ✶✸✽ s❛♠♣❧❡s ❧♦♥❣✳ ❚❤❡ s❡❛r❝❤ ✇✐♥❞♦✇ ❧❡♥❣t❤ M̃ ❞❡✜♥❡s t❤❡
♠❛①✐♠✉♠ ❚❖❆ t❤❛t ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❛♥❞ ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ ❛t t❤❡ ❯❊✳

❚❤❡ ♣❛t❤ ❧♦ss αp ✐s ❝♦♠♠♦♥❧② ♠♦❞❡❧❧❡❞ ✇✐t❤ ❛ ❧♦❣✲❞✐st❛♥❝❡ ♠♦❞❡❧ ❬✶✷❪✱ ✇❤✐❝❤
✐♥ ❞❇✲s❝❛❧❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

(

αp

)

dB
=

(

αp,0

)

dB
+ 10γ log10 rp + βp ✭✸✳✶✶✮

✇❤❡r❡ rp ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❯❊ ❛♥❞ ❝❡❧❧ t♦✇❡r p✱ αp,0 ✐s t❤❡ ♣❛t❤ ❧♦ss ❛t
t❤❡ r❡❢❡r❡♥❝❡ ❞✐st❛♥❝❡✱ γ ✐s t❤❡ ♣❛t❤✲❧♦ss ❡①♣♦♥❡♥t✱ ❛♥❞ βp ✐s ❛ ③❡r♦✲♠❡❛♥ ●❛✉ss✐❛♥
r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❛t ♠♦❞❡❧s t❤❡ s❧♦✇ ❢❛❞✐♥❣ ♦❢ t❤❡ ❝❤❛♥♥❡❧✳ ❙❧♦✇ ❢❛❞✐♥❣ ♠❛② ♦❝❝✉r
❞✉❡ t♦ s❤❛❞♦✇✐♥❣✱ ✐✳❡✳ ✇❤❡♥ t❤❡ ♣❛t❤ ❜❡t✇❡❡♥ t❤❡ ❝❡❧❧ t♦✇❡r ❛♥❞ ❯❊ ✐s ♦❜str✉❝t❡❞
❜② s♦♠❡ ❧❛r❣❡ ♦❜❥❡❝t✳

❚❤❡ ❝❤❛♥♥❡❧ ❝❤❛r❛❝t❡r✐st✐❝s ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❤②s✐❝❛❧ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ❡❛❝❤ ♠✉❧✲
t✐♣❛t❤ ❝♦♠♣♦♥❡♥t ❛r✐s❡s ✇❤❡♥ t❤❡ s✐❣♥❛❧ ✐s s❝❛tt❡r❡❞ ♦♥ s✉r❢❛❝❡s✱ ❢♦r ❡①❛♠♣❧❡
❜✉✐❧❞✐♥❣s ✐♥ ❛♥ ✉r❜❛♥ ❡♥✈✐r♦♥♠❡♥t✳ ■♥ ❖❚❉❖❆ s❝❡♥❛r✐♦s✱ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞
✐♥ ✜♥❞✐♥❣ t❤❡ ▲❖❙ ❝♦♠♣♦♥❡♥t✳ ■♥ s♦♠❡ s❝❡♥❛r✐♦s✱ t❤✐s ❝♦♠♣♦♥❡♥t ♠✐❣❤t ❜❡ ✇❡❛❦❡r
t❤❛♥ t❤❡ s❝❛tt❡r❡❞ ❝♦♠♣♦♥❡♥ts ♦r ♥♦t ❡✈❡♥ ♣r❡s❡♥t ❛t ❛❧❧✱ ✇❤✐❝❤ ♠❛❦❡s ❚❖❆ ❡st✐✲
♠❛t✐♦♥ ❞✐✣❝✉❧t✳ ✸●PP ❝❤❛♥♥❡❧ ♠♦❞❡❧s ❛r❡ ❞❡✜♥❡❞ ❜② ❛ ♥✉♠❜❡r ♦❢ ❝❤❛♥♥❡❧ t❛♣s
✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ t❛♣ ❞❡❧❛②s ❛♥❞ r❡❧❛t✐✈❡ ♣♦✇❡r✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❡①t❡♥❞❡❞ t②♣✲
✐❝❛❧ ✉r❜❛♥ ✭❊❚❯✮ ❝❤❛♥♥❡❧ ✐s s♣❡❝✐✜❡❞ ✐♥ t❛❜❧❡ ✸✳✶✳ ❍❡r❡ t❤❡ ✜rst t❤r❡❡ ♣❛t❤s ❛r❡
✇❡❛❦❡r t❤❛♥ t❤❡ ❢♦✉rt❤✱ ✜❢t❤✱ ❛♥❞ s✐①t❤ ♣❛t❤✱ ✇❤✐❝❤ ✇✐❧❧ ♠❛❦❡ ✐t ❞✐✣❝✉❧t ❢♦r t❤❡
❯❊ t♦ ❞❡t❡❝t t❤❡ ▲❖❙ ❝♦♠♣♦♥❡♥t✳ ❚❤❡ ❯❊ ♠♦✈❡♠❡♥t ✐s t②♣✐❝❛❧❧② ❛❧s♦ ♠♦❞❡❧❧❡❞
✐♥t♦ t❤❡ ❝❤❛♥♥❡❧ ❜② s♣❡❝✐❢②✐♥❣ ❛ ♠❛①✐♠✉♠ ❉♦♣♣❧❡r s❤✐❢t✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ t❤❡
❯❊ ✐s ♥♦t ♣❡r❢❡❝t❧② s②♥❝❤r♦♥✐③❡❞ ✐♥ ❢r❡q✉❡♥❝② ✇✐t❤ ❛❧❧ ❝❡❧❧ t♦✇❡rs✱ ❡❛❝❤ r❡❝❡✐✈❡❞
s✐❣♥❛❧ ✇✐❧❧ ❛❧s♦ ❡①♣❡r✐❡♥❝❡ ❛ ♣❤❛s❡ r♦t❛t✐♦♥ ❝❛✉s❡❞ ❜② t❤❡ r❡s✐❞✉❛❧ ❝❛rr✐❡r ❢r❡q✉❡♥❝②
♦✛s❡t ✭❈❋❖✮ ♦❢ ❡❛❝❤ ❝❡❧❧✳ ❍♦✇❡✈❡r✱ t❤✐s ♣❤❛s❡ ❞♦❡s ♥♦t s❤♦✇ ✉♣ ❡①♣❧✐❝✐t❧② ✐❢ ✐t ✐s
♠♦❞❡❧❧❡❞ ✐♥t♦ t❤❡ ❝❤❛♥♥❡❧ ❝♦❡✣❝✐❡♥ts✳

❚❤❡ ❯❊ ✇✐❧❧ r❡❝❡✐✈❡ ❞❛t❛ ❞✉r✐♥❣ ❛ t✐♠❡ ♣❡r✐♦❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞✉r❛t✐♦♥
♦❢ ♦♥❡ s✉❜❢r❛♠❡ ♣❧✉s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❚❖❆ s❡❛r❝❤ ✇✐♥❞♦✇✳ ❚❤❡ s✐❣♥❛❧ r❡❝♦r❞❡❞
❜② t❤❡ ❯❊ ❝❛♥ t❤✉s ❜❡ ✇r✐tt❡♥ ❛s

y[n] =

P−1
∑

p=0

Nsym−1
∑

l=0

Lp−1
∑

i=0

yp,i[n+ lM ] + w[n] ✭✸✳✶✷✮
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❚❛❜❧❡ ✸✳✶✿ ❊❚❯ ❝❤❛♥♥❡❧ ♠♦❞❡❧ ❬✶✾❪

❊①❝❡ss t❛♣ ❞❡❧❛② ❬♥s❪ ❘❡❧❛t✐✈❡ ♣♦✇❡r ❬❞❇❪

✵ ✲✶

✺✵ ✲✶

✶✷✵ ✲✶

✷✵✵ ✵

✷✸✵ ✵

✺✵✵ ✵

✶✻✵✵ ✲✸

✷✸✵✵ ✲✺

✺✵✵✵ ✲✼

✇❤❡r❡ w[n] ✐s ③❡r♦✲♠❡❛♥ ❛❞❞✐t✐✈❡ ✇❤✐t❡ ●❛✉ss✐❛♥ ♥♦✐s❡ ✭❆❲●◆✮ ✇✐t❤ ✈❛r✐❛♥❝❡ σ2✱
✇❤✐❝❤ ♠♦❞❡❧s t❤❡ t❤❡r♠❛❧ ♥♦✐s❡ ✐♥ t❤❡ r❡❝❡✐✈❡r✳

✸✳✸ ❚❖❆ ❊st✐♠❛t✐♦♥

❋r♦♠ t❤❡ ❯❊ ♣❡rs♣❡❝t✐✈❡✱ t❤❡ ❣♦❛❧ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ❞❡❧❛②s np,0 ♦❢ t❤❡ ✜rst ♣❛t❤
❢r♦♠ ❡❛❝❤ ❝❡❧❧✳ ❙✐♥❝❡ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❖❋❉▼ s②♠❜♦❧s ❝❛rr②✐♥❣ ◆P❘❙
❞❛t❛✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥ l̃(s) ✭0 ≤ s ≤ NNPRS − 1✮ ❢♦r t❤❡ st❤ s②♠❜♦❧
❝♦♥t❛✐♥✐♥❣ ◆P❘❙✳ ❚❤❡ ❯❊ ✐s ❛ss✉♠❡❞ t♦ ❦♥♦✇ t❤✐s s❡q✉❡♥❝❡ ❛ ♣r✐♦r✐✱ s✐♥❝❡ ✐t
❦♥♦✇s ✐❢ t❤❡ ❝❛rr✐❡rs ❛r❡ ❞❡♣❧♦②❡❞ ✐♥✲❜❛♥❞ ♦r ✐♥ st❛♥❞❛❧♦♥❡ ♦♣❡r❛t✐♦♥ t❤r♦✉❣❤
✐♥✐t✐❛❧ ❛❝q✉✐s✐t✐♦♥✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❆❲●◆ ❝❤❛♥♥❡❧ ✇✐t❤♦✉t ❈❋❖✱ ✐✳❡✳ hl

p,i = 0

❢♦r i 6= 0 ❛♥❞ hl
p,0 = 1 ∀p, l✱ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s✐❣♥❛❧s ❢r♦♠ ✐♥t❡r❢❡r✐♥❣ ❝❡❧❧s

❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❛s ●❛✉ss✐❛♥ ♥♦✐s❡✱ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ✭▼▲✮ ❡st✐♠❛t♦r ♦❢ t❤❡
❚❖❆ ✭✐♥ t❡r♠s ♦❢ s❛♠♣❧❡s✮ ♦❢ t❤❡ pt❤ ❝❡❧❧ ✐s t❤❡ ❞❡❧❛② t❤❛t ♠❛①✐♠✐③❡s t❤❡ ❛✈❡r❛❣❡
♦❢ t❤❡ s②♠❜♦❧✲❜②✲s②♠❜♦❧ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❬✷✵❪✿

n̂p,0 = argmax
n

∣

∣

∣

NNPRS
∑

s=0

Rp,l̃(s)[n]
∣

∣

∣
✭✸✳✶✸✮

✇❤❡r❡ t❤❡ s②♠❜♦❧✲❜②✲s②♠❜♦❧ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❛s

Rp,l[n] =
1

M

n+M−1
∑

m=n

y[m+ lM ]s∗p,l[m− n], n = 0, ..., M̃ ✭✸✳✶✹✮

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ✐s ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ❦♥♦✇♥ ◆P❘❙ s❡q✉❡♥❝❡
❛♥❞ t❤❡ ❞❡❧❛② ✐s ❢♦✉♥❞ ✇❤❡r❡ t❤❡r❡ ✐s ❛ ♣❡❛❦ ✐♥ t❤❡ ❝♦rr❡❧❛t✐♦♥✳ ■♥ ♦r❞❡r t♦ ♠❛❦❡
s✉r❡ t❤❛t ❛♥ ❛❝t✉❛❧ ♣❡❛❦ ✐s ♣r❡s❡♥t ✐♥ t❤❡ ❝♦rr❡❧❛t✐♦♥✱ t❤❡ ♣❡❛❦ t♦ ❛✈❡r❛❣❡ ✭P❆❘✮
✐s ❝❛❧❝✉❧❛t❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤ ❛ ♣r❡❞❡✜♥❡❞ t❤r❡s❤♦❧❞ η✳ ❍❡r❡✱ t❤❡ P❆❘ ✐s ❣✐✈❡♥
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n [1.92 MHz samples]

0

0.05

0.1

0.15

R
[n

]

NPRS Autocorrelation

❋✐❣✉r❡ ✸✳✸✿ ❚❤❡ ◆P❘❙ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ s❛♠♣❧❡❞ ❛t ✶✳✾✷
▼❍③✳ ❚❤❡ ✇✐❞❡ ♠❛✐♥✲❧♦❜❡ ❛r✐s❡s ❞✉❡ t♦ ♦✈❡rs❛♠♣❧✐♥❣✳

❜②

PAR =

∣

∣

∣

NNPRS−1
∑

s=0
Rp,l̃(s)[n̂p,0]

∣

∣

∣

1
M̃

M̃
∑

n=0

∣

∣

∣

NNPRS−1
∑

s=0
Rp,l̃(s)[n]

∣

∣

∣

✭✸✳✶✺✮

■❢ PAR < η✱ ✐t ✐s s❛✐❞ t❤❛t t❤❡ ♣❡❛❦ ✐s ♥♦t s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r t❤❛♥ ✇❤❛t ❝❛♥
❜❡ ❡①♣❡❝t❡❞ ❢r♦♠ ❛ ♥♦✐s❡✲❧✐❦❡ s✐❣♥❛❧ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♠❡❛s✉r❡♠❡♥t ✐s t❤r♦✇♥
❛✇❛②✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ η ✇✐❧❧ t❤❡r❡❢♦r❡ ❝♦rr❡s♣♦♥❞ t♦ ❛ ❢❛❧s❡ ❛❧❛r♠✴♠✐ss❡❞ ❞❡t❡❝t✐♦♥
♣r♦❜❛❜✐❧✐t②✳

❚❤✐s ❞❡t❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s t❤❡♥ r❡♣❡❛t❡❞ ❢♦r ❛❧❧ P ❝❡❧❧s✳ ❚❤❡ ❛ss✐st❛♥❝❡ ❞❛t❛
♣r♦✈✐❞❡s ❛ s❡❛r❝❤ ✇✐♥❞♦✇ ❢♦r t❤❡ ❚❖❆s✱ s♦ t❤❛t t❤❡ s❡❛r❝❤ ❝❛♥ ❜❡ ❧✐♠✐t❡❞ t♦ ❞❡❧❛②s
n ≤ M̃ ✳ ❙✐♥❝❡ t❤❡ ◆P❘❙ s✐❣♥❛❧ ❤❛s ❣♦♦❞ ❝♦rr❡❧❛t✐♦♥ ♣r♦♣❡rt✐❡s✱ t❤✐s ♣❡❛❦ ❝❛♥ ❜❡
❞❡t❡❝t❡❞ ❡✈❡♥ ✉♥❞❡r ♣♦♦r ♥♦✐s❡ ❝♦♥❞✐t✐♦♥s✳ ❋✐❣✉r❡ ✸✳✸ s❤♦✇s t❤❡ ♣❡❛❦ ♦❢ t❤❡ ◆P❘❙
❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ s❛♠♣❧❡❞ ❛t ✶✳✾✷ ▼❍③ ✭N = 128✮✳ ❚❤❡ ♣❡❛❦ ❤❛s ❛ ✇✐❞t❤
♦❢ ±8 s❛♠♣❧❡s✱ ✇❤✐❝❤ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ s✐❣♥❛❧ ✐s ♦✈❡rs❛♠♣❧❡❞ ✭t❤❡ ■❋❋❚
❤❛s ❜❡❡♥ ③❡r♦✲♣❛❞❞❡❞✮✳ ❋✐♥❛❧❧②✱ t❤❡ ❚❖❆ ❡st✐♠❛t❡s ✐♥ s❡❝♦♥❞s ❛r❡ s✐♠♣❧② ❣✐✈❡♥
❜②

τ̂p,0 =
n̂p,0

Fs

✭✸✳✶✻✮

❚❤❡ ❡st✐♠❛t♦r ✐♥ ✭✸✳✶✸✮ ✐s t❤❡ s✐♠♣❧❡st ❢♦r♠ ♦❢ ❚❖❆ ❡st✐♠❛t♦r ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞
❛s ❛ ❜❡♥❝❤♠❛r❦ ❢♦r ❝♦♠♣❛r✐s♦♥s✳ ❍♦✇❡✈❡r✱ ✐♥ ♠♦st r❡❛❧✐st✐❝ s❝❡♥❛r✐♦s t❤✐s ❡st✐✲
♠❛t♦r ♣❡r❢♦r♠s ♣♦♦r❧②✳ ❚❤❡ ✐♥t❡r✲❝❡❧❧ ✐♥t❡r❢❡r❡♥❝❡ ✇✐❧❧ ♠❛❦❡ ✐t ❞✐✣❝✉❧t t♦ ❞❡t❡❝t
t❤❡ ♣❡❛❦ ❢r♦♠ ✇❡❛❦ ❝❡❧❧s ❛♥❞ t❤❡ ❈❋❖s ✇✐❧❧ ✐♥tr♦❞✉❝❡ ❛ ♣❤❛s❡ s❤✐❢t t❤❛t ❞✐st♦rts
t❤❡ ❝♦rr❡❧❛t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✐♥ ♠✉❧t✐♣❛t❤ ❢❛❞✐♥❣ ❝❤❛♥♥❡❧s✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ✇✐❧❧ ❤❛✈❡
♠✉❧t✐♣❧❡ ♣❡❛❦s✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ❞✐✣❝✉❧t t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ ▲❖❙ ❝♦♠♣♦♥❡♥t✳ ❚❤❡r❡✲
❢♦r❡✱ ♠♦r❡ ❛❞✈❛♥❝❡s ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛r❡ ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡
❚❖❆ ❛❝❝✉r❛❝②✱ s♦♠❡ ♦❢ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✻✳



