Example of a geometrical description of M-ary QAM:
(QAM — OFDM — MIMO)

“From signal waveforms to signal points”

. The signal space concept is general and powerful.
. Increased insight and understanding.

. Improved analysis and implementations.

. We can understand more complicated systems.

selt) = Apg(t)cos(2mft) — Beg(t)sin(2aft)| £=0,1,...,] M —1

[ — —

se(t) = Aey/ Ey/261(t) + Bey/Ey /2 a(1) (2.99)
S— R
sp1 E¢ .

g(t) cos(2m f.t)

b1(t) = LD (2.100)
\/EQ;'Q
bo(t) = g(t) ::%111[2Trﬁ~_t] (2.101)
\/Eg;'g
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2 (t) = Soovy zjebe(t) = zj1h1(t) + zj22(t) + ... + zi ndN(T)

5.1)
T, _ , ,
/ sttt =4 L 0 TSI 19 N (5.2)
zi(t) = zj = (21,252 - » ZN)T . F=0,1,....M—1 (5.3)
N - g(t) o RN
se(t) = Apg(t) = Ae/ B, —== = Au\/E, -O1(t) = sp1 - O1(t) (2.51)
S S£,1
P1(t)
2-PAM 4-PAM 8-PAM
ZG Z'] ZCI ZI 22 23 ZCI 21 22 Z3 24 25 ZE- Z_IIIr
—e o> ¢$ o oo o > ) o o o o o o o o >
0 0 0
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As examples, let us collect some results from subsection 2.4:

M-ary PAM: z; = ((—-M +1+2j)/E,). N =1
M-ary PSK: z; = (ms(r ) 5' , sin(v; )/ =2 ) N =2
M-ary FSK:  z; = (0,0,..., E ,0,0,0), N=M (54)
f.'r
M-ary QAM:  z; = (Ajﬁ./%a, B/ %1) , N=:
4-QAM 16-QAM 64-QAM
b,
¢y b, A
A A N N IC N
o & & 2 80 80
I EEEREENEEXK
| BN . {1} [ B AN BN | . ¢ e ® | 0 0 > ¢
L BN 1 o @ e @ 1 e @ & & 0 B0 1
[ B BN BN ® & & 2| 0 0
e & & 2\ 0 @ 0
EEERENEEX
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T. N
fﬂ z?(t)dt = > 11 zif = z?'zj

[T (25 (1) — 2 (8))2dt = SN (200 — 2j0)? =

Ei + Ej — 2,3?',23'

Figure 5.3: Illustrating £, and D, ; in signal space.
=) s 1€ 1,7 &
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a)
Figure 5.6: a) The first step in the MAP receiver;

T,
[g ,j.if:lmp t)dt = / Z zZj, O (T (t)dt = Z Zj, ;;1; G (T) e (E)dt = Zi 6

n=1 n=1
(5.12)

After the correlators we obtain a received noisy signalpoint r!

E{t-!'f} =10
= E{w?} = Ny /2 {=1,2,....,N (5.22)
E{t-!'ft['m} =1, t( :—"' m
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Figure 5.8: a) The MAP receiver; b) A discrete-time model of the decision
variable &;.



(5.18)

Figure 5.7: Illustrating “the cloud” of noise in r if message m; is sent.

The distance between the received noisy signal point r and

the signal point zj is:

2
D2,

_szh(T_zj}_Z(rf /-';E.’Q
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MAP decision rule:

m(r) =my, < min {DZ, — Noln(P;)} = D2, — Noln(FP)
{i}

—
[y §
]
o

i

max {r"z; +c;} =r"z¢+ ¢

{i}

ML decision rule = minimum distance decision rule:

In the MAP decision rule (5.2

25)—(5.26) we observe that if P, = 1/M, then the
terms Nofn(F,) can be ignored,

resulting in the decision rule

m(r) =my < 11{11}11 D2 = D?.‘g (5.2
T

w
o
o0

e

Hence, ¢f P; = 1/M, then the ML decision rule is obtained as the
minemum Fuclidean distance decision rule. Observe also in (5.25) that

Digital communications - Advanced course: 8
Introduction - week 1



5.1.3 The Symbol Error Probability for M-ary PANM

Decision boundaries

NS

HD1zZy 1z I I I VZy 0
t:t:t:t:t:t:t:tMI by
r{} I rl I r2 I I I I |rh{-1
0 =
Dmin

Figure 5.9: The signal space for M-ary PAM with equispaced amplitudes, cen-

tered symmetrically around zero (see (5.4)).