❖❚❉❖❆✲❇❛s❡❞ P♦s✐t✐♦♥✐♥❣ ❢♦r ◆❇✲■♦❚ ✶✺

✸✳✹ ❚❤❡ ◆❛✈✐❣❛t✐♦♥ ❙♦❧✉t✐♦♥

❙✐♥❝❡ t❤❡ s✐❣♥❛❧ tr❛♥s♠✐t t✐♠❡s ❛r❡ ✉♥❦♥♦✇♥✱ t❤❡ ❚❖❆s ❝❛♥♥♦t ❜❡ ✉s❡❞ ❞✐r❡❝t❧②
t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✉s❡r ♣♦s✐t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ♦♥❝❡ t❤❡ ❚❖❆ ❡st✐♠❛t❡s τ̂p,0 ❛r❡ ❦♥♦✇♥✱
t❤❡ ❚❉❖❆ ❡st✐♠❛t❡s ∆τ̂p ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② s✉❜tr❛❝t✐♥❣ t❤❡ ❚❖❆ ♦❢ t❤❡ r❡❢❡r❡♥❝❡
❝❡❧❧ p = 0 ❢r♦♠ ❛❧❧ t❤❡ ♦t❤❡r ❞❡t❡❝t❡❞ ❚❖❆s✿

∆τ̂p = τ̂p,0 − τ̂0,0, p = 1, ..., P − 1 ✭✸✳✶✼✮

❚❤❡ ❚❉❖❆s ❝❛♥ ❡✐t❤❡r ❜❡ r❡♣♦rt❡❞ t♦ t❤❡ ♥❡t✇♦r❦ ✇❤✐❝❤ t❤❡♥ ❝❛❧❝✉❧❛t❡s t❤❡ ❯❊
♣♦s✐t✐♦♥ ❜② s♦❧✈✐♥❣ t❤❡ ❖❚❉❖❆ ❡q✉❛t✐♦♥s ❢♦r (x, y)✿























c∆τ̂1 =
√

(x− x1)2 + (y − y1)2 −
√

(x− x0)2 + (y − y0)2

c∆τ̂2 =
√

(x− x2)2 + (y − y2)2 −
√

(x− x0)2 + (y − y0)2

✳✳✳

c∆τ̂P−1 =
√

(x− xP−1)2 + (y − yP−1)2 −
√

(x− x0)2 + (y − y0)2

✭✸✳✶✽✮

❚❤❡ ❡◆♦❞❡❇ ❛♥t❡♥♥❛ ❝♦♦r❞✐♥❛t❡s (xp, yp) ❛r❡ ♣r♦✈✐❞❡❞ ❜② ❛ss✐st❛♥❝❡ ❞❛t❛ ❛♥❞ ❛r❡
❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥ ✇✐t❤ ❣♦♦❞ ♣r❡❝✐s✐♦♥✳ ●❡♦♠❡tr✐❝❛❧❧②✱ ❡❛❝❤ ❡q✉❛t✐♦♥ ✐♥ t❤❡
s②st❡♠ ✭✸✳✶✽✮ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❤②♣❡r❜♦❧❛ ❛♥❞ t❤❡ ❯❊ ♣♦s✐t✐♦♥ ✐s ❢♦✉♥❞ ❛t t❤❡✐r
✐♥t❡rs❡❝t✐♦♥✳ ■♥ ❛ ❣♦♦❞ ❝❡❧❧ ❣❡♦♠❡tr② ✇❤❡r❡ t✇♦ ❤②♣❡r❜♦❧❛s ❞♦ ♥♦t ✐♥t❡rs❡❝t ♠♦r❡
t❤❛♥ ♦♥❝❡✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❢♦r P = 3 ❛♥❞ ❢♦r P > 3 ✐t ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥
t❤❡ ❧❡❛st sq✉❛r❡s ✭▲❙✮ s❡♥s❡✳ ■♥ ❣❡♥❡r❛❧✱ ❤❛✈✐♥❣ ♠♦r❡ ❡q✉❛t✐♦♥s ✇✐❧❧ ❞❡❝r❡❛s❡ t❤❡
✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ❡rr♦r✱ ✇❤✐❝❤ ✐s ✇❤② ✐t ✐s ♣r❡❢❡r❛❜❧❡ t♦ ❤❛✈❡ ♠♦r❡ t❤❛♥ ✸
❡◆♦❞❡❇s ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❛tt❡♠♣t✳ ■❢ P < 3✱ t❤❡r❡ ✐s ♥♦ ✉♥✐q✉❡
s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ♣r♦❝❡❞✉r❡ ❢❛✐❧s ❬✶✻❪✳

❚❤❡r❡ ✐s ♥♦ ❝❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥ t♦ ✐♥ ✭✸✳✶✽✮✱ ❜✉t t❤❡ s②st❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞
❜② ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ ●❛✉ss✲◆❡✇t♦♥ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✐s ✉s❡❞
t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s ❬✷✶❪✳ ❉✐✛❡r❡♥t ♠❡t❤♦❞s ✈❛r② ✐♥ t❡r♠s ♦❢ ❝♦♠♣❧❡①✐t②✱ st❛✲
❜✐❧✐t② ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡✳ ■♥ t❤✐s t❤❡s✐s✱ ❤♦✇❡✈❡r✱ ♦♥❧② ❯❊✲❛ss✐st❡❞ ♣♦s✐t✐♦♥✐♥❣ ✐s
❝♦♥s✐❞❡r❡❞✱ s♦ t❤✐s t♦♣✐❝ ✇✐❧❧ ♥♦t ❜❡ ❝♦✈❡r❡❞✳

✸✳✺ ●❡♥❡r❛❧ P♦s✐t✐♦♥✐♥❣ Pr♦❝❡❞✉r❡s

❚❤❡ ▲❚❊ ♣♦s✐t✐♦♥✐♥❣ ♣r♦t♦❝♦❧ ♣r♦❝❡❞✉r❡s ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s ❬✶✼❪

✶✳ ❚❤❡ ❧♦❝❛t✐♦♥ s❡r✈❡r r❡q✉❡sts t❤❡ ❯❊ ♣♦s✐t✐♦♥✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s ❢♦r ❖❚❉❖❆✳

✷✳ ❚❤❡ ❯❊ r❡s♣♦♥❞s ✇✐t❤ t❤❡ ❖❚❉❖❆ ♠♦❞❡ s✉♣♣♦rt ✭❡✳❣✳ ❯❊ ❛ss✐st❡❞✮✱ t❤❡
s✉♣♣♦rt❡❞ ❢r❡q✉❡♥❝② ❜❛♥❞s ❛♥❞ ✇❤❡t❤❡r ✐♥t❡r✲❢r❡q✉❡♥❝② ♠❡❛s✉r❡♠❡♥ts ❛r❡
s✉♣♣♦rt❡❞✳

✸✳ ❚❤❡ ❧♦❝❛t✐♦♥ s❡r✈❡r t❤❡♥ ♣r♦✈✐❞❡s t❤❡ ❯❊ ✇✐t❤ ❛ss✐st❛♥❝❡ ❞❛t❛✱ ❝♦♥t❛✐♥✐♥❣
t❤❡ ❝❡❧❧ ■❉s ♦❢ t❤❡ ♦❢ t❤❡ ❛♥❝❤♦r ❝❡❧❧ ❛♥❞ r❡❢❡r❡♥❝❡ ❝❡❧❧s✱ ❡①♣❡❝t❡❞ ❚❖❆s ❛♥❞
t❤❡✐r ✉♥❝❡rt❛✐♥t②✱ t❤❡ ◆P❘❙ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥❞❡①✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s❡❝✉t✐✈❡
◆P❘❙ s✉❜❢r❛♠❡s tr❛♥s♠✐tt❡❞✱ ❛♥❞ ♦t❤❡r ♦♣t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳

✹✳ ❚❤❡ ❧♦❝❛t✐♦♥ s❡r✈❡r r❡q✉❡sts t❤❡ ❧♦❝❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ❯❊ ✇✐t❤ ❛
r❡q✉✐r❡❞ ♠❛①✐♠✉♠ r❡s♣♦♥s❡ t✐♠❡✳



✶✻ ❖❚❉❖❆✲❇❛s❡❞ P♦s✐t✐♦♥✐♥❣ ❢♦r ◆❇✲■♦❚

✺✳ ❚❤❡ ❯❊ ♣❡r❢♦r♠s ❚❖❆ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ r❡s♣♦♥❞s ✇✐t❤ t❤❡ r❡s✉❧ts ❜❡❢♦r❡
t❤❡ ♠❛①✐♠✉♠ r❡s♣♦♥s❡ t✐♠❡ ❤❛s ❡①♣✐r❡❞✳

❚❤❡ ♠❛①✐♠✉♠ r❡s♣♦♥s❡ t✐♠❡ ✐s ❣✐✈❡♥ ❜② ❬✷✷❪

Tresponse = TNPRS(M − 1) + 160⌈ P
M
⌉ ms ✭✸✳✶✾✮

✇❤❡r❡ TNPRS ✐s t❤❡ ◆P❘❙ s✉❜❢r❛♠❡ ♣❡r✐♦❞✱ ✇❤✐❝❤ ✐s s♣❡❝✐✜❡❞ ❜② ❤✐❣❤❡r ❧❛②❡rs✱
❛♥❞ M ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦s✐t✐♦♥✐♥❣ ♦❝❝❛s✐♦♥s✳ ❚❤❡ ♠❛①✐♠✉♠ r❡s♣♦♥s❡ t✐♠❡ ✐s
t❤❡r❡❢♦r❡ ❛t ❧❡❛st ✶✻✵ ♠s ♣❡r ♣♦s✐t✐♦♥✐♥❣ ♦❝❝❛s✐♦♥✳

✸✳✻ ❆❝❝✉r❛❝② ♦❢ ❖❚❉❖❆✲❜❛s❡❞ P♦s✐t✐♦♥✐♥❣ ❛♥❞ Pr❡✈✐♦✉s ❲♦r❦

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❢❛❝t♦rs t❤❛t ✐♥✢✉❡♥❝❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❞❡s❝r✐❜❡❞ ♠❡t❤♦❞✳
❖♥❡ ♦❢ t❤❡♠ ✐s t❤❡ ♠❡❛s✉r❡♠❡♥t ❣❡♦♠❡tr②✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❧❛t✐✈❡ ❧♦❝❛t✐♦♥
♦❢ t❤❡ ❡◆♦❞❡❇s ❛♥❞ t❤❡ ❯❊✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤r❡❡ ❡◆♦❞❡❇s ❛r❡ ✉s❡❞✱ t❤❡ ❜❡st
♠❡❛s✉r❡♠❡♥t s❝❡♥❛r✐♦ ✐s ✐❢ t❤❡② ❢♦r♠ ❛♥ ❡q✉✐❧❛t❡r❛❧ tr✐❛♥❣❧❡ ✇✐t❤ t❤❡ ❯❊ ✐♥ t❤❡
❝❡♥t❡r ❬✶✻❪✳ ■❢ t❤❡ ❯❊ ✐s ❧♦❝❛t❡❞ ❝❧♦s❡ t♦ t❤❡ ❡❞❣❡ ♦❢ t❤❡ tr✐❛♥❣❧❡ ❢♦r♠❡❞ ❜② t❤❡
❡◆♦❞❡❇s✱ t❤❡ ❞✐❧✉t✐♦♥ ♦❢ ♣r❡❝✐s✐♦♥ ✐s ✐♥❝r❡❛s❡❞ ❛♥❞ t❤❡ ♣♦s✐t✐♦♥ ❡st✐♠❛t❡ ✈❛r✐❛♥❝❡
✇✐❧❧ ✐♥❝r❡❛s❡✳ ◆♦t❡ t❤❛t t❤✐s ✐s ❛ ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt② t❤❛t ❝❛♥♥♦t ❜❡
♦✈❡r❝♦♠❡ ❜② ✐♥❝r❡❛s❡❞ ♠❡❛s✉r❡♠❡♥t ♣r❡❝✐s✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ♣r♦❜❧❡♠ ✐s ♥♦t ♦❢
✐♥t❡r❡st ❢r♦♠ t❤❡ ❯❊ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❊①❛♠♣❧❡s ♦❢ ♦t❤❡r s✉❝❤ ❢❛❝t♦rs t❤❛t ✐♥✢✉❡♥❝❡
t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥❛✈✐❣❛t✐♦♥ s♦❧✉t✐♦♥ ❛r❡ ❡◆♦❞❡❇ s②♥❝❤r♦♥✐③❛t✐♦♥ ❡rr♦rs ❛♥❞
❡rr♦rs ✐♥ t❤❡ ❡◆♦❞❡❇ ❛♥t❡♥♥❛ ❝♦♦r❞✐♥❛t❡s (xp, yp) ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❛ss✐st❛♥❝❡ ❞❛t❛✳

❚❤❡ ❡rr♦rs t❤❛t ❝❛♥ ❜❡ ♠✐t✐❣❛t❡❞ ❜② t❤❡ ❯❊ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❚❖❆ ❡st✐♠❛t✐♦♥✱
s✐♥❝❡ ❡rr♦rs ✐♥ ∆τ̂p ✇✐❧❧ ❜❡ r❡✢❡❝t❡❞ ✐♥ t❤❡ ♣♦s✐t✐♦♥ ❡st✐♠❛t❡✳ ❆s ✇❛s ♠❡♥t✐♦♥❡❞ ✐♥
s❡❝t✐♦♥ ✸✳✸✱ t❤❡ r❛❞✐♦ ♣r♦♣❛❣❛t✐♦♥ ❡♥✈✐r♦♥♠❡♥t ✇✐❧❧ ❤❛✈❡ ❛ s❡✈❡r❡ ✐♠♣❛❝t ♦♥ t❤❡
❚❖❆ ❡st✐♠❛t❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥t❡r❢❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝❡❧❧s ❝❛♥ s❡✈❡r❡❧② r❡❞✉❝❡ t❤❡
❤❡❛r❛❜✐❧✐t② ♦❢ t❤❡ tr❛♥s♠✐tt❡❞ s✐❣♥❛❧s ❛♥❞ ♠✉st ❜❡ s♦❧✈❡❞ ✉s✐♥❣ s♦♠❡ ✐♥t❡r❢❡r❡♥❝❡
♠✐t✐❣❛t✐♦♥ t❡❝❤♥✐q✉❡✳ ■❢ t❤❡ ❯❊ ✐s ❧♦❝❛t❡❞ ✈❡r② ❝❧♦s❡ t♦ ♦♥❡ ❝❡❧❧ t♦✇❡r✱ t❤❡ str♦♥❣
✐♥t❡r❢❡r❡♥❝❡ ❢r♦♠ t❤✐s ❝❡❧❧ ✇✐❧❧ ♠❛❦❡ ✐t ✈❡r② ❞✐✣❝✉❧t t♦ ❤❡❛r t❤❡ ♦t❤❡r ❝❡❧❧s✳ ❚❤✐s ✐s
❦♥♦✇♥ ❛s t❤❡ ♥❡❛r✲❢❛r ♣r♦❜❧❡♠ ❛♥❞ ❞✉❡ t♦ t❤❡ ❧❛r❣❡ ❝❡❧❧✲s✐③❡s s✉♣♣♦rt❡❞ ✐♥ ◆❇✲■♦❚✱
t❤✐s ✇✐❧❧ ❜❡ ❝r✉❝✐❛❧ ❢♦r s✉❝❝❡s❢✉❧ ♣♦s✐t✐♦♥✐♥❣✳ ■❢ t❤❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝✐♣❛t✐♥❣
❡◆♦❞❡❇s ❛♥❞ t❤❡ ◆P❘❙ s❡q✉❡♥❝❡s ❛r❡ ❦♥♦✇♥✱ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❝❛♥ ❜❡ ♠✐t✐❣❛t❡❞
❜② ♣❡r❢♦r♠✐♥❣ s✉❝❝❡ss✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ❝❛♥❝❡❧❧❛t✐♦♥ ✭❙■❈✮✳ ❙✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ❤❛s
❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ t♦❣❡t❤❡r ✇✐t❤ ❛ ❈❋❖ ❝♦♠♣❡♥s❛t✐♦♥ ✐♥ ❬✷✸❪ ❛♥❞ ✐t ✇❛s s❤♦✇♥ t♦
s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ t❤❡ ❚❖❆ ❡rr♦rs✱ ❜✉t ♦♥❧② ✐♥ ❛♥ ❆❲●◆ ❝❤❛♥♥❡❧✳ ■♥ ♦r❞❡r ❢♦r
t❤❡ ❡st✐♠❛t✐♦♥ t♦ ✇♦r❦ ✐♥ r❡❛❧✐st✐❝ s❝❡♥❛r✐♦s✱ ❝❤❛♥♥❡❧ ❡st✐♠❛t✐♦♥ ✭❈❊✮ ♠✉st ❛❧s♦
❜❡ ❞♦♥❡✳ ❚❤❡r❡ ❤❛s ❜❡❡♥ ❧♦ts ♦❢ r❡s❡❛r❝❤ ❝♦♠♣❧❡t❡❞ ♦♥ ❖❋❉▼ ❝❤❛♥♥❡❧ ❡st✐♠❛t✐♦♥✱
❜✉t ♠❛♥② ❡st✐♠❛t♦rs ❛r❡ ✉♥s✉✐t❛❜❧❡ ❢♦r ❧♦✇✲❡♥❞ ■♦❚ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡❝t✐♥❣ ✇❡❛❦ ▲❖❙ ❝♦♠♣♦♥❡♥ts ✐♥ ✉r❜❛♥ s❝❡♥❛r✐♦s ❛❧s♦ ♥❡❡❞s t♦
❜❡ ❛❞❞r❡ss❡❞✳ ❚❤✐s ❤❛s ❜❡❡♥ ❞♦♥❡ ❜② ✉s✐♥❣ ❛♥ ❛❞❛♣t✐✈❡ t❤r❡s❤♦❧❞ ✐♥ ❬✷✹❪ ❛♥❞ ❜② ❛♥
✐t❡r❛t✐✈❡ s❡❛r❝❤ t❡❝❤♥✐q✉❡ ✐♥ ❬✷✺❪✳ ❚❤❡ ♥❡✇ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ t❤❛t ✐s ♣r❡s❡♥t❡❞
✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ❝♦♠❜✐♥❡s ❛ ❧♦✇✲❝♦♠♣❧❡①✐t② ❈❊ ✇✐t❤ ❈❋❖ ❝♦♠♣❡♥s❛t✐♦♥ ❛♥❞
❙■❈ t♦❣❡t❤❡r ✇✐t❤ ❡✐t❤❡r ♦♥❡ ♦❢ t❤❡s❡ ✜rst ♣❛t❤ ❞❡t❡❝t✐♦♥ ♠❡t❤♦❞s✳

❉✉❡ t♦ t❤❡ t✐♠❡✲❢r❡q✉❡♥❝② ✉♥❝❡rt❛✐♥t② ♣r✐♥❝✐♣❧❡✱ ❖❚❉❖❆ ♣♦s✐t✐♦♥✐♥❣ ✐s ❡s♣❡✲
❝✐❛❧❧② ❞✐✣❝✉❧t ❢♦r ❛ ♥❛rr♦✇❜❛♥❞ s②st❡♠ ❧✐❦❡ ◆❇✲■♦❚ ✭t❤❡ ◆P❘❙ s✐❣♥❛❧ ✐s tr❛♥s♠✐t✲
t❡❞ ❛t ❛ ❜❛♥❞✇✐❞t❤ ♦❢ ✶✽✵ ❦❍③✮✳ ■❢ t❤❡ ❯❊ ♦✈❡rs❛♠♣❧❡s t❤❡ s✐❣♥❛❧ ❛t ✶✳✾✷ ▼❍③✱
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OTDOA Hyperbolas for 1.92 MHz

eNodeB 3

eNodeB 1

eNodeB 2

❋✐❣✉r❡ ✸✳✹✿ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❯❊ ❧♦❝❛t✐♦♥s✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s r❡♣r❡✲
s❡♥t ❤②♣❡r❜♦❧❛s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ∆τ1 ❛♥❞ t❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❤②✲
♣❡r❜♦❧❛s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ∆τ2✳ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡
❤②♣❡r❜♦❧❛s ❛r❡ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❖❚❉❖❆ ❡q✉❛t✐♦♥s ❛t
✶✳✾✷ ▼❍③ r❡s♦❧✉t✐♦♥

♠♦r❡ ❛❝❝✉r❛t❡ ❚❖❆ ❡st✐♠❛t✐♦♥ ✐s ♣♦ss✐❜❧❡✱ ❜✉t ♣❡r❢♦r♠❛♥❝❡ ✐s st✐❧❧ ❜❛♥❞✇✐❞t❤
❧✐♠✐t❡❞✳ ❨❡t✱ ❡✈❡♥ ❛t t❤✐s s❛♠♣❧✐♥❣ r❛t❡✱ t❤❡ s✐❣♥❛❧ tr❛✈❡❧s ❛♣♣r♦①✐♠❛t❡❧② ✶✺✵ ♠
♣❡r s❛♠♣❧✐♥❣ ♣❡r✐♦❞✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ t✐♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❝❛✉s❡❞ ❜② s❛♠♣❧✐♥❣ ✐♥
♣r❛❝t✐❝❡ ❛❧s♦ ❞✐s❝r❡t✐③❡s t❤❡ ❝♦♦r❞✐♥❛t❡s ❣r✐❞✳ ■♥ st❛♥❞❛r❞ ▲❚❊✱ s❛♠♣❧✐♥❣ r❛t❡s ✉♣
t♦ ✸✵✳✼✷ ▼❍③ ❛r❡ ✉s❡❞✱ ✇❤✐❝❤ ♠❛❦❡s ✈❡r② ❛❝❝✉r❛t❡ ♣♦s✐t✐♦♥✐♥❣ ♣♦ss✐❜❧❡✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ❛t ✶✳✾✷ ▼❍③ ✐t ✐s ✈❡r② ❞✐✣❝✉❧t t♦ ❛❝❤✐❡✈❡ ❛❝❝✉r❛t❡ ♣♦s✐t✐♦♥✐♥❣✱ ❡✈❡♥
✐❢ ❛❧❧ t❤❡ ❚❖❆s ❛r❡ ♣❡r❢❡❝t❧② ❡st✐♠❛t❡❞ t♦ t❤❡ ♥❡❛r❡st s❛♠♣❧❡✳

❋✐❣✉r❡ ✸✳✹ ✐❧❧✉str❛t❡s t❤❡ ❝♦♦r❞✐♥❛t❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❝❛✉s❡❞ ❜② t❤❡ ❧♦✇ s❛♠♣❧✐♥❣
r❛t❡✳ ❚❤r❡❡ ❡◆♦❞❡❇s ❤❛✈❡ ❜❡❡♥ ♣❧❛❝❡❞ ✐♥ ❛♥ ❡q✉✐❧❛t❡r❛❧ tr✐❛♥❣❧❡ ✇✐t❤ ❝♦♦r❞✐♥❛t❡s
(0,
√
3d/2)✱ (−d/2, 0) ❛♥❞ (d/2, 0)✳ ❯s✐♥❣ t❤✐s ❣❡♦♠❡tr②✱ t❤❡ ❤②♣❡r❜♦❧❛s ❢♦r ❛❧❧

❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛rr✐✈❛❧ t✐♠❡s τ̂p,0 = 0, Ts, ..., 6Ts ❤❛✈❡ ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ❛♥❞ ♣❧♦tt❡❞✳
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❯❊ ♣♦s✐t✐♦♥s ❛r❡ ❢♦✉♥❞ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡ ❤②✲
♣❡r❜♦❧❛s ❛♥❞ ❛s ❝❛♥ ❜❡❡ s❡❡♥✱ t❤✐s ✐s ❛ ✈❡r② r♦✉❣❤ ❞✐s❝r❡t✐③❛t✐♦♥ ✇❤❡r❡ ✐♥ s♦♠❡
♣❧❛❝❡s✱ ❡s♣❡❝✐❛❧❧② ✇❤❡r❡ t❤❡ ❞✐❧✉t✐♦♥ ♦❢ ♣r❡❝✐s✐♦♥ ✐s ❤✐❣❤✱ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥
♣♦ss✐❜❧❡ ❯❊ ♣♦s✐t✐♦♥s ✐s ♦✈❡r ✶✵✵ ♠✳ ■♥ ♦r❞❡r t♦ ✇♦r❦ ❛r♦✉♥❞ t❤✐s ♣r♦❜❧❡♠✱ t❤❡
❚❖❆s ♥❡❡❞ t♦ ❜❡ ❡st✐♠❛t❡❞ ✇✐t❤ s✉❜✲s❛♠♣❧❡ ♣r❡❝✐s✐♦♥✳ ❙✉❝❤ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥
✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❬✷✸✱ ✷✻❪ ❛♥❞ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❣✐✈❡ s✐❣♥✐✜❝❛♥t ♣❡r❢♦r♠❛♥❝❡ ✐♥✲
❝r❡❛s❡s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ t❤❡
s✉❜✲s❛♠♣❧❡ ❚❖❆ ❡st✐♠❛t✐♦♥ ✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ♦t❤❡r t❡❝❤♥✐q✉❡s ✐♥ ♦r❞❡r t♦
❢✉rt❤❡r ✐♠♣r♦✈❡ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❛❝❝✉r❛❝②✳
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■♥ t❤✐s ❝❤❛♣t❡r✱ ❛ ♥♦✈❡❧ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ ❡①♣❡❝t❛t✐♦♥ ♠❛①✐♠✐③❛t✐♦♥ ❝❤❛♥♥❡❧
❡st✐♠❛t✐♦♥ ❛♥❞ s✉❝❝❡ss✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ❝❛♥❝❡❧❧❛t✐♦♥ ✭❊▼✲❙■❈✮ ✐s ♣r❡s❡♥t❡❞✳ ❚❤❡
❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ♦❢ t✇♦ st❛❣❡s t❤❛t ❛r❡ ♣r❡s❡♥t❡❞ ❜❡❧♦✇✳ ■♥ t❤❡ ✜rst st❛❣❡✱ t❤❡
❚❖❆ ♦❢ t❤❡ str♦♥❣❡st ♣❛t❤ ♦❢ ❡❛❝❤ ❝❡❧❧ ✐s ❡st✐♠❛t❡❞ ✉s✐♥❣ ❛ ❝♦❤❡r❡♥t s✉♠♠❛t✐♦♥
♦❢ s②♠❜♦❧✲❜②✲s②♠❜♦❧ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥s✳ ❚❤❡♥ ❛ s✐♠♣❧❡ ❝❤❛♥♥❡❧ ❡st✐♠❛t✐♦♥ ❢♦r t❤✐s
♣❛t❤ ✐s ♣❡r❢♦r♠❡❞✱ s✉❝❤ t❤❛t ✐t ❝❛♥ ❜❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ✐♥♣✉t ❞❛t❛ ❜❡❢♦r❡ ♠♦✈✐♥❣
♦♥ t♦ t❤❡ ♥❡①t ❝❡❧❧✳ ❚❤✐s st❛❣❡ ❝❛♥ ❜❡ r❡♣❡❛t❡❞ Niter ✐t❡r❛t✐♦♥s ❜❡❢♦r❡ ♠♦✈✐♥❣
t♦ t❤❡ s❡❝♦♥❞ st❛❣❡✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ♣❡r❢♦r♠✐♥❣ s✉❜✲s❛♠♣❧❡ ❚❖❆ ❡st✐♠❛t✐♦♥ ❜②
✐♥t❡r♣♦❧❛t✐♥❣ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❛r♦✉♥❞ t❤❡ ❝♦❛rs❡ ♣❡❛❦ ❡st✐♠❛t✐♦♥✳ ❚❤✐s ✐s ❝♦♠❜✐♥❡❞

EM-SIC
Cell 0

EM-SIC
Cell 1

EM-SIC
Cell P-1

Interpolation Interpolation Interpolation

First Path 
Estimation

First Path 
Estimation

First Path 
Estimation

Navigation Solution

❋✐❣✉r❡ ✹✳✶✿ ❇❧♦❝❦ ❞✐❛❣r❛♠ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠✳

✶✾
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✇✐t❤ ❛♥ ✐t❡r❛t✐✈❡ ✜rst ♣❛t❤ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ ♦r❞❡r t♦ ❝♦♠❜❛t ♠✉❧t✐♣❛t❤
✐♥t❡r❢❡r❡♥❝❡✳ ❆ ❜❧♦❝❦ ❞✐❛❣r❛♠ s❤♦✇✐♥❣ ❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ ❛❧❣♦r✐t❤♠
✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✳

✹✳✶ ❊▼✲❙■❈ ❙tr♦♥❣❡st P❛t❤ ❊st✐♠❛t✐♦♥

■♥ ❋✐❣✉r❡ ✹✳✷ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❊▼✲❙■❈ ❜❧♦❝❦ ❢♦r ♦♥❡ ❝❡❧❧ ✐s s❤♦✇♥✳
❯s✐♥❣ t❤❡ r❡❝♦r❞❡❞ ✐♥♣✉t ❞❛t❛✱ t❤❡ s②♠❜♦❧✲❜②✲s②♠❜♦❧ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥s ❛r❡ ❝❛❧✲
❝✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✭✸✳✶✹✮✳ ■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❛ ❧♦✇✲❝♦♠♣❧❡①✐t② ❛❧❣♦r✐t❤♠✱ ✐t ✐s
❛ss✉♠❡❞ t❤❛t t❤❡ ❝❤❛♥♥❡❧ ❢♦r ❡❛❝❤ ♣❛t❤ ✐s ❝♦♥st❛♥t ♦✈❡r ♦♥❡ s✉❜❢r❛♠❡ ❞✉❡ t♦ t❤❡
❧♦✇ ♠♦❜✐❧✐t② ♦❢ ◆❇✲■♦❚ ❯❊s ❛♥❞ t❤❛t ❡❛❝❤ s❛♠♣❧❡ ✐s s❤✐❢t❡❞ ❜② ❛ ♣❤❛s❡ r♦t❛t✐♦♥
❝❛✉s❡❞ ❜② t❤❡ r❡s✐❞✉❛❧ ❈❋❖ ǫp✱ ✐✳❡✳

hl
p,i[n] = hp,ie

j2π
ǫp(n+lM)

N ✭✹✳✶✮

▼♦r❡♦✈❡r✱ ❝❤❛♥♥❡❧ ❡st✐♠❛t✐♦♥ ✇✐❧❧ ♦♥❧② ❜❡ ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ str♦♥❣❡st ♣❛t❤✱ s✐♥❝❡
t❤❡ ❧♦✇ ❯❊ s❛♠♣❧✐♥❣ r❛t❡ ♠❛❦❡s ✐t ❞✐✣❝✉❧t t♦ r❡s♦❧✈❡ t❤❡ ❞✐✛❡r❡♥t ♠✉❧t✐♣❛t❤
❝♦♠♣♦♥❡♥ts✳

✹✳✶✳✶ ❘❡s✐❞✉❛❧ ❈❋❖ ❊st✐♠❛t✐♦♥

■❢ t❤❡r❡ ✐s ❛ r❡s✐❞✉❛❧ ❈❋❖ ♣r❡s❡♥t ✐♥ t❤❡ s✐❣♥❛❧✱ t❤✐s ♥❡❡❞s t♦ ❜❡ ❝♦rr❡❝t❡❞ ❜❡❢♦r❡
t❤❡ ❝♦rr❡❧❛t✐♦♥s ❝❛♥ ❜❡ s✉♠♠❡❞ ❝♦❤❡r❡♥t❧②✳ ■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② ❝❛❧❝✉❧❛t✐♦♥s✱
✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❈❋❖ ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧✱ s✉❝❤ t❤❛t t❤❡ ❝♦rr❡❧❛t✐♦♥s ❝❛♥ ❜❡
❝♦❤❡r❡♥t❧② ❛❞❞❡❞ ✇✐t❤✐♥ ♦♥❡ ❖❋❉▼ s②♠❜♦❧✳ ❚❤❡ ❜❡st ❧✐♥❡❛r ✉♥❜✐❛s❡❞ ❡st✐♠❛t♦r
❢♦r t❤❡ ❈❋❖ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❬✷✼❪ ❛♥❞ r❡❛❞s

ǫ̃p[n] =

4
∑

m=1

w(m)φ(m,n) ✭✹✳✷✮

✇❤❡r❡

φ(m,n) =
N

2πM(NNPRS −m)

NNPRS−m−1
∑

s=0

arg
{

Rp,l̃(s)[n]R
∗

p,l̃(s+m)
[n]

}

l̃(s+m)− l̃(s)
✭✹✳✸✮

❍❡r❡ t❤❡ arg{·} ♦♣❡r❛t✐♦♥ r❡t✉r♥s t❤❡ ❛♥❣❧❡ ✐♥ t❤❡ r❛♥❣❡ [−π, π) ❛♥❞ t❤❡ ❝♦♠❜✐♥❣
❝♦❡✣❝✐❡♥ts w = [w(1), ..., w(4)] ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❬✷✼✱ ❡q✳ ✶✻❪✱ ✇❤✐❝❤
②✐❡❧❞s

w = [0.4762, 0.3095, 0.1667, 0.0476] ✭✹✳✹✮

❇② ❝♦rr❡❝t✐♥❣ ❢♦r t❤❡ ❈❋❖✱ t❤❡ s②♠❜♦❧✲❜②✲s②♠❜♦❧ ❝♦rr❡❧❛t✐♦♥s ♠❛② ♥♦✇ ❜❡ ❛❞❞❡❞
❝♦❤❡r❡♥t❧②✿