Prob{error|mg sent} = Prob {wl L

w Dmin
= Prob {_1 > —_— = ()
No/2 v 2Ny

(5.31)
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Prob{error|my sent} = Prob {u.rl < — or wy >

2
un Dlnin un Dmin
No/2 V2No No/2  V2No
— 20
M—1
P, = E P; Prob{error|m; sent }
j=0

M-ary PAM

P, =2 (M-1)Q (\/%m)

P, is shown in Figure 5.13 on page 362.

Digital communications - Advanced course:
Introduction - week 1
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5.1.4 The Symbol Error Probability for QPSK

r(t) =2z (t)+ N(t), 0<t<T, j=0,1,...,M—1 (5.13)
P = 21 4w (5.36)
= 2+ s (537
9
2,0 VED - °©z,
Iy To

Figure 5.10: The signal space for QPSK if vy = (27 .Lif + 7/4) (see (5.4)).

Digital communications - Advanced course:
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Figure 5.10: The signal space for QPSK if vy, = (27 .Lif + w/4) (see (5.4)).

Prob{error|mg sent} = 1 — Prob{correct decision|mg sent} =

Dmin Dmin
= l—Pmb{wl > - we = — 3 }:

=1— Prob { wy = —Dnﬁn} Prab { T —Dgﬁ“} =

. SyImme tr v
i m2 2 2 l«
=1 1 Q 'Drn.in _ EQ 'Dnlin QE 'Dnlin _
= v E:H"-"g - v IN 0 v 2.-“"-".3 =
= Prob{error|m; sent} ,j =0,1,2,3 (5.38)

Digital communications - Advanced course:
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The Symbol Error Probability for M-ary PSK

Figure 5.11: The signal space for M-ary PSK if vy = 270/ M (see (5.4)). M =

in this figure.

Q
D

D= . . il
(V&) (/)

2. = 4Fsin®*(r/M)

min
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5.1.6 The Symbol Error Probability for M-ary QAM

L] . » L L L l//%/rﬂ

s
rC . i___: H: o | 0| 0| 0| e
e | & o |8 | o |8 |=
/ 'Jln,mu
e (o |o [0 |8 e e

] L] ] L] ] ] ] %]}L

Dmin

Figure 5.12: The signal space for M-arv QAM (compare with (5.4), see also
Subsection 2.4.5.1). M =64 in this figure.
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['4: Compare with {5.39).

min

Prob{error|m 4 sent} = 2¢) -
E;HH'D

FE:
Prob{error/mpg sent} =
-Dmin
= l—Pmb{wl = — 5
D
=1—-|1-Q \/_
' D=
— 3 1'.I.'.I;'I.1'.I.
Q v EJH\'D
FC:
Prob{error|mg sent} =
-D Fywiny] -D TTii1 D min
=1 — Prohd — U = . — <
o { 5 B L 5 5 . W
2
D=
=1—11-2 —n —
Q v EJH"-'D

2

=
— 4 2 min
Gy
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P, — - (VIT-1) Q ( 1H,f’ 22%?) — A (VT2 @ ( ,,H,.*’Ejﬁn) . M-ary QAM

(5.50)

n

ability

mbol error prob

Sy

-..1 I:I - .
Ey/Np in dB

Figure 5.15: The symbol error probability for M-ary QAM, M = 4, 16, 64, 256,
see Table 5.1. The specific assumptions are given in Subsection 2.4.5.1 and in
Subsection 5.1.6. The bit error probability for BPSK is also given as a reference
(= Q(y/2&,/No)).
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5.2.2 Power and Bandwidth Efficiency

We saw in (5.60) that the information bit rate K} is limited by d- . . ¢, P., Ng

mm

and P, ,.,. Let us divide both sides in (5.60) with the bandwidth W,

_d2 P, d2 e
P o= _:Ii.}u T NoW = —?‘i‘}n' . 1._‘”.?,-"‘\.' R.;n (561)

Note that the bandwidth efficiency p is limited by d2 c, P eq. and by the

min?

received signal-to-noise power ratio SNR, = P./NogW within the signal

bandwidth W. The bandwidth W is the physical bandwidth defined on the

5.2.3 Shannon’s Capacity Theorem

In Shannons capacity theorem, [54], [68], [20], [43], for the bandlimited flat
(|H(f)|? = a? within the bandwidth W) AWGN channel, the capacity C for this
channel is (in bits per second),

i P
C = W log, (1 + Nﬂ;) . [b/s] (5.62)

where W is the physical bandwidth measured on the positive frequency axis
containing all the signal power. This remarkable theorem states that ([43],
[68]): There exists at least one signal construction method that achieves an
arbitrary small error probability, if the bit rate R, < C. If R, = C, then the
error probability F. is high for every possible signal construction method.