Rp[n] = Rp,l̃(0)[n] +

NNPRS−1
∑

s=1

e−j2πǫ̃p[n]
M

(

l̃(s)−l̃(0)

)

N Rp,l̃(s)[n] ✭✹✳✺✮
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Correlator
CFO 

Estimation
Channel 

Estimation

❋✐❣✉r❡ ✹✳✷✿ ❉❡t❛✐❧❡❞ ❜❧♦❝❦ ❞✐❛❣r❛♠ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❊▼✲❙■❈ ♣r♦✲
❝❡ss ❢♦r ❝❡❧❧ p

❯s✐♥❣ t❤❡ t♦t❛❧ ❝♦rr❡❧❛t✐♦♥✱ t❤❡ ❚❖❆ ñp ♦❢ t❤❡ str♦♥❣❡st ♣❛t❤ ♦❢ t❤❡ pt❤ ❝❡❧❧ ✐s
❢♦✉♥❞ ✇❤❡r❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❤❛s ✐ts ♣❡❛❦✿

ñp = argmax
n

|Rp[n]| ✭✹✳✻✮

❛♥❞ t❤❡ r❡s✐❞✉❛❧ ❈❋❖ ✐s s❡t t♦
ǫ̂p = ǫ̃[ñp] ✭✹✳✼✮

❚❤❡ ❚❖❆ ✐s st♦r❡❞ ✐❢ PAR > η✱ ♦t❤❡r✇✐s❡ ✐t ✐s t❤r♦✇♥ ❛✇❛② ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠
♠♦✈❡s ♦♥ t♦ t❤❡ ♥❡①t ❝❡❧❧ ✇✐t❤♦✉t ♣❡r❢♦r♠✐♥❣ ✐♥t❡r❢❡r❡♥❝❡ ❝❛♥❝❡❧❧❛t✐♦♥✳

✹✳✶✳✷ ❈❤❛♥♥❡❧ ❊st✐♠❛t✐♦♥ ❛♥❞ ■♥t❡r❢❡r❡♥❝❡ ❈❛♥❝❡❧❧❛t✐♦♥

❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❝❤❛♥♥❡❧ ✐s ❝♦♥st❛♥t ♦✈❡r t❤❡ ✇❤♦❧❡ s✉❜❢r❛♠❡✱ t❤❡
❝❤❛♥♥❡❧ ❝♦❡✣❝✐❡♥t ❢♦r t❤❡ str♦♥❣❡st ♣❛t❤ ♦❢ t❤❡ pt❤ ❝❡❧❧ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❛s

ĥp =
1

MNNPRS

NNPRS−1
∑

s=0

ñp+M−1
∑

k=ñp

y[k + l̃(s)M ]

sp,l̃(s)[k − ñp]
e−j2π

ǫ̂p(k+l̃(s)M)

N ✭✹✳✽✮

✇❤❡r❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t sp,l̃(s)[n] 6= 0✱ ∀n✳ ❚❤❡ ❝❤❛♥✲
♥❡❧ ❡st✐♠❛t❡ ✐s t❤❡♥ ✉♣❞❛t❡❞ ✇✐t❤ ❛ ❧✐♥❡❛r ♠✐♥✐♠✉♠ ♠❡❛♥ sq✉❛r❡ ❡rr♦r ✭▲▼▼❙❊✮
✜❧t❡r✿

h̃p =
ĥp

1 + σ̂2
p/|ĥp|2

✭✹✳✾✮

✇❤❡r❡ t❤❡ ♥♦✐s❡ ✈❛r✐❛♥❝❡ ❡st✐♠❛t❡ ✐s ❣✐✈❡♥ ❜②

σ̂2
p =

1

MNNPRS

NNPRS−1
∑

s=0

ñp+M−1
∑

k=ñp

∣

∣

∣
y[k + l̃(s)M ]− sp,l̃(s)[k − ñp]e

−j2π
ǫ̂p(k+l̃(s)M)

N

∣

∣

∣

2

✭✹✳✶✵✮
❯s✐♥❣ t❤❡ ❝❤❛♥♥❡❧ ❝♦❡✣❝✐❡♥t ❡st✐♠❛t❡ h̃p✱ t❤❡ ❈❋❖ ❡st✐♠❛t❡ ǫ̂p ❛♥❞ t❤❡ ❚❖❆
❡st✐♠❛t❡ ñp✱ ✐♥t❡r❢❡r❡♥❝❡ ❝❛♥❝❡❧❧❛t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② s✉❜tr❛❝t✐♥❣ ♣❡rt✉r❜❡❞
✈❡rs✐♦♥s ♦❢ t❤❡ ◆P❘❙ s②♠❜♦❧s sp,l[n] ❢r♦♠ t❤❡ ✐♥♣✉t ❞❛t❛✳ ❲❤❡♥ ♠♦✈✐♥❣ t♦ t❤❡ t❤❡
❊▼✲❙■❈ ❜❧♦❝❦ ❢♦r t❤❡ pt❤ ❝❡❧❧✱ t❤❡ ◆P❘❙ s✐❣♥❛❧s ❢r♦♠ ❛❧❧ ♦t❤❡r ❝❡❧❧s ❛r❡ s✉❜tr❛❝t❡❞
❢r♦♠ t❤❡ ✐♥♣✉t ❞❛t❛✿

ỹp[k + l̃(s)M ] = y[k + l̃(s)M ]−
∑

q 6=p

h̃qsq,l̃(s)[k − ñq]e
−j2π

ǫ̂p(k+l̃(s)M)

N ✭✹✳✶✶✮
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❋♦r t❤❡ ♥❡①t ❜❧♦❝❦✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ✐♥ ✭✸✳✶✹✮ ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ ỹp[n] ✐♥st❡❛❞ ♦❢
y[n]✱ ❛♥❞ t❤❡ s❛♠❡ ❣♦❡s ❢♦r ❡q✉❛t✐♦♥s ✭✹✳✽✮✲✭✹✳✶✵✮✳

❚❤❡ ♣r♦❝❡❞✉r❡ ✐s r❡♣❡❛t❡❞ ❢♦r ❛❧❧ t❤❡ P − 1 ❝❡❧❧s ❛♥❞ t❤❡♥ st❛rts ♦✈❡r ❛❣❛✐♥
❢♦r t❤❡ ✜rst ❝❡❧❧✳ ❆❧❧ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s h̃p✱ ǫ̂p✱ ❛♥❞ ñp ❛r❡ t❤❡♥ r❡❝❛❧❝✉❧❛t❡❞✳
❙✐♥❝❡ t❤❡ ♥❡✇ ❡st✐♠❛t❡s ❛r❡ ❜❛s❡❞ ♦♥ ❛ s✐❣♥❛❧ ✇❤❡r❡ ✐❞❡❛❧❧② ❛❧❧ t❤❡ ✐♥t❡r❢❡r❡♥❝❡
❤❛s ❜❡❡♥ r❡♠♦✈❡❞✱ t❤❡② ❛r❡ ♠♦r❡ ❛❝❝✉r❛t❡✳ ❚❤❡ ❧♦♦♣ ♦✈❡r t❤❡ ❝❡❧❧s ✐s t❤❡ r❡♣❡❛t❡❞
Niter t✐♠❡s✳ ❆ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✇✐❧❧ ②✐❡❧❞ ❜❡tt❡r ❛❝❝✉r❛❝② ❛t t❤❡ ❝♦st
♦❢ ❤✐❣❤❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❛♥❞ ✐♥ ❣❡♥❡r❛❧ ✷✲✸ ✐t❡r❛t✐♦♥s ❝❛♥ ❤❛r✈❡st t❤❡
♠❛❥♦r ❣❛✐♥s✳

✹✳✷ ❘❡s♦❧✉t✐♦♥ ❘❡✜♥❡♠❡♥t ❚❤r♦✉❣❤ ❈♦rr❡❧❛t✐♦♥ ■♥t❡r♣♦❧❛t✐♦♥

❆t t❤❡ ❧❛st ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❊▼✲❙■❈ r❡♣❡t✐t✐♦♥s✱ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ ❚❖❆ ❡s✲
t✐♠❛t❡ ✐s r❡✜♥❡❞ ❜② ✐♥t❡r♣♦❧❛t✐♥❣ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✹✳✺✮✳ ❍❡r❡ ✇❡
❝♦♥s✐❞❡r ✐♥t❡r♣♦❧❛t✐♦♥ ❜② ❛ ❢❛❝t♦r V ❛r♦✉♥❞ ❛ ✇✐♥❞♦✇ ♦❢ s✐③❡ W ❛r♦✉♥❞ t❤❡ ❝♦❛rs❡
❚❖❆ ❡st✐♠❛t❡s ñp✳ ❯s✐♥❣ s✐♥❝✲❢✉♥❝t✐♦♥ ❜❛s❡❞ ✐♥t❡r♣♦❧❛t✐♦♥✱ t❤❡ r❡✜♥❡❞ ❝♦rr❡❧❛✲
t✐♦♥s ♠❛② t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s

R̂p[n] =

ñp+W
∑

m=ñp−W

Rp[m]
sinπ( n

V
−m)

π( n
V
−m)

, n = −VW, ..., V W ✭✹✳✶✷✮

❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ ❧❡t V = 16✱ t❤✐s ✇✐❧❧ ✐♠♣❧② ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❢r♦♠ ✶✳✾✷ ▼❍③
s❛♠♣❧✐♥❣ r❛t❡ t♦ ✸✵✳✼✷ ▼❍③✳ ❋r♦♠ ❋✐❣✉r❡ ✸✳✸✱ ✇❡ ❛❧s♦ ❦♥♦✇ t❤❛t t❤❡ ✇✐♥❞♦✇ s✐③❡
s❤♦✉❧❞ ❜❡ ❛t ❧❡❛st W = 8 s❛♠♣❧❡s ✐♥ ♦r❞❡r t♦ ❝❛♣t✉r❡ t❤❡ ✇❤♦❧❡ ♠❛✐♥ ❧♦❜❡ ♦❢
t❤❡ ♣❡❛❦✳ ■♥ ♦r❞❡r ❢♦r t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ t♦ ✇♦r❦ ♣r♦♣❡r❧②✱ t❤❡ s✐❣♥❛❧ t♦ ♥♦✐s❡ ❛♥❞
✐♥t❡r❢❡r❡♥❝❡ r❛t✐♦ ✭❙■◆❘✮ ♥❡❡❞s t♦ ❜❡ r❡❧❛t✐✈❡❧② ❤✐❣❤✱ ♦t❤❡r✇✐s❡ t❤❡ ♥♦✐s❡ ✇✐❧❧ ❜❡
✐♥t❡r♣♦❧❛t❡❞ r❛t❤❡r t❤❛♥ t❤❡ s✐❣♥❛❧ ✐ts❡❧❢✳ ❋✐❣✉r❡ ✹✳✸ ✐❧❧✉str❛t❡s ❛♥ ✐❞❡❛❧ s❝❡♥❛r✐♦
❛t ✈❡r② ❤✐❣❤ ❙■◆❘ ✇❤❡r❡ t❤❡ ❚❖❆ ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ ❛♥ ✐♥t❡❣❡r ♥✉♠❜❡r ♦❢
✶✳✾✷ ▼❍③ s❛♠♣❧❡s✳ ❇② ✐♥t❡r♣♦❧❛t✐♥❣ t♦ t❤❡ ❤✐❣❤❡r s❛♠♣❧✐♥❣ r❛t❡✱ t❤❡ s✉❜✲s❛♠♣❧❡
❚❖❆ ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞✱ ✇❤✐❝❤ ✐s ❞♦♥❡ ✐♥ t❤❡ ♥❡①t st❡♣✳

✹✳✸ ■t❡r❛t✐✈❡ ❋✐rst P❛t❤ ❊st✐♠❛t✐♦♥

■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❚❖❆ ♦❢ ▲❖❙ ❝♦♠♣♦♥❡♥t✱ ❛♥ ✐t❡r❛t✐✈❡ t❡❝❤♥✐q✉❡ ❢♦r ♠✉❧t✐♣❛t❤
✐♥t❡r❢❡r❡♥❝❡ ♠✐t✐❣❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❬✷✺❪ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ✜♥❛❧ st❛❣❡✳
❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s st❡♣ ✐s t♦ ❞❡t❡❝t ❛ ✇❡❛❦ ▲❖❙ ❝♦♠♣♦♥❡♥t ✇❤✐❝❤ ✇♦✉❧❞ ♦t❤❡r✇✐s❡
❜❡ ♠✐ss❡❞✳ ■♥ t❤❡ ✜rst ✐t❡r❛t✐♦♥ ✇❡ st❛rt ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ✐♥t❡r♣♦❧❛t❡❞ ❝♦rr❡❧❛t✐♦♥
R̂p,0[n] = R̂p[n]✳ ❚❤❡♥ ❚❖❆ ❢♦r t❤❡ str♦♥❣❡st ◆P❘❙ ❝♦♠♣♦♥❡♥t ✐s t❤❡♥ ❡st✐♠❛t❡❞
❛s✿

ñp,i = argmax
n

|R̂p,i[n]| ✭✹✳✶✸✮

❚❤✐s ❝♦♠♣♦♥❡♥t ✐s t❤❡♥ s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜② ✉s✐♥❣ t❤❡ ✐❞❡❛❧ ♥♦r✲
♠❛❧✐③❡❞ ◆P❘❙ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ R0[n] ❛t t❤❡ ❡st✐♠❛t❡❞ ❞❡❧❛②✳ ❆♥ ✉♣❞❛t❡❞
❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❢♦r t❤❡ ♥❡①t ✐t❡r❛t✐♦♥ ✐s t❤❡♥ ❢♦✉♥❞ ❛s✿

R̂p,i+1[n] = R̂p,i[n]− R̂p,i[ñp,i]R0[n− ñp,i] ✭✹✳✶✹✮
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❋✐❣✉r❡ ✹✳✸✿ ❊①❛♠♣❧❡ ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ ❡♥❤❛♥❝❡♠❡♥ts ♦❜t❛✐♥❡❞ ❜②
✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ Rp[n]✳ ❍❡r❡ t❤❡ tr✉❡ ❞❡❧❛② τp ❞♦❡s ♥♦t ❝♦r✲
r❡s♣♦♥❞ t♦ ❛♥ ✐♥t❡❣❡r ♠✉❧t✐♣❧❡ ♦❢ t❤❡ s❛♠♣❧✐♥❣ ♣❡r✐♦❞ ❛t ✶✳✾✷
▼❍③ ✭✐♥ t❤✐s ❝❛s❡ ✐t ❧✐❡s ❜❡t✇❡❡♥ ✹ ❛♥❞ ✺ s❛♠♣❧❡s✮ ❛♥❞ t❤❡
❝♦❛rs❡ ❚❖❆ ❡st✐♠❛t❡ ✇✐❧❧ t❤❡r❡❢♦r❡ r❡s✉❧t ✐♥ ❛ ❧❛r❣❡ r♦✉♥❞✐♥❣
❡rr♦r✳ ❇② ✐♥t❡r♣♦❧❛t✐♥❣ t♦ ✸✵✳✼✷ ▼❍③✱ t❤❡ ❞❡❧❛② ❝❛♥ ❜❡ ♠♦r❡
❛❝❝✉r❛t❡❧② ❡st✐♠❛t❡❞✳

■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ✐❢ t❤❡r❡ ✐s ❛♥♦t❤❡r ♠✉❧t✐♣❛t❤ ❝♦♠♣♦♥❡♥t ♣r❡s❡♥t✱ t❤❡ P❆❘
✐s ❝❛❧❝✉❧❛t❡❞✿

P̂ARi =
max
n
|R̂p,i[n]|

1
M̂

M̂−1
∑

n=0
|R̂p,i[n]|

✭✹✳✶✺✮

❚❤❡♥✱ ✐❢ P̂ARi > γ✱ ❢♦r s♦♠❡ t❤r❡s❤♦❧❞ γ✱ t❤❡ ✐t❡r❛t✐♦♥ ❝♦♥t✐♥✉❡s ❛♥❞ t❤❡ ❚❖❆s
ñp,i ♦❢ ❛❧❧ t❤❡ ♣❛t❤s ❛r❡ st♦r❡❞✳ ❲❤❡♥ t❤❡r❡ ✐s ♦♥❧② ♥♦✐s❡ ❧❡❢t ✐♥ t❤❡ ❝♦rr❡❧❛t✐♦♥✱
t❤❡ ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ❜❡ ✈✐♦❧❛t❡❞ ❛♥❞ t❤❡ ▲❖❙ ❝♦♠♣♦♥❡♥t ✐s ❡st✐♠❛t❡❞ ❛s t❤❡ ♣❛t❤
✇✐t❤ t❤❡ s♠❛❧❧❡st ❚❖❆✱ ✐✳❡✳

ñp,0 = min
i
{ñp,i} ✭✹✳✶✻✮

❚❤✐s ✐s t❤❡ ✜♥❛❧ ❚❖❆ ❡st✐♠❛t❡ t❤❛t ✇✐❧❧ ❜❡ r❡♣♦rt❡❞ ✐♥ ♦r❞❡r t♦ ✉s❡ ❢♦r t❤❡ ♥❛✈✐✲
❣❛t✐♦♥ s♦❧✉t✐♦♥✳

✹✳✹ ❈r❛♠ér✲❘❛♦ ▲♦✇❡r ❇♦✉♥❞

❆❝❝♦r❞✐♥❣ t❤❡ t❤❡ ❈r❛♠ér✲❘❛♦ ▲♦✇❡r ❇♦✉♥❞ ✭❈❘▲❇✮ t❤❡♦r❡♠✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢

❛♥② ✉♥❜✐❛s❡❞ ❡st✐♠❛t♦r θ̂ ♠✉st s❛t✐s❢②

var(θ̂) ≥ 1

−E
[

∂2lnp(x;θ)
∂θ2

] ✭✹✳✶✼✮
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✇❤❡r❡ E{·} ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r ❛♥❞ p(x; θ) ✐s t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ♦❜s❡r✈❡❞ ✈❛r✐❛❜❧❡ x ❣✐✈❡♥ θ✳ ❖♥❡ ✇❛② t♦ ❡✈❛❧✉❛t❡ ❛♥ ❡st✐♠❛t♦r ✐s t♦ s❡❡ ❤♦✇
❝❧♦s❡ ✐t ❝❛♥ ❛♣♣r♦❛❝❤ t❤❡ ❈❘▲❇✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ t❤❡ ♣r♦❜❧❡♠
♦❢ ❡st✐♠❛t✐♥❣ t❤❡ ❛rr✐✈❛❧ t✐♠❡ τ0,0 ♦❢ t❤❡ ◆P❘❙ s✐❣♥❛❧ ❢r♦♠ ♦♥❡ ❝❡❧❧ ✐♥ ❛♥ ❆❲●◆
❝❤❛♥♥❡❧ ✇✐t❤♦✉t ❈❋❖✱ ✇✐t❤ ✉♥✐t tr❛♥s♠✐t ♣♦✇❡r✱ ❛♥❞ ♥♦ ♣❛t❤ ❧♦ss✳ ❲❡ ❝❛♥ t❤❡♥
r❡✉s❡ t❤❡ s✐❣♥❛❧ ♠♦❞❡❧ ❢r♦♠ ✭✸✳✶✵✮ ✇✐t❤ G0 = α0 = 1✱ hl

0,i = 0 ❢♦r i 6= 0 ❛♥❞

hl
0,0 = 1 ∀l t❤❡ tr❛♥s♠✐t ♣♦✇❡r ✐s ✉♥✐t② ❛♥❞ t❤❡r❡ ✐s ♥♦ ♣❛t❤ ❧♦ss✳ ❯s✐♥❣ t❤❡

♦❜s❡r✈❛❜❧❡ ✐♥ ✭✸✳✶✷✮ ✇✐t❤ P = 1✱ t❤❡ ❈❘▲❇ ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ❝❛❧❝✉❧❛t❡❞ ❛s ❬✷✻❪

var(τ̂0,0) ≥
σ2

8π2∆f2
NNPRS−1

∑

s=0

Nsc−1
∑

k=0

k2|Sl̃(s)[k]|2
= σ2

CRLB ✭✹✳✶✽✮

❙✐♥❝❡ t❤❡ ◆P❘❙ s✐❣♥❛❧ ✐s ❛ ◗P❙❑ ♠♦❞✉❧❛t❡❞ ❣♦❧❞ s❡q✉❡♥❝❡✱ |Sl[k]| = 1 ✇❤❡r❡
t❤❡r❡ ✐s ❛♥ ◆P❘❙ s②♠❜♦❧ ❛♥❞ ✵ ♦t❤❡r✇✐s❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ❜♦✉♥❞ ♦♥❧② ❞❡♣❡♥❞s ♦♥
t❤❡ s✉❜❝❛rr✐❡r s♣❛❝✐♥❣ ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦❝❝✉♣✐❡❞ s✉❜❝❛rr✐❡rs ❛♥❞ t❤❡
❝❡♥t❡r ❢r❡q✉❡♥❝②✳ ❙✐♥❝❡ ♦♥❧② ✶✷ s✉❜❝❛rr✐❡rs ❛r❡ ✉s❡❞ ✐♥ ◆❇✲■♦❚✱ t❤✐s s❡ts ❛ ♠✉❝❤
❤✐❣❤❡r ❈❘▲❇ t❤❛♥ ❢♦r ✇✐❞❡❜❛♥❞ s✐❣♥❛❧s✳ ■♥ s❡❝t✐♦♥ ✺✳✻✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❊▼✲
❙■❈ ❛❧❣♦r✐t❤♠ ✐s ❝♦♠♣❛r❡❞ t♦ t❤✐s ❜♦✉♥❞ ✉♥❞❡r ✈❛r✐♦✉s s✐♠✉❧❛t✐♦♥ ❡♥✈✐r♦♥♠❡♥ts✳
❖❢ ❝♦✉rs❡ ✐t ✐s ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t t♦ ❛tt❛✐♥ t❤❡ ❈❘▲❇ ✇✐t❤ ✐♥t❡r❢❡r❡♥❝❡ ❢r♦♠ ♦t❤❡r
❝❡❧❧s✱ ❈❋❖ ❛♥❞ t✐♠❡ ✈❛r②✐♥❣ ♠✉❧t✐♣❛t❤ ❢❛❞✐♥❣ ♣r❡s❡♥t✱ ❜✉t ❛s ❢❛r ❛s t❤❡ ❛✉t❤♦r ✐s
❝♦♥❝❡r♥❡❞✱ t❤❡r❡ ✐s ♥♦ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❈❘▲❇ ✐♥ t❤❡s❡ ❝❛s❡s✳ ❚❤❡r❡❢♦r❡✱
t❤❡ ❜♦✉♥❞ ✐♥ ✭✹✳✶✽✮ ✇✐❧❧ s❡r✈❡ ❛s ❛ r❡❢❡r❡♥❝❡ ✈❛r✐❛♥❝❡ ✐♥ ❝♦♠♣❛r✐s♦♥s✳

✹✳✺ ❈♦♠♣✉t❛t✐♦♥❛❧ ❈♦♠♣❧❡①✐t②

❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❛♥❛❧②s❡❞ ❜②
❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s ❝❛rr✐❡❞ ♦✉t ❜② ❡❛❝❤ ❜❧♦❝❦ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✳ ■♥
t❤✐s ❛♥❛❧②s✐s✱ ✇❡ ✇✐❧❧ ❧✐♠✐t t❤❡ s❝♦♣❡ t♦ ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❧❡① ♠✉❧t✐♣❧✐✲
❝❛t✐♦♥s✱ ❞✐✈✐s✐♦♥s ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ tr✐❣♦♥♦♠❡tr✐❝ ❢✉♥❝t✐♦♥s✱ s✉❝❤ ❛s sin{·}, cos{·}
❛♥❞ arg{·}✳ ◆♦t❡ t❤❛t ♦♥❡ ❝♦♠♣❧❡① ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❢♦✉r r❡❛❧ ♠✉❧t✐✲
♣❧✐❝❛t✐♦♥s✳

❚❤❡ ✜rst ❝♦rr❡❧❛t✐♦♥ ❜❧♦❝❦ r❡q✉✐r❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Rp,l̃(s)[n] ❢♦r s =

0, ..., NNPRS − 1 ❛♥❞ n = 0, ..., M̃ ✱ ✐✳❡✳ ❢♦r ❛ t♦t❛❧ ♦❢ M̃NNPRS s❛♠♣❧❡s✳ ❯s✐♥❣
t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ❣✐✈❡♥ ✐♥ ✭✸✳✶✹✮✱ t❤✐s ✇♦✉❧❞ r❡q✉✐r❡ M ❝♦♠♣❧❡① ♠✉❧t✐♣❧✐❝❛t✐♦♥s
♣❡r s❛♠♣❧❡✱ ✇❤❡r❡ M = 137 ♦r 138 ✐s t❤❡ s②♠❜♦❧ ❧❡♥❣t❤ ✐♥ s❛♠♣❧❡s✳ ❍♦✇❡✈❡r✱
s✐♥❝❡ t❤❡ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ❛ ❝♦♥✈♦❧✉t✐♦♥✱ ✐t ❝❛♥ ❜❡
❝❛❧❝✉❧❛t❡❞ ♠♦r❡ ❡✣❝✐❡♥t❧②✱ ❢♦r ❡①❛♠♣❧❡ ✉s✐♥❣ t❤❡ ♦✈❡r❧❛♣✲s❛✈❡ ♠❡t❤♦❞ ❬✷✽❪✳ ❚❤✐s
♠❡t❤♦❞ ❜r❡❛❦s ❞♦✇♥ t❤❡ s❡q✉❡♥❝❡s ✐♥t♦ s♠❛❧❧❡r ♦✈❡r❧❛♣♣✐♥❣ s❡q✉❡♥❝❡s ❛♥❞ ❝❛❧❝✉✲
❧❛t❡s t❤❡ ❧✐♥❡❛r ❝♦♥✈♦❧✉t✐♦♥ ✈✐❛ s❡✈❡r❛❧ ❋❋❚ ❛♥❞ ■❋❋❚ ♦♣❡r❛t✐♦♥s✳ ❲✐t❤ ❛♥ ❋❋❚
s✐③❡ ♦❢ N = 2ν ❢♦r s♦♠❡ ✐♥t❡❣❡r ν✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❧❡① ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♣❡r
s❛♠♣❧❡ r❡❞✉❝❡s t♦

N log2 2N

N −M + 1
≈ 2ν

2ν −M
✭✹✳✶✾✮

❯s✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ✈❛❧✉❡ ♦❢ N t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❡✛♦rt ❢♦r ❡❛❝❤ ❝♦rr❡❧❛t✐♦♥✳ ❚❤❡ s❛♠❡ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥
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✶✿ ỹ0[n]← y[n]
✷✿ ❢♦r niter ← 1 t♦ Niter ❞♦

✸✿ ❢♦r p← 0 t♦ P − 1 ❞♦
✹✿ ❝❛❧❝✉❧❛t❡ R

p,l̃(s)[n]✱ ∀s ⊲ ❈♦rr❡❧❛t♦r ❜❧♦❝❦

✺✿ ❝❛❧❝✉❧❛t❡ ǫ̂p, Rp[n], ñp ⊲ ❈❋❖ ❜❧♦❝❦
✻✿ ✐❢ P❆❘ ❃ η t❤❡♥

✼✿ ❝❛❧❝✉❧❛t❡ ĥp, ỹp+1[n] ⊲ ❈❤❛♥♥❡❧ ❡st✐♠❛t✐♦♥ ❜❧♦❝❦
✽✿ ❡❧s❡

✾✿ ỹp+1[n]← ỹp[n]
✶✵✿ ❡♥❞ ✐❢

✶✶✿ ✐❢ niter = Niter t❤❡♥

✶✷✿ ❝❛❧❝✉❧❛t❡ R̂p[n] ⊲ ■♥t❡r♣♦❧❛t✐♦♥ ❜❧♦❝❦
✶✸✿ R̂p,0[n]← R̂p[n]
✶✹✿ ñp,0 ← argmax| R̂p,0[n]|
✶✺✿ ✇❤✐❧❡ P̂AR > γ ❞♦ ⊲ ❋✐rst ♣❛t❤ ❡st✐♠❛t✐♦♥ ❜❧♦❝❦
✶✻✿ ❝❛❧❝✉❧❛t❡ R̂p,i+1[n]
✶✼✿ ñp,i ← argmax |R̂p,i[n]|
✶✽✿ i← i+ 1
✶✾✿ ❡♥❞ ✇❤✐❧❡

✷✵✿ ñp,0 ← min
i
{ñp,i}

✷✶✿ ❡♥❞ ✐❢

✷✷✿ ❡♥❞ ❢♦r

✷✸✿ ❡♥❞ ❢♦r

✷✹✿ r❡t✉r♥ {ñp,0}

❜❧♦❝❦✱ s✐♥❝❡ ✭✹✳✶✷✮ ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ ❛ s✐♥❝✲✜❧t❡r✱ ❜✉t
♥♦✇ t❤❡ s❡q✉❡♥❝❡ ✐♥♣✉t ❧❡♥❣t❤ ✐s 2W + 1 = 17✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❧❡① ♠✉❧✲
t✐♣❧✐❝❛t✐♦♥s ♣❡r s❛♠♣❧❡ ❢♦r t❤❡ t✇♦ ❜❧♦❝❦s ✉s✐♥❣ ❞✐✛❡r❡♥t ❋❋❚ s✐③❡s ✐s s❤♦✇♥ ✐♥
❚❛❜❧❡ ✹✳✶✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❧♦❝❦ ❛❝❤✐❡✈❡s ♠✐♥✐♠✉♠ ❝♦♠♣❧❡①✐t②
❢♦r N = 1024 ❛♥❞ t❤❡r❡❢♦r❡ t❤✐s ✐s t❤❡ ❜❡st ❝❤♦✐❝❡ ♦❢ N ✭♥♦t ❝♦♥s✐❞❡r✐♥❣ ♦t❤❡r
✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛s♣❡❝ts✮✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ❢♦r t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❜❧♦❝❦ ✐s ♥♦t ♦❢ ❛s
♠✉❝❤ ❝♦♥❝❡r♥✱ s✐♥❝❡ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ❢♦r ❧❡ss s❛♠♣❧❡s ❛♥❞ ✇✐❧❧
♥♦t ❜❡ ❡①❡❝✉t❡❞ ❛s ♦❢t❡♥✳

■♥ ❚❛❜❧❡ ✹✳✷✱ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s ❝❛rr✐❡❞ ♦✉t ❜② ❡❛❝❤ ❜❧♦❝❦ ❤❛s ❜❡❡♥
❝❛❧❝✉❧❛t❡❞ ❛♣♣r♦①✐♠❛t❡❧②✳ ❆ ❚❖❆ s❡❛r❝❤ ✇✐♥❞♦✇ ♦❢ M̃ = 192 s❛♠♣❧❡s ✭✵✳✶ ♠s✮
❤❛s ❜❡❡♥ ❛ss✉♠❡❞✱ ❜✉t ✐♥ ♠♦st s❝❡♥❛r✐♦s t❤✐s ✐s ♣r♦❜❛❜❧② ❧❛r❣❡r t❤❛♥ ♥❡❝❡ss❛r②✳ ❚❤❡
❝❛❧❝✉❧❛t✐♦♥s s❤♦✇ t❤❛t ♠♦st ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥ ❧✐❡s ✇✐t❤✐♥ t❤❡ ❝♦rr❡❧❛t✐♦♥
❛♥❞ ❈❋❖ ❡st✐♠❛t✐♦♥ ❜❧♦❝❦s✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ❞❡♣❡♥❞s ❛s②♠♣t♦t✐❝❛❧❧② ✉♣♦♥ M̃
❛♥❞ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❧♦✇❡r❡❞ ❜② ❝❤♦♦s✐♥❣ ❛ s♠❛❧❧❡r s❡❛r❝❤ ✇✐♥❞♦✇✳ ❚❤❡ ❝❤❛♥♥❡❧
❡st✐♠❛t✐♦♥ ❜❧♦❝❦ ✐s ♥♦t ❛s ❜✉r❞❡♥s♦♠❡ ❛♥❞ ✐ts ❝♦♠♣❧❡①✐t② ❞❡♣❡♥❞s ♦♥❧② ✉♣♦♥
t❤❡ s②♠❜♦❧ ❧❡♥❣t❤ M ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ◆P❘❙ s②♠❜♦❧s NNPRS✱ ✇❤✐❝❤ ❛r❡ ❜♦t❤
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❚❛❜❧❡ ✹✳✶✿ ❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❧❡① ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♣❡r s❛♠♣❧❡ r❡✲
q✉✐r❡❞ ❜② t❤❡ ♦✈❡r❧❛♣✲s❛✈❡ ❛❧❣♦r✐t❤♠ ❢♦r ❞✐✛❡r❡♥t ❋❋❚ s✐③❡s N

N ❈♦rr❡❧❛t✐♦♥ ■♥t❡r♣♦❧❛t✐♦♥

✽ ✶✾✳✷✵ ✾✳✻✵

✾ ✶✸✳✻✷ ✶✵✳✸✸

✶✵ ✶✷✳✻✽ ✶✶✳✶✼

✶✶ ✶✷✳✽✺ ✶✷✳✵✾

✶✷ ✶✸✳✹✺ ✶✸✳✵✺

❝♦♥st❛♥t✳ ❚❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❛♥❞ ✜rst ♣❛t❤ ❡st✐♠❛t✐♦♥ ❜❧♦❝❦s ❛r❡ t❤❡ ❧❡❛st ❝♦♠♣❧❡①
❜❧♦❝❦s✱ ❛❧t❤♦✉❣❤ t❤❡✐r ❝♦♠♣❧❡①✐t② ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥
❢❛❝t♦r V ❛♥❞ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ✇✐♥❞♦✇ W ✳