Digital communications - Advanced course:
week 2
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C = W log, ( + ) . [b/s] (5.62)

NUW

lim C = lim W ‘n :Dz - ) = _L (5.63)
W — o w— fn(2) NoW Notn(2)

= = log, (1 - \ ) log:. (1 + = ,‘io) , [bps/Hz]

or equivalently, (5.64)
‘Eb 2(7 SW 1
No  C/W

Since C 1s the maximum bit rate, £, here represents the minimum

average recetved energy per tnformation bit, for a given P,, P, = C&p.
P. C & > N
. AL | 5.65
NoW — W N (5-65)

Digital communications - Advanced course:
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5.2.3.1 Shannon Capacity for General |JH(‘;F)|2 and Ry (f)

1. For a given average transmitted signal power P,.,:, and channel quality

function g.n(f) = |H(f)]?/Rn(f), the parameter B below should first be

determined,
Ry(f) ) -
Pqent — B d .
= . ( moneE)? (5.68)

This is referred to as "waterfilling”!

2. The capacity C' is then found as,

|H(f)|?
C _/ L og (Rr(f) B) df (5.70)

Digital communications - Advanced course:
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5.4.1 Diversity: Introductory Concepts

”"Dont put all eggs in the same basket”

Assume that each message is sent in N dimensions (time/frequency/space etc)

N
si(t) = Sjndn(t) . j=0,1,....M—1 (5.79)

n=1

Assume independent attenuations in each dimension:

N
r(t) =z (t) + N(t) = Y pnsjndn(t) + N(t) (5.80)
n=1
1 0
z; = = (5.81)
U v A Sj ’ N Cx N Sj 3 N

Note: It can be very “"dangerous” to use only one (i.e. N=1) dimension!

Digital communications - Advanced course:

week 2 20



381

We now introduce the concept of diversity in connection with Figure 5.21 and
(5.80). Diversity is often used, e.g., for so-called fading channels (randomly
varying signal levels, see Chapter 9), to improve the error probability. Diversity
can be obtained by spreading the same message over many dimensions. Hence, in
the receiver, message m; has coordinates in, say L, dimensions. Let p denote the
probability that a received signal is seriously distorted in any single dimension.
The basic idea with diversity is that the probability for large distorsions in all
dimensions (~ p¥) is significantly lower than p. Observe that this requires that
the distorsions in each dimension are essentially independent. So, intuitively
speaking, there is a high probability that a few message carrying coordinates
“survive” the channel without too much damage, and it is these coordinates
that the receiver bases its decision on. Compare with Figure 5.21b,c assuming
some of the a,,’s are close to zero. It should also be mentioned here that there is
a close relationship between the concept of diversity and the concept of coding.

Digital communications - Advanced course:
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o ome N

J:r:_.«"'-“x—-uk;.—_n:

a) The digital communication system; |

Figure 5.2

Caleulate
B scalar

products

1:

5} The ML receiver,

Select
largest

MWy ¢

assuming (5.80);

Observe that the channel attenuations are used as multipliers in the receiver
according to the receiver structure in figure 5.8a on page 341!

Digital communications - Advanced course:

week 2
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EXAMPLE 5.23

Assume a binary communication system with equiprobable antipodal signal alternatives,

K
si(t) = —solt) = aw(t), 0<t<T;
k=1

Let By sen: denote the average transmitied energy per information bit, i.e. Es) = Fa, =
Ey sent. It is also assumed that the individual pulses gg(t) are such that

T Epsent /K |, i=73
iltlgqit) =
gi(t)gs(t) . Ry
We can therefore define (sent) basis functions as,
() = —l k1,2, K

A Eﬁ,aenc,r'rK

and the signal energy Ep sene /I is sent in each of the K dimensions.

Observe that the situation studied in this ezample applies to several kinds of diversity,
e.g., time- and/or frequency-diversity, depending on how the pulses gi(f) are chosen.

The communication channel is assumed to be such that the received signal alternatives
are,

K K E
z1(t) = —zolt) = Z apge(t) = Z (' b}?m (1)
k=1 k=1

1k
and they are disturbed by AWGN N(t) with power spectral density Ry f) = No/2. Note
that the channel coefficients {ay, Hi—, multiply the signal in each dimension, respectively.

The ideal ML receiver is used and it is assumed that perfect estimates of the channel
coefficients are available to the recetver.

|

a) Assume that the channel parameters {ag bh_ are known to the receiver. Deter-
mine an expression of Fy that includes Ey cent.

b) Suggest a receiver structure for the case in a).

Digital communications - Advanced course:
week 3
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Solution:

a)

P = Q( TEp /IND

E., +E: X Eb, sen K
S = %: - Zy.k' bKthti

Rl k=1

Henre, we obtain that
256. sent X a
h=q ( sz_lf‘k

Note that here a K-fold diversity is obtained, in the sense that signal energy
from all K dimensions {or “sub-channels”) is efficiently collected and used in
the decision process.

Note also that

Dgi a0 4Eb,3eﬂt
K ] K
4F D
Dz =4E. = —2%2 % of = —22 % o}

b) From Figure .10 on page 247 we obfain the receiver structure below (the con-
stant 2 is ignored in the correlation below),

k
Z 8,10
TS - r111
rit) —{ (ydt 2| &7 0 |—» Decision
-l
0 m,

An equivalent receiver structure is also shown below,
9,0

Tt

Qg

i —= g, it Decision

TS-
4®—. [Cra

) week 3 24




Tl

MIMO MODEL

W

! ML

e
o I
-— =
ZE0=wm=0moD

N K
0 :
i I/E;;D/' Whr | :
- - L
Ny
) E
N
Z ﬂ'k.ndn + Wy,
n=1
1 dy wy
= A ; + = Ad + w
T‘-_hlrr d—""lr t tu-h'r‘l"

Assume, e.g., that: Nt=1 and data symbol d1 is binary:+A or —A

Digital communications - Advanced course:
week 3



5.4.1.1 An Example Illustrating Diversity Gains

Here we study the case when the channel parameters {ay, 11| have the following
properties:

e They are assumed to be independent random variables, and only two values
are possible for each ay.

e Each a; takes the value ag (“Good” ) with probability Fe, and the value
ap (“Bad”) with probability Pp =1 — F.

- Fy sen '
Ep = { b, ! Z oy } = Eb.senfE{a'i} =

= Eb..sent(a%PG + ﬂ%(l - PG')) [58-—1)

2F, K
. . ,sent 2 .
P, =FE {Pbl{w}f=1} =Eqy@| Noi Z Ok -

=E{LQ

2
GE';PG + 023(1 — PL; \D I& Z ﬂ;l (5'85)

Digital communications - Advanced course:
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Figure 5.22: The bit error probability versus & /Ny for the case Po = 0.9 and

g =0, with K =1, 2, 5, 8.

Ex /N in dB
5 D'IID 12

2 14 16 18 20
1.3 — :
JiK=50a5=0 ¢ = 0.001

Jde-1%
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cL i
1e-05 = Pz =09
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3 Pz = 0.95
1e-07 =
1e-08 + b oo
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1e-09 -

Figure 5.23: The hit error probability versus & /Np for the case K

ar =0, with P~ = 0.001. 0.5. 0.9, 0.95, 0.08.
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3.4.1 Low-Rate QAM-Type of Input Signals

x(t) ——————=

h(t)

(D)

Figure 3.11: Bandpass filtering.

x(t) = x1(t) cos(wet) — xg(t) sin(w.t) = Re{i(t)e?*}

() = 21(t) + jag(t)

This complex signal contains the information!

Digital communications - Advanced course:

week 1
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(3.104)
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x(t) = xr(t) cos(wet) — xg(t) sin(w.t) = Re{i:_(t)ejwct}

-l

(3.103)

)= [ hna—rydr = [ hnRe(a(e - r)ere ) yr -

oKD

— D

— Re {ej“"—“f‘ / h(T)x(t — T)e_j“’deT}

3 assumptions:

1) The duration of the impulse response hi(t) can be considered to be equal
to Tj. This means that essentially all the energy in h(#) is assumed to be
contained within the time interval 0 < ¢ < T3,

2) The input signal is assumed to be a QAM-tyvpe of signal with duration
T - TS:

0 t <0
x(t) = Acos(wet) — Bsin(wet) = VAZ + BZcos(wot +v) . 0<t<T.
0 t =T,
(3.106)

3) T, =Ty ("low” signaling rate).

Digital communications - Advanced course:
week 1
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A4+ jB=vVAZ1+ BZe&v | 0<t<T, ‘
#(t) = (3.108)

0 ., otherwise

z(t) = Re {ef"”“"f* / h(T)\v/ A2 4+ B2 93“93*'”.:{7} =
J0

— Re{\/A? 4+ B? &/ . H(f.)e?""} =

= |H(f)|V A? + B? cos(w.t + v + &(f:)) = A. cos(w.t) — B. sin(w.t)

(3.100)
Hence, a QAM-signal at the output in this time interval!
However, attenuation and rotation compared with the input!
Compare with the input x(t) in (3.106)!
A. +jB. = (A+jB)H(f.) = VA2 + B2 H(f.)|e/ o0 —
= (A+JB)(Hp(fo) + jH1m(fe)) (3.110)

Digital communications - Advanced course:
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A +jB. = (A+iB)H(f) = VA + BIH(f.)|e+00-) =
— {*4+?BJ[HRE{JFFJ + 3Hpm(fe)) (3.110)

A COMPACT MODEL WITH A COMPLEX CHANNEL PARAMETER!!