❚❤❡ t♦t❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ✇❤♦❧❡ ❛❧❣♦r✐t❤♠ ❝❛♥ t♦ s♦♠❡ ❡①t❡♥t ❜❡ r❡❣❛r❞❡❞
❛s r❛♥❞♦♠✱ s✐♥❝❡ ✐t ✐s ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ❝♦♠♣❧❡①✲
✐t② ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s P ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s Niter✳ ❚❤❡
♣♦s✐t✐♦♥✐♥❣ ❛❝❝✉r❛❝② ❣❡♥❡r❛❧❧② ❛❧s♦ ✐♥❝r❡❛s❡s ✇✐t❤ P ✱ ❜✉t t❤✐s ✐s ♥♦t ♦❢ ❝♦♥❝❡r♥ t♦
t❤❡ ❯❊✱ s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝✐♣❛t✐♥❣ ❡◆♦❞❡❇s ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♥❡t✇♦r❦✳
❍♦✇❡✈❡r✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s Niter s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ ❛s s♠❛❧❧ ❛s ♣♦ss✐❜❧❡✱
✇❤✐❧❡ st✐❧❧ ❛❝❤✐❡✈✐♥❣ ❣♦♦❞ ❚❖❆ ❛❝❝✉r❛❝②✳ ◆❡✈❡rt❤❡❧❡ss✱ s♦♠❡ ❜❧♦❝❦s ♦❢ t❤❡ ❛❧❣♦✲
r✐t❤♠ ♠❛② ♥❡✈❡r ❜❡ ❡①❡❝✉t❡❞ ✐❢ P❆❘ t❤r❡s❤♦❧❞s ❛r❡ ♥♦t ♠❡t✳ ■♥ ❆❧❣♦r✐t❤♠ ✶✱
t❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ ✇❤♦❧❡ ❛❧❣♦r✐t❤♠ ✐s s❤♦✇♥✱ ❛♥❞ ❤❡r❡ ✇❡ s❡❡ t❤❛t t❤❡ ❝❤❛♥♥❡❧
❡st✐♠❛t✐♦♥ ❜❧♦❝❦ ✇✐❧❧ ♦♥❧② ❜❡ ❡①❡❝✉t❡❞ ❢♦r ❝❡❧❧s ✇❤❡r❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❡①❝❡❡❞s t❤❡
P❆❘ t❤r❡s❤♦❧❞✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ✜rst ♣❛t❤ ❡st✐♠❛t✐♦♥ ❜❧♦❝❦ ✇✐❧❧ ❦❡❡♣ ✐t❡r❛t✐♥❣ ✉♥✲
t✐❧ t❤❡ ✜rst ♣❛t❤ ✐s ❢♦✉♥❞✳ ❚❤❡ t♦t❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♠✉st t❤❡r❡❢♦r❡
❜❡ ❡✈❛❧✉❛t❡❞ st❛t✐st✐❝❛❧❧② ❢♦r ❞✐✛❡r❡♥t ✐♥♣✉t s✐❣♥❛❧s✳ ❆ ✧✇♦rst ❝❛s❡✧ ✐♥ t❡r♠s ♦❢
❝♦♠♣❧❡①✐t② ✭✇❤✐❝❤ ✐s ✉s✉❛❧❧② t❤❡ ❜❡st ❝❛s❡ ✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝②✮✱ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞
✉s✐♥❣ t❤❡ ♥✉♠❜❡rs ✐♥ ❚❛❜❧❡ ✹✳✷✳ ■❢ ✇❡ ❛ss✉♠❡ P = 6 ❛♥❞ Niter = 2✱ ❛♥❞ ✇❡ ❛s✲
s✉♠❡ t❤❛t t❤❡ ❝❤❛♥♥❡❧ ❡st✐♠❛t✐♦♥ ❜❧♦❝❦ ✐s ❡①❡❝✉t❡❞ ❢♦r ❛❧❧ ❝❡❧❧s ✐♥ ❜♦t❤ ✐t❡r❛t✐♦♥s✱
t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ❝♦♠♣❧❡① ♠✉❧t✐♣❧✐❝❛t✐♦♥s✱ ❞✐✈✐s✐♦♥s ❛♥❞ tr✐❣♦♥♦♠❡tr✐❝ ❡✈❛❧✉❛✲
t✐♦♥s ❜❡❝♦♠❡ ❛♣♣r♦①✐♠❛t❡❧② ✺✾✹ ✵✵✵✱ ✸✵✽ ✵✵✵ ❛♥❞ ✸✺✽ ✵✵✵ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ✐s
r❡❛s♦♥❛❜❧❡ t♦ ❡①❡❝✉t❡ ✇✐t❤✐♥ t❤❡ r❡s♣♦♥s❡ t✐♠❡✱ ❢♦r ❜♦t❤ ❤❛r❞✇❛r❡ ❛♥❞ s♦❢t✇❛r❡
✐♠♣❧❡♠❡♥t❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✐s r✉♥♥✐♥❣ ❛t ❛ ✶✵✵
▼❍③ ❤❛r❞✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❡①❡❝✉t✐♥❣ ♦♥❡ ♦♣❡r❛t✐♦♥ ♣❡r ❝❧♦❝❦ ❝②❝❧❡✱ t❤❡ t♦t❛❧
❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥ ✇♦✉❧❞ ❜❡ ✶✵ ♠s✱ ✇❤✐❝❤ ✐s ✇❡❧❧ ✇✐t❤✐♥ t❤❡ r❡s♣♦♥s❡ t✐♠❡
r❡q✉✐r❡♠❡♥t ♦❢ ✶✻✵ ♠s✳

❙❡✈❡r❛❧ ❜✉✛❡rs ❛r❡ ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ st♦r❡ t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ✐♥ ❡❛❝❤
✐t❡r❛t✐♦♥✱ ❜✉t ♠♦st ♦❢ t❤❡ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ st♦r❡ t❤❡ r❡❝❡✐✈❡❞
s✐❣♥❛❧ ❛♥❞ t❤❡ ✸✲✻ r❡❢❡r❡♥❝❡ s✐❣♥❛❧s✱ ✇❤✐❝❤ ❤❛✈❡ ❛ ❧❡♥❣t❤ ✉♣ t♦ ❝♦♠♣❧❡① ✶✾✷✵
s❛♠♣❧❡s✳ ❆ss✉♠✐♥❣ ❛ ✶✻✲❜✐t ✜①❡❞ ♣♦✐♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤✐s r❡q✉✐r❡s ♠❡♠♦r②
❜✉✛❡rs ✐♥ t❤❡ ♦r❞❡r ♦❢ ✶✵s ♦❢ ❦✐❧♦❜②t❡s✳ ❚❤❡ ❜✉✛❡rs ♦❢ ♦t❤❡r ♦♣❡r❛t✐♦♥s✱ s✉❝❤ ❛s
t❤❡ ❋❋❚✴■❋❋❚✱ s❤♦✉❧❞ ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳

❚❤❡ s❝♦♣❡ ♦❢ t❤✐s t❤❡s✐s ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛s♣❡❝ts ❛♥❞ ❢✉rt❤❡r
❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ❛♥❞ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥
❢r❛♠❡✇♦r❦ ✐s ❧❡❢t ❛s ❢✉t✉r❡ ✇♦r❦✳
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❚❛❜❧❡ ✹✳✷✿ ❚❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣❧❡① ♠✉❧t✐♣❧✐❝❛t✐♦♥s✱
❞✐✈✐s✐♦♥s✱ ❛♥❞ tr✐❣♦♥♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥s r❡q✉✐r❡❞ ❜②
❡❛❝❤ ❜❧♦❝❦ ✐♥ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❢♦r M̃ = 192✱ M = 137✱
NNPRS = 8✱ V = 16✱ W = 8✱ ❛♥❞ ❋❋❚ s✐③❡ N = 1024 ❢♦r
t❤❡ ♦✈❡r❧❛♣✲❛❞❞ ♠❡t❤♦❞✱ ❛s ✇❡❧❧ ❛s t❤❡ ❛s②♠♣t♦t✐❝ ❝♦♠♣❧❡①✐t②
♦❢ ❡❛❝❤ ❜❧♦❝❦✳ ❆ r♦✉❣❤ ❡st✐♠❛t❡ ♦❢ t❤❡ t♦t❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
❛❧❣♦r✐t❤♠ ✐s ❣✐✈❡♥✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❝♦rr❡❧❛t✐♦♥✱ ❈❋❖ ❡st✐♠❛✲
t✐♦♥ ❛♥❞ ❝❤❛♥♥❡❧ ❡st✐♠❛t✐♦♥ ❜❧♦❝❦s ❛r❡ ❡①❡❝✉t❡❞ P ×Niter = 12
t✐♠❡s✱ ❛♥❞ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❛♥❞ ✜rst ♣❛t❤ ❡st✐♠❛t✐♦♥ ❜❧♦❝❦s
P = 6 t✐♠❡s✳

❇❧♦❝❦ ▼✉❧t✳ ❉✐✈✳ ❚r✐❣✳ ❆s②♠♣t✳

❈♦rr❡❧❛t✐♦♥ ✶✾ ✺✵✵ ✲ ✲ O(M̃)

❈❋❖ ❊st✳ ✷✻ ✶✵✵ ✷✹ ✻✵✵ ✷✼ ✻✵✵ O(M̃)

❈❤❛♥♥❡❧ ❊st✳ ✸ ✽✵✵ ✶ ✶✵✵ ✷ ✷✵✵ O(1)
■♥t❡r♣♦❧❛t✐♦♥ ✶✹✵✵ ✲ ✲ O(VW )

❋✐rst P❛t❤ ❊st✳ ✷✵✵ ✭♣❡r ✐t❡r✳✮ ✲ ✲ O( ˜VW )

❚♦t❛❧ ✺✾✹ ✵✵✵ ✸✵✽ ✵✵✵ ✸✺✽ ✵✵✵



✷✽ Pr♦♣♦s❡❞ ❊▼✲❙■❈ ❆❧❣♦r✐t❤♠



❈❤❛♣t❡r✺

◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s

✺✳✶ ❙✐♠✉❧❛t✐♦♥ P❛r❛♠❡t❡rs

❆♥ ❖❚❉❖❆ s✐♠✉❧❛t♦r ❢♦r ◆❇✲■♦❚ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ▼❛t❧❛❜ ✇✐t❤ t❤❡ ♣✉r♣♦s❡ ♦❢
❞❡♠♦♥str❛t✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥❝r❡❛s❡ ❣❛✐♥❡❞ ❜② t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ✉s✐♥❣
▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ s✐♠✉❧❛t♦r ♣❧❛❝❡s ❝❡❧❧ s✐t❡s ✇✐t❤ ❛ s♣❡❝✐✜❝ ✐♥t❡r✲s✐t❡
❞✐st❛♥❝❡ ✐♥ ❛ ❤❡①❛❣♦♥❛❧ ❣r✐❞✱ s✉❝❤ ❛s ✐♥ ❋✐❣✉r❡ ✺✳✶✳ ❯❊s ❛r❡ t❤❡♥ ❞r♦♣♣❡❞ ✇✐t❤ ❛
✉♥✐❢♦r♠ ❣❡♦♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥ ✐♥s✐❞❡ ♦♥❡ ♦❢ t❤❡ ❝❡❧❧s✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ ♦♥❡ ✇✐t❤ ❝❡❧❧
■❉ ✽✳ ❚❤❡ ♣r♦♣❛❣❛t✐♦♥ ❝❤❛♥♥❡❧s ❢r♦♠ ❡❛❝❤ ❝❡❧❧ t♦✇❡r t♦ ❡❛❝❤ ❯❊ ❛r❡ s✐♠✉❧❛t❡❞ ❛♥❞
s✉❝❤ t❤❛t ✉♥✐q✉❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧s ❛r❡ ❝r❡❛t❡❞✳ ❚❤❡ ❚❖❆s ❛r❡ t❤❡♥ ❡st✐♠❛t❡❞ ✉s✐♥❣
❞✐✛❡r❡♥t ♠❡t❤♦❞s✿ t❤❡ st❛♥❞❛r❞ ❡st✐♠❛t❡ ✐♥ ✭✸✳✶✸✮✱ ❙■❈ ✇✐t❤♦✉t ❢r❡q✉❡♥❝② ♦✛s❡t
❝♦♠♣❡♥s❛t✐♦♥ ✭❋❖❈✮✱ ❙■❈ ✇✐t❤ ❋❖❈✱ ❙■❈ ✇✐t❤ ❋❖❈ ❛♥❞ ✐♥t❡r♣♦❧❛t✐♦♥✱ ❛♥❞ ✜♥❛❧❧②
✉s✐♥❣ t❤❡ ❝♦♠♣❧❡t❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❙■❈✱ ❋❖❈✱ ✐♥t❡r♣♦❧❛t✐♦♥ ❛♥❞ ✜rst✲
♣❛t❤ ❡st✐♠❛t✐♦♥✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛❝t✐✈❛t✐♥❣ ❛♥❞ ❞❡❛❝t✐✈❛t✐♥❣ ❞✐✛❡r❡♥t ♣❛rts
♦❢ t❤❡ ❜❧♦❝❦ ❞✐❛❣r❛♠s ✐♥ ❋✐❣✉r❡ ✹✳✶ ❛♥❞ ✹✳✷✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t
♠❡t❤♦❞s ❛r❡ ❡✈❛❧✉❛t❡❞ ❜② ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❚❖❆ ❡rr♦rs τp,0 − τ̂p,0 ❛♥❞ t❤❡ ❡rr♦r
√

(x− x̂)2 + (y − ŷ)2 ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦s✐t✐♦♥✐♥❣ r❡s✉❧t✳

❲❤❡♥ ❡✈❛❧✉❛t✐♥❣ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❡rr♦rs✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❛t ♥♦t
❛❧❧ ♣♦s✐t✐♦♥✐♥❣ ❛tt❡♠♣ts ❛r❡ s✉❝❝❡ss❢✉❧✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ P❆❘ t❤r❡s❤♦❧❞ ♦❢ ❛
❝❡rt❛✐♥ ❝❡❧❧ ✐s ♥♦t ❡①❝❡❡❞❡❞✱ t❤❡ ❚❖❆ ❢♦r t❤❛t ❝❡❧❧ ✇✐❧❧ ♥♦t ❜❡ ❡st✐♠❛t❡❞✳ ❙✐♥❝❡ ❚❖❆
❡st✐♠❛t❡s ❢r♦♠ ❛t ❧❡❛st t❤r❡❡ ❝❡❧❧s ✐s ♥❡❝❡ss❛r② ❢♦r ♦❜t❛✐♥✐♥❣ ❛ ♣♦s✐t✐♦♥ ❡st✐♠❛t❡✱
s♦♠❡ ❯❊s ✇✐❧❧ t❤❡r❡❢♦r❡ ♥♦t ❜❡ ❧♦❝❛t❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ t❤❡ ♣♦s✐t✐♦♥ ❡rr♦r ❡①❝❡❡❞s
✺✵✵ ♠✱ t❤❡ ❡st✐♠❛t❡ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞✱ s✐♥❝❡ t❤❡ ♥❡t✇♦r❦ ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ s♦♠❡
❛ ♣r✐♦r✐ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❯❊ ❧♦❝❛t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ❜② ✉s✐♥❣ t❤❡ ❝❡❧❧
■❉✱ t❤❡ ♥❡t✇♦r❦ ❦♥♦✇s ✐♥ ✇❤✐❝❤ ❝❡❧❧ t❤❡ ❯❊ ✐s ❧♦❝❛t❡❞✱ s♦ ✐❢ t❤❡ ❖❚❉❖❆ s♦❧✉t✐♦♥
❝♦♥✈❡r❣❡s ♦✉ts✐❞❡ t❤✐s ❝❡❧❧✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ♠❡❛s✉r❡♠❡♥ts ❝❛♥♥♦t ❜❡ tr✉st❡❞✳
❯s✐♥❣ t❤❡s❡ ❝r✐t❡r✐❛✱ ✇❡ ❞❡✜♥❡ t❤❡ ❧♦❝❛❧✐③❛❜✐❧✐t② ❛s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❯❊s t❤❛t ❤❛✈❡
❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❧♦❝❛t❡❞✳ ❚❤✐s ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❜❡✐♥❣
❛❜❧❡ t♦ s✉❝❝❡ss❢✉❧❧② ❛ss✐❣♥ ❛ ♣♦s✐t✐♦♥ t♦ ❛ ❣✐✈❡♥ ❯❊✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❞❡t❡❝t✐♦♥ Pd ✇❛s s✐♠✉❧❛t❡❞ ❢♦r ❞✐✛❡r❡♥t ♠❡t❤✲
♦❞s✳ Pd ✐s ❤❡r❡ ❞❡✜♥❡❞ ❛s ❝♦rr❡❝t❧② ✐❞❡♥t✐❢②✐♥❣ t❤❡ r❡❝❡✐✈❡❞ ◆P❘❙ s✐❣♥❛❧ ❢r♦♠ ❛
❝❡❧❧ ✇✐t❤✐♥ ±1 s❛♠♣❧❡s ❛t ✶✳✾✷ ▼❍③✳ ❋♦r t❤✐s t②♣❡ ♦❢ s✐♠✉❧❛t✐♦♥✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡
t♦ ❝♦♥s✐❞❡r ✐♥t❡r♣♦❧❛t✐♦♥✱ s✐♥❝❡ ✐t ✇✐❧❧ ❤❛✈❡ ♥♦ ✐♠♣❛❝t ♦♥ t❤✐s ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡
r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✷✳

❚❤❡ ❚❖❆ ❡rr♦rs ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ ✐ts ❡♠♣✐r✐❝❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥

✷✾



✸✵ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s

❚❛❜❧❡ ✺✳✶✿ P❛r❛♠❡t❡rs ✉s❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

P❛r❛♠❡t❡r ❱❛❧✉❡

◆✉♠❜❡r ♦❢ ❡◆♦❞❡❇s P ✻

◆✉♠❜❡r ♦❢ ❯❊s ✺✵✵✵ ✉♥✐❢♦r♠❧② ❞r♦♣♣❡❞

■♥t❡r✲s✐t❡ ❞✐st❛♥❝❡ d ✶ ✼✸✷ ♠

❖♣❡r❛t✐♦♥ ♠♦❞❡ ■♥✲❜❛♥❞

❈❛rr✐❡r ❢r❡q✉❡♥❝② ✾✵✵ ▼❍③

❈❤❛♥♥❡❧ ♠♦❞❡❧ ❆❲●◆✱ ❊❚❯

❈❤❛♥♥❡❧ ❉♦♣♣❧❡r ❢r❡q✉❡♥❝② ✸ ❍③

❡◆♦❞❡❇✲❛♥t❡♥♥❛ ✶

❯❊✲❛♥t❡♥♥❛ ✶

❈♦♥s❡❝✉t✐✈❡ ◆P❘❙ s✉❜❢r❛♠❡s ✶

◆P❘❙ ♠✉t✐♥❣ ❢❛❧s❡

❯❊✲s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② Fs ✶✳✾✷ ▼❍③

❚❤❡r♠❛❧ ♥♦✐s❡ ❞❡♥s✐t② ✷✺✵ ❞❇ ❜❡❧♦✇ tr❛♥s♠✐t ♣♦✇❡r

❙❤❛❞♦✇✐♥❣ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✽ ❞❇

■♥t❡r✲❝❡❧❧ s❤❛❞♦✇✐♥❣ ❝♦rr❡❧❛t✐♦♥ ✵✳✺

P❛t❤ ❧♦ss ♠♦❞❡❧ ✭rp ✐♥ ❦♠✮
(

αp

)

dB
= 120.9 + 37.6 log10 rp

❈❋❖ ❯♥✐❢♦r♠❧② ❞r❛✇♥ ✐♥ ±500 ❍③

◆✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s Niter ✷

P❆❘ t❤r❡s❤♦❧❞ η ✸

❋✐rst ♣❛t❤ P❆❘ t❤r❡s❤♦❧❞ γ ✸

❚❖❆ s❡❛r❝❤ ✇✐♥❞♦✇ M̃ ✶✾✷ s❛♠♣❧❡s

■♥t❡r♣♦❧❛t✐♦♥ ❢❛❝t♦r V ✶✻

■♥t❡r♣♦❧❛t✐♦♥ ✇✐♥❞♦✇ W ✽

❢✉♥❝t✐♦♥ ✭P❉❋✮ ✐♥ s❡❝t✐♦♥ ✺✳✸ ❛♥❞ t❤❡ ♣♦s✐t✐♦♥✐♥❣ r❡s✉❧ts ✐♥ t❡r♠s ♦❢ ✐ts ❡♠♣✐r✐❝❛❧
❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ s❡❝t✐♦♥ ✺✳✹✳ ❆s ✐t ✇❛s ❡st❛❜❧✐s❤❡❞ ✜rst✲♣❛t❤
❡st✐♠❛t✐♦♥ ❜❧♦❝❦ ❞✐❞ ♥♦t ❛✛❡❝t t❤❡ r❡s✉❧ts ✐♥ ❆❲●◆ ❛♥❞ ❊❚❯ ❝❤❛♥♥❡❧s✱ t❤❡ ❜❡♥❡✲
✜ts ♦❢ t❤✐s ❜❧♦❝❦ ✇❛s ❛♥❛❧②s❡❞ ✇✐t❤ ❛ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ❛ s♣❡❝✐✜❝ t✇♦✲♣❛t❤ ❝❤❛♥♥❡❧
♠♦❞❡❧ ✐♥ s❡❝t✐♦♥ ✺✳✺✳ ❋✐♥❛❧❧②✱ ❛ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❚❖❆ ✈❛r✐❛♥❝❡ ❝♦♠♣❛r❡❞ t♦
t❤❡ ❈❘▲❇ ✐s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✻✳ ❯♥❧❡ss ♦t❤❡r✇✐s❡ s♣❡❝✐✜❡❞✱ t❤❡ s✐♠✉❧❛t✐♦♥
♣❛r❛♠❡t❡rs ✐♥ ❚❛❜❧❡ ✺✳✶ ❛r❡ ✉s❡❞ ❬✷✾❪✳



◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥s ✸✶
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Figure 5.2: Probability of detection Pd for di�erent noise power to
transmit power ratios N0/G in AWGN channel.
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Figure 5.3: Probability of detection Pd for di�erent noise power to
transmit power ratios N0/G in ETU channel.
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5.3 TOA Errors

The TOA errors were simulated in both AWGN and ETU channels using the
di�erent techniques. The results are shown in Figure 5.4 and 5.5. Here we see that
the SIC, FOC and interpolation each reduces the variance of the TOA estimates.
In AWGN, the interpolation gives an especially large variance reduction. However,
in ETU the bene�ts for each block are not as big, and the overall TOA variance
is much greater than in AWGN for each method. In general, the TOA estimates
are slightly biased, which is due to a simulation bug, but the bias cancels when
the TDOAs are formed.
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Figure 5.4: Empirical PDF of the TOA errors in the AWGN channel.
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Figure 5.5: Empirical PDF of the TOA errors in the ETU channel.

5.4 Positioning Errors

The positioning errors were simulated in both AWGN and ETU channels for the
di�erent methods. The results are shown in Figure 5.6 and 5.7, together with Table
5.2 and 5.3. The proposed algorithm greatly increases the positioning accuracy as
well as the localizability ratio in AWGN channel. For ETU the accuracy is only
modestly increased, but the bene�ts are signi�cant in terms of localizability.

In Figure 5.8, the geographic distribution of the estimated UE positions within
the sector from the AWGN simulation is shown. Note that the UEs were dropped
uniformly within the sector, so for a 100 % localization ratio, we would expect
to see a uniform distribution. More simulation results investigating the impact
of the number of cells P , the inter-site distance (between cell towers) d, the PAR
threshold η and the number of SIC iterations Niter are shown in Figures 5.9-5.14.
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Figure 5.6: Empirical CDF of the horizontal positioning errors in
AWGN channel.
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Figure 5.7: Empirical CDF of the horizontal positioning errors in
ETU channel.
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♦t❤❡r✱ ✇❤✐❝❤ ❤♦✇❡✈❡r✱ ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r ❊❚❯ ❝❤❛♥♥❡❧✳ ❚❤❡r❡❢♦r❡✱ ❛ s♦♠❡✇❤❛t
♠♦r❡ ❛❞✈❛♥❝❡❞ ❛❧❣♦r✐t❤♠ ✐s ♥❡❡❞❡❞ t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ❊❚❯ ❝❤❛♥♥❡❧ ❢♦r t❤❡ ✜rst
♣❛t❤ ❞❡t❡❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❧❡❢t ❛s ❢✉t✉r❡ ✇♦r❦✳
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✺✳✻ ❈❘▲❇ ❢♦r ❚❖❆ ❊st✐♠❛t✐♦♥

❚❤❡ ❚❖❆ ✈❛r✐❛♥❝❡ ✇❛s s✐♠✉❧❛t❡❞ ❢♦r ❞✐✛❡r❡♥t ❙◆❘s ❛♥❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❈❘▲❇✳
■♥ t❤✐s s✐♠✉❧❛t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ✇❛s r❡❞✉❝❡❞ t♦ ✸ ❛♥❞ t❤❡ ❈❋❖ ❞r❛✇♥
❜❡t✇❡❡♥ ±750 ❍③ t♦ ❤✐❣❤❧✐❣❤t t❤❡ ❣❛✐♥ ♦❢ t❤❡ ❋❖❈✳ ❚❤❡ tr❛♥s♠✐t ♣♦✇❡rs ✇❡r❡
s❡t t♦ ✉♥✐t② ❛♥❞ t❤❡ ♣❛t❤ ❧♦ss ✇❛s ✐❣♥♦r❡❞✱ ✐✳❡✳ G0 = α0 = 1✱ s♦ t❤❛t t❤❡ ❙◆❘
❝♦✉❧❞ ❜❡ ❝♦✉❧❞ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛t t❤❡ r❡❝❡✐✈❡r ❢♦r ❡❛❝❤ ◆P❘❙ s✐❣♥❛❧✳ ❚❤❡ r❡s✉❧ts ❛r❡
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✶✼✱ ✇❤❡r❡ ✐t ❝❛♥ ❜❡❡ s❡❡♥ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❛❧❧
t❤r❡❡ ❜❧♦❝❦s ❛❧♠♦st ❛tt❛✐♥s t❤❡ ❈❘▲❇ ❢♦r ✐♥t❡r♠❡❞✐❛t❡ ❙◆❘s✳ ❋♦r ❤✐❣❤ ❙◆❘s t❤❡
st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❜❡❝♦♠❡s s❛t✉r❛t❡❞✱ ✇❤✐❝❤ ✐s ❞✉❡ t♦ t❤❡ ❧✐♠✐t❡❞ ✐♥t❡r♣♦❧❛t✐♦♥
❢❛❝t♦r✳
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Figure 5.17: Standard deviation of the TOA estimates in AWGN
compared to the CRLB for di�erent SNR.



❈❤❛♣t❡r✻
❈♦♥❝❧✉s✐♦♥s

❋r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ✐♥✲
❝r❡❛s❡s ♣♦s✐t✐♦♥✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✉♥❞❡r ❛❧❧ ❝✐r❝✉♠st❛♥❝❡s✳ ❋r♦♠ ❋✐❣✉r❡ ✺✳✷ ❛♥❞ ✺✳✸✱
✐t ✐s ❝❧❡❛r t❤❛t ♣r♦❜❛❜✐❧✐t② ♦❢ ❝♦rr❡❝t❧② ✐❞❡♥t✐❢②✐♥❣ t❤❡ ❚❖❆ ♦❢ ❛ r❡❝❡✐✈❡❞ ◆P❘❙
s✐❣♥❛❧ ✐s ❞♦✉❜❧❡❞ ✐♥ ❆❲●◆ ❛♥❞ ♥❡❛r❧② ❞♦✉❜❧❡❞ ✐♥ ❊❚❯✳ ❍❡r❡ ❜♦t❤ t❤❡ ❙■❈ ❛♥❞
❋❖❈ ❜❧♦❝❦s ♠❛❦❡s ❛ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡✱ ❡s♣❡❝✐❛❧❧② ✐♥ ❧♦✇✲♥♦✐s❡ s❝❡♥❛r✐♦s✳ ❚❤❡
✐♠♣r♦✈❡♠❡♥ts ✐♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❞❡t❡❝t✐♦♥ ✐s ❛❧s♦ ❝r✉❝✐❛❧✱ s✐♥❝❡ ❞❡t❡r♠✐♥✐♥❣ t❤❡
❯❊ ♣♦s✐t✐♦♥ r❡q✉✐r❡s t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛t ❧❡❛st t❤r❡❡ ❝❡❧❧s✳

❚❤❡ ❚❖❆ ❡rr♦rs ✐♥ ❋✐❣✉r❡ ✺✳✹ s❤♦✇s t❤❛t ❛♠♦♥❣ t❤❡ ❞❡t❡❝t❡❞ ❚❖❆s✱ t❤❡
✐♥t❡r♣♦❧❛t✐♦♥ ♠❛❦❡s t❤❡ ❜✐❣❣❡st ❞✐✛❡r❡♥❝❡ ✐♥ t❡r♠s ♦❢ ✈❛r✐❛♥❝❡ r❡❞✉❝t✐♦♥✳ ❚❤❡
✜❣✉r❡ ❛❧s♦ s❤♦✇s t❤❛t t❤❡ ❡st✐♠❛t❡s ❛r❡ s❧✐❣❤t❧② ❜✐❛s❡❞✱ ❜✉t t❤✐s ❞♦❡s ♥♦t ❛✛❡❝t t❤❡
♣♦s✐t✐♦♥✐♥❣ r❡s✉❧ts✱ s✐♥❝❡ t❤❡ ❜✐❛s ✇✐❧❧ ❝❛♥❝❡❧ ✇❤❡♥ t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❚❖❆s
❛r❡ ❢♦r♠❡❞✳ ❋✐❣✉r❡ ✺✳✺ s❤♦✇s t❤❛t t❤❡ ❜❡♥❡✜ts ♦❢ ✐♥t❡r♣♦❧❛t✐♦♥ ❛r❡ ♥♦t ❛s ❣r❡❛t
✐♥ ❊❚❯ ❝❤❛♥♥❡❧✱ ✇❤✐❝❤ ✐s ❡①♣❡❝t❡❞✱ s✐♥❝❡ t❤❡ ❞❡❧❛② ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠✉❧t✐♣❛t❤
❝♦♠♣♦♥❡♥ts ❛r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦rr❡❧❛t✐♦♥
♣❡❛❦ t❤❛t ✐s ❜❡✐♥❣ ✐♥t❡r♣♦❧❛t❡❞ ✐s ✐♥ ❢❛❝t ❛ ♥♦♥✲❝♦❤❡r❡♥t ❛❞❞✐t✐♦♥ ♦❢ s❡✈❡r❛❧ ♣❡❛❦s✱
s❤✐❢t❡❞ ❜② ❛ s✉❜✲s❛♠♣❧❡ ❞❡❧❛②✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ❧♦✇ s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② ♠❛❦❡s ✐t
✈❡r② ❞✐✣❝✉❧t t♦ ♠✐t✐❣❛t❡ ♠✉❧t✐♣❛t❤ ✐♥t❡r❢❡r❡♥❝❡✱ ❛♥❞ t❤✐s ✐s t❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r
t❤❡ ♣♦♦r ❚❖❆ ❡rr♦r ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡
✜rst✲♣❛t❤ ❡st✐♠❛t✐♦♥ ❜❧♦❝❦ ✐s t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ❜✉t ❞✉❡ t♦ t❤❡ ❧♦✇ s❛♠♣❧✐♥❣
r❛t❡✱ ✐t ❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤ t❤❡ ❞✐✛❡r❡♥t ♣❛t❤s ❢♦r ❊❚❯✳ ❚❤✐s ✐s ❛♥ ✐ss✉❡ t❤❛t ♥❡❡❞s
t♦ ❜❡ ❛❞❞r❡ss❡❞ ✐♥ ❢✉t✉r❡ ✇♦r❦ ✐♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥ ✉r❜❛♥ ❢❛❞✐♥❣
❝❤❛♥♥❡❧s✳ ❍♦✇❡✈❡r✱ t❤❡ ✜rst✲♣❛t❤ ❞❡t❡❝t✐♦♥ ✐s ♥♦t ✉s❡❧❡ss✱ s✐♥❝❡ ✐t ❝❛♥ ❞❡❝r❡❛s❡ t❤❡
❚❖❆ ❡rr♦r ✈❛r✐❛♥❝❡ ✐♥ ♠✉❧t✐♣❛t❤ ❝❤❛♥♥❡❧s ✇✐t❤ ♣❛t❤ ❞❡❧❛②s s✐❣♥✐✜❝❛♥t❧② ❧♦♥❣❡r
t❤❛♥ t❤❡ s❛♠♣❧✐♥❣ ♣❡r✐♦❞✱ s✉❝❤ ❛s ✐♥ ❋✐❣✉r❡ ✺✳✶✺✳ ❚❤✐s s❤♦✇s t❤❛t ✇❤❡♥ t❤❡ t✇♦✲
♣❛t❤s ❝❛♥ ❜❡ r❡s♦❧✈❡❞ ❛❢t❡r ✐♥t❡r♣♦❧❛t✐♦♥✱ t❤❡ ✜rst✲♣❛t❤ ❞❡t❡❝t✐♦♥ ✇♦r❦s ♣r♦♣❡r❧②✳

❚❤❡ ❆❲●◆ ♣♦s✐t✐♦♥✐♥❣ ❡rr♦rs ✐♥ ❋✐❣✉r❡ ✺✳✻ ❛♥❞ ❚❛❜❧❡ ✺✳✷ ❤✐❣❤❧✐❣❤ts t❤❡ ❧❛r❣❡
♣❡r❢♦r♠❛♥❝❡ ✐♥❝r❡❛s❡ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ②✐❡❧❞s✳ ❚❤❡ ✾✺t❤ ♣❡r❝❡♥t✐❧❡
♦❢ t❤❡ ♣♦s✐t✐♦♥ ❡rr♦rs ❛r❡ ❞❡❝r❡❛s❡❞ ❢r♦♠ ✸✹✷ ♠ t♦ ✻✶ ♠ ❛♥❞ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢
❧♦❝❛❧✐③❡❞ ❯❊s ✐s ✐♥❝r❡❛s❡❞ ❢r♦♠ ✻✼ ✪ t♦ ✾✼ ✪✳ ❚❤✐s s❤♦✇s t❤❛t ✇✐t❤♦✉t t❤❡ ♣r❡s❡♥❝❡
♦❢ ♠✉❧t✐♣❛t❤ ❢❛❞✐♥❣✱ t❤❡ ❙■❈✱ ❋❖❈ ❛♥❞ ✐♥t❡r♣♦❧❛t✐♦♥ st❛❣❡s ❛❧❧ ②✐❡❧❞ ❛ s✐❣♥✐✜❝❛♥t
♣❡r❢♦r♠❛♥❝❡ ✐♥❝r❡❛s❡✳ ❲❤✐❧❡ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❞❡❝r❡❛s❡s t❤❡ ❡rr♦r ♦❢ ❧♦❝❛❧✐③❡❞ ❯❊s✱
t❤❡ ❙■❈ ❛♥❞ ❋❖❈ ❛❧s♦ ✐♥❝r❡❛s❡ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ♣❡r❝❡♥t❛❣❡ s✐❣♥✐✜❝❛♥t❧②✳ ❚❤✐s
✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✺✳✽❛✱ ✇❤❡r❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡st✐♠❛t❡❞ ❯❊ ♣♦s✐t✐♦♥s ✐s
s❤♦✇♥✳ ❯s✐♥❣ t❤❡ st❛♥❞❛r❞ ♠❡t❤♦❞✱ ❛❧♠♦st ♥♦♥❡ ♦❢ t❤❡ ❯❊s ❝❧♦s❡ t♦ t❤❡ ❝❡❧❧ t♦✇❡r
✐♥ t❤❡ ❧❡❢t ❝♦r♥❡r ♦❢ t❤❡ ❤❡①❛❣♦♥ ❛r❡ ❧♦❝❛❧✐③❡❞✳ ❚❤✐s ✐s ❡①♣❡❝t❡❞✱ s✐♥❝❡ t❤❡ ♥❡❛r✲❢❛r

✹✸



✹✹ ❈♦♥❝❧✉s✐♦♥s

♣r♦❜❧❡♠ ✐s ♠♦st s❡✈❡r❡ ✇❤❡♥ ❛ ❯❊ ✐s ✈❡r② ❝❧♦s❡ t♦ ❛ ❝❡❧❧ t♦✇❡r✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ✉s✐♥❣
t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠✱ t❤✐s ♣r♦❜❧❡♠ ✐s ♠✐t✐❣❛t❡❞ ❜② ✐♥t❡r❢❡r❡♥❝❡ ❝❛♥❝❡❧❧❛t✐♦♥✱
s✉❝❤ t❤❛t t❤❡ ✇❡❛❦❡r ❝❡❧❧ t♦✇❡rs ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❛♥❞ t❤❡ ❯❊s ❝❛♥ ❜❡ ❧♦❝❛❧✐③❡❞✱
✇❤✐❝❤ ✐s ❝❧❡❛r❧② s❡❡♥ ✐♥ ❋✐❣✉r❡ ✺✳✽❜✳

■♥ ❊❚❯✱ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ♣♦s✐t✐♦♥✐♥❣ ❛❝❝✉r❛❝② ✐s ♥♦t ♥❡❛r❧② ❛s ❧❛r❣❡✱ ✇❤✐❝❤ ✐s
s❡❡♥ ✐♥ ❋✐❣✉r❡ ✺✳✼✱ ❢♦r r❡❛s♦♥s t❤❛t ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ♠❡♥t✐♦♥❡❞✳ ◆❡✈❡rt❤❡❧❡ss✱
❢r♦♠ ❚❛❜❧❡ ✺✳✸ ✇❡ s❡❡ t❤❛t t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❧♦❝❛❧✐③❡❞ ❯❊s ✐s ✐♥❝r❡❛s❡❞ ❥✉st ❛s ♠✉❝❤
❛s ✐♥ ❆❲●◆ ❛♥❞ t❤❛t t❤✐s ❣❛✐♥ ♣r✐♠❛r✐❧② ❝♦♠❡s ❢r♦♠ ❙■❈✳ ❚❤✐s ❛❧s♦ ✐❧❧✉str❛t❡s
t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣❛r✐♥❣ ♣♦s✐t✐♦♥✐♥❣ ❡rr♦rs ❢♦r t✇♦ ♠❡t❤♦❞s ✇❤❡r❡ t❤❡ s❛♠♣❧❡
s✐③❡s ❛r❡ ❞✐✛❡r❡♥t✳ ❋♦r t❤❡ t✇♦✲♣❛t❤ ❝❤❛♥♥❡❧ r❡s✉❧ts ✐♥ ❋✐❣✉r❡ ✺✳✶✻✱ t❤❡ r❡s✉❧ts ❛r❡
s✐♠✐❧❛r✱ ❜✉t t❤❡ ✜rst✲♣❛t❤ ❞❡t❡❝t✐♦♥ ✐s ❛❜❧❡ t♦ ❢✉rt❤❡r ❞❡❝r❡❛s❡ t❤❡ ♣♦s✐t✐♦♥ ❡rr♦rs
s♦♠❡✇❤❛t✳

❋✐❣✉r❡s ✺✳✾✲✺✳✶✵ ✐❧❧✉str❛t❡s t❤❡ ✈❡r② s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t t❤❛t t❤❡ ♥✉♠❜❡r ♦❢
♣❛rt✐❝✐♣❛t✐♥❣ ❝❡❧❧s P ❤❛s ♦♥ ❧♦❝❛❧✐③❛t✐♦♥ ❛♥❞ ♣♦s✐t✐♦♥✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❤♦✇ t❤❡
♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ t❛❦❡s ❝❛r❡ ♦❢ t❤✐s ♣r♦❜❧❡♠✳ ❯s✐♥❣ t❤❡ st❛♥❞❛r❞ ♠❡t❤♦❞✱ t❤❡
♥✉♠❜❡r ♦❢ ♣❛rt✐❝✐♣❛t✐♥❣ ❝❡❧❧s ✐s ❝r✐t✐❝❛❧ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❜❡✐♥❣ ❛❜❧❡ t♦ ❧♦❝❛❧✐③❡✳
❯s✐♥❣ ♦♥❧② t❤r❡❡ ❝❡❧❧s✱ ✇❤✐❝❤ ✐s ♥♦t ❛♥ ✉♥r❡❛❧✐st✐❝ s❝❡♥❛r✐♦✱ ♦♥❧② ✶✽ ✪ ♦❢ ❯❊s ✇❡r❡
❧♦❝❛❧✐③❡❞✱ ❛♥❞ t❤✐s ✐♥❝r❡❛s❡s t♦ ✺✹ ✪ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ t♦ ✹ ❝❡❧❧s✳ ❚❤❡ ♣r♦♣♦s❡❞
❛❧❣♦r✐t❤♠ s❡❡♠s t♦ ❜❡ ✐♥❞✐✛❡r❡♥t t♦ t❤✐s ♣❛r❛♠❡t❡r✱ s✐♥❝❡ t❤❡ r❡s✉❧ts ❛r❡ ❛❧♠♦st
✐❞❡♥t✐❝❛❧✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ P ✳ ❚❤✐s ✐s ❛ ✈❡r② ♥✐❝❡ ♣r♦♣❡rt②✱ ❡s♣❡❝✐❛❧❧②
✐♥ r✉r❛❧ s❝❡♥❛r✐♦s ✇❤❡r❡ ♥♦t ♠❛♥② ❝❡❧❧s ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❙✐♠✐❧❛r❧②✱ ❋✐❣✉r❡s ✺✳✶✶✲✺✳✶✷
s❤♦✇s t❤❛t t❤❡ ♣♦s✐t✐♦♥✐♥❣ ❡rr♦rs s❡❡♠s t♦ ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ✐♥t❡r✲s✐t❡ ❞✐st❛♥❝❡ d
❢♦r t❤❡ st❛♥❞❛r❞ ♠❡t❤♦❞✱ ✇❤❡r❡❛s t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ s❤♦✇s r❡s✉❧ts t❤❛t ❛r❡
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤✐s ♣❛r❛♠❡t❡r✳ ❙✐♥❝❡ ◆❇✲■♦❚ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ❞❡♣❧♦②❡❞ ✇✐t❤ ✈❡r②
❧❛r❣❡ ❝❡❧❧ s✐③❡s✱ t❤✐s ✐s ❛ ♥✐❝❡ ♣r♦♣❡rt② t♦ ❤❛✈❡✳

❚❤❡ r❡s✉❧ts ❢r♦♠ ❋✐❣✉r❡ ✺✳✶✸ s❤♦✇s t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞
❛❧❣♦r✐t❤♠ ✐s ♥♦t ❤✐❣❤❧② ❞❡♣❡♥❞❡♥t ♦❢ ❤♦✇ t❤❡ P❆❘✲t❤r❡s❤♦❧❞ η ✐s s❡t✱ ❜✉t η = 3

♦r ✹ ✐s ♣r♦❜❛❜❧② r❡❛s♦♥❛❜❧❡✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❝❤♦♦s✐♥❣ ❛ ❣♦♦❞ t❤r❡s❤♦❧❞ ❝❛♥ ❜❡
❞❡s❝r✐❜❡❞ ❛s ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ s❡♥s✐t✐✈✐t② ❛♥❞ s♣❡❝✐✜❝✐t②✳ ❆ ❧♦✇❡r t❤r❡s❤♦❧❞
✇✐❧❧ ②✐❡❧❞ ♠♦r❡ ❢❛❧s❡ ❛❧❛r♠s✱ ✇❤❡r❡❛s ❛ ❤✐❣❤❡r t❤r❡s❤♦❧❞ r❡s✉❧ts ✐♥ ♠♦r❡ ♠✐ss❡❞
❞❡t❡❝t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ❋✐❣✉r❡ ✺✳✶✹ s❤♦✇s t❤❛t ✷✲✸ ❊▼✲❙■❈ ✐t❡r❛t✐♦♥s ✐s ❡♥♦✉❣❤
t♦ ♠❛①✐♠✐③❡ ♣❡r❢♦r♠❛♥❝❡✱ ❛s ❢✉rt❤❡r ✐t❡r❛t✐♦♥s ❞♦ ♥♦t ✐♥❝r❡❛s❡ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡
❝❤♦✐❝❡ ♦❢ Niter s❤♦✉❧❞ ❛❧s♦ t❛❦❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✐♥t♦ ❛❝❝♦✉♥t✳

❋✐♥❛❧❧②✱ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❈❘▲❇ s✐♠✉❧❛t✐♦♥ ✐♥ ❋✐❣✉r❡ ✺✳✻ ❝❛♥ ❜❡ ❛❞❞r❡ss❡❞ ❜②
❝♦♥❝❧✉❞✐♥❣ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❝♦♠❡s ✈❡r② ❝❧♦s❡ t♦ ❛❝❤✐❡✈✐♥❣ t❤❡ ❧♦✇❡r
❜♦✉♥❞✱ ♠✉❝❤ ❝❧♦s❡r t❤❛♥ t❤❡ st❛♥❞❛r❞ ♠❡t❤♦❞✳ ❋♦r ✈❡r② ❧♦✇ ❙◆❘s✱ t❤❡ ❚❖❆
✈❛r✐❛♥❝❡ ❜❡❝♦♠❡s ✈❡r② ❧❛r❣❡✱ s✐♥❝❡ t❤❡ ◆P❘❙ s✐❣♥❛❧s ❛r❡ ❝♦♠♣❧❡t❡❧② ❜✉r✐❡❞ ✐♥ ♥♦✐s❡
❛♥❞ ❛ ❧♦♥❣❡r s✐❣♥❛❧ ✇♦✉❧❞ ❜❡ ♥❡❝❡ss❛r② t♦ ✐♠♣r♦✈❡ t❤❡ r❡s✉❧ts✳ ❋♦r ✐♥t❡r♠❡❞✐❛t❡
❙◆❘s✱ t❤❡ ❜♦✉♥❞ ✐s ❛❧♠♦st ❛tt❛✐♥❡❞ ❢♦r t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞✱ ❛♥❞ ❛s t❤❡ ❙◆❘
✐♥❝r❡❛s❡s✱ t❤❡ ✈❛r✐❛♥❝❡ ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ❧♦✇ s❛♠♣❧✐♥❣ r❛t❡ ❛♥❞ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥
❢❛❝t♦r✳ ❚❤❡ ✈❛r✐❛♥❝❡ ❢♦r ❤✐❣❤ ❙◆❘s ❝♦✉❧❞ t❤✉s ❜❡ ❢✉rt❤❡r r❡❞✉❝❡❞ ❜② ✐♥❝r❡❛s✐♥❣
t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❢❛❝t♦r V ✱ ❜✉t s✐♥❝❡ s✉❝❤ ❧♦✇✲♥♦✐s❡ s❝❡♥❛r✐♦s ❛r❡ ♥♦t r❡❛❧✐st✐❝✱ t❤✐s
✐s ♥♦t ♦❢ ♠✉❝❤ ❝♦♥❝❡r♥✳

❖♥❡ ✐♠♣♦rt❛♥t ❝♦♥❝❧✉s✐♦♥ ❢r♦♠ t❤❡ ❈❘▲❇ s✐♠✉❧❛t✐♦♥ ✐s t❤❛t s✐♥❝❡ t❤❡ ♣r♦♣♦s❡❞
❛❧❣♦r✐t❤♠ ❛❧♠♦st ❛tt❛✐♥s t❤❡ ❈▲❘❇✱ t❤❡♥ ❛t ❧❡❛st ✐♥ ❆❲●◆ s❝❡♥❛r✐♦s✱ ♣❡r❢♦r♠❛♥❝❡
❝❛♥♥♦t ❜❡ ✐♥❝r❡❛s❡❞ ♠✉❝❤ ♠♦r❡ t❤❛♥ ✇❤❛t ❤❛s ❜❡❡♥ ❞♦♥❡ ❤❡r❡✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡
✐s ❢✉♥❞❛♠❡♥t❛❧❧② ❧✐♠✐t❡❞ ❜② t❤❡ s♠❛❧❧ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ◆❇✲■♦❚ ◆P❘❙ s✐❣♥❛❧ ❛♥❞



❈♦♥❝❧✉s✐♦♥s ✹✺

t❤✐s ❧✐♠✐t ❝❛♥♥♦t ❜❡ ✇♦r❦❡❞ ❛r♦✉♥❞ ❜② t❤❡ ❯❊✳ ❍♦✇❡✈❡r✱ t❤❡ ❜♦✉♥❞ ❝❛♥ ❜❡ ❧♦✇❡r❡❞
❜② tr❛♥s♠✐tt✐♥❣ s❡✈❡r❛❧ ❝♦♥s❡❝✉t✐✈❡ ◆P❘❙ s✉❜❢r❛♠❡s ❛♥❞ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠
❝❛♥ ❡❛s✐❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ❝♦♥s✐❞❡r s✉❝❤ s❝❡♥❛r✐♦s✳

■♥ s✉♠♠❛r②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛♥ ❜❡ s❛✐❞ ❛❜♦✉t t❤❡ ♣r♦♣♦s❡❞ ❊▼✲❙■❈ ❛❧❣♦r✐t❤♠✿

• ■♥ ❆❲●◆ ❝❤❛♥♥❡❧✱ t❤❡ ♣♦s✐t✐♦♥✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✐s s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡❞✱
❜♦t❤ ✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝② ❛♥❞ ❧♦❝❛❧✐③❛❜✐❧✐t②✳ ❚❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♥❡❛r✲❢❛r
♣r♦❜❧❡♠ ✐s r❡❞✉❝❡❞✳

• ■♥ ❊❚❯ ❝❤❛♥♥❡❧✱ t❤❡ ❣❛✐♥s ❛r❡ ♠❛✐♥❧② ✐♥ t❡r♠s ♦❢ ❧♦❝❛❧✐③❛❜✐❧✐t②✳ ❚❤❡ s❛♠❡
❝❛♥ ❜❡ s❛✐❞ ❛❜♦✉t ♦t❤❡r ♠✉❧t✐♣❛t❤ ❢❛❞✐♥❣ ❝❤❛♥♥❡❧s ✇✐t❤ s❤♦rt ♣❛t❤ ❞❡❧❛②s✳

• ❚❤❡ ✜rst✲♣❛t❤ ❞❡t❡❝t✐♦♥ ❞♦❡s ♥♦t ❣✐✈❡ ❛♥② ❜❡♥❡✜ts✱ ✉♥❧❡ss t❤❡ ❝❤❛♥♥❡❧ ♣❛t❤
❞❡❧❛②s ❛r❡ ❧♦♥❣❡r t❤❛♥ t❤❡ ❯❊ s❛♠♣❧✐♥❣ ♣❡r✐♦❞✳

• ❚❤❡ ❛❧❣♦r✐t❤♠ s❤♦✇s t♦❧❡r❛♥❝❡ t♦✇❛r❞s ♥♦♥✲✐❞❡❛❧ ♣♦s✐t✐♦♥✐♥❣ ❝♦♥❞✐t✐♦♥s✱
s✉❝❤ ❛s ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝✐♣❛t✐♥❣ ❝❡❧❧s ❛♥❞ ❧❛r❣❡ ✐♥t❡r✲s✐t❡ ❞✐st❛♥❝❡s✳
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