Q
A Input
5 (A.B)
o(f,) g A
I /— | | > I

Output
(A_B)

Figure 3.13: Illustrating that the input I-() amplitudes (A,B) are scaled and
rotated by the channel H(f), see (3.109) and (3.110).

Digital communications - Advanced course:

1
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(0 L t<0

“non-stationary transient” starting interval ., 0 <t < T}

2(t) = [H(fo)|VA?+ B? cos(w.t + v+ o(f.)) . Th =t =T,
“non-stationary transient” ending interval |, T. <t <7, + T}
0 ot > T+ Th

%

and within 1), =t <71., A. +jB. =(A+ jB)H(f.)

(3.111)

An tmportant result here is that the input QAM signal x(t) in (3.106)
is changed to a new QAM signal by |H( f.)| and @(fe) in the interval
Th <t < Ts. see also Figure 3.13 and (3.110) how the I-Q components
are changed. Furthermore, in OFDM applications the signaling rate 1/7, is
low such that T, = T}, and many QAM signals with different carrier frequencies
are sent in parallel. Due to linearity, the result in (3.111) can be applied
to each QAM signal in the OFDM signal by replacing f. with f,. In
OFDM applications the receiver uses the time interval Ay < ¢ < T for detection
of the output QAM signals, and the duration of this observation interval is
denoted T4, = T — Ay (compare with (2.110) on page 51, and T3 < Ay ).

Digital communications - Advanced course:
week 1
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So, the n:th QAM signal constellation in a sent OFDM
signal is attenuated and rotated by H(fn) which is the
value of the channel transfer function H(f) at the
carrier frequency fn.



3.4.3 N-Ray Channel Model

N N
z(t) = x(t) * Z a0t —71;) | = Z o;x(t — 1) (3.126)
i=1 i=1

e

Impulse response h(t)

N
H(f)=F{h(t)} = > aje 7™ (3.128)
i=1
So, H(fc) is easy to find!
EXAMPLE 3.20
Rough sketch:
[H(D)?

b/\/\/

2

ﬁtz—tl

o', +D',~_,}2

f[Hz]

It is seen wn this figure that the two signal paths add constructively or de-
structively (fading) depending on the frequency. Furthermorve, if o1 = a2
then |H(f)| is very close to zero at certain frequencies (so-called deep fades)!

Digital communications - Advanced course:
week 1

34



Then (5.135) can be formulated as,
N
=9 opnd, fwy k=12 N, (5.137)
n=1
A compact formulation is now obtained as
T dy iy
r=| © |=a] : |+]| —Ad+w (5.138)
TN, dp, w,

where the N, = N, matrix A contains the channel coeflicients {ay . The
relationship in (5.138) is a basic model in so-called multiple-input multiple-
output (MIMO) systems.

The MIMO model iz illustrated in the igure below,

MINMO MODEL

=}
=
=

<
IQS\
\_
_<
Z0 =G —=0MmMno
0

g
|
|
|
5 |

N
Th= 3 ok nd, + w

r= =4 + =Ad+w

64-QAM+Nt=8 (48bits): ML symbol decision rule ..............?

Digital communications - Advanced course:
week 1
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4

Figure 8.4: a) A rate 1/2 convolutional encoder combined with QPSK signal
alternatives; b) A specific input sequence bi|; ¢) The corresponding path in the
trellis; d) A trellis section, and a table containing all relevant parameters.
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iTg (i+1)Ts
c

Figure 8.6: a) An example of TCM, from [63]-[64]; b) The mappings F{-,-) and
G-, ) e) A trellis section.
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2.32 Let us here study adaptive coding and modulation according to the block
diagram helow.

© sl sy > s

b —» Encoder

¥

El

E‘smaz’: = Te log;}[ﬂf}EE}_a‘mat = - logg{ﬂf]Eb_seﬂf [84:'
i
1 1 1 1
R.=1/T,= —+ —m— R = — . - - R 8.5)
/ r. logs(M) b kE/n log, (M) ’ (8:5
W—c-R, (8.6)

Typically, the bandwidth W is fixed and given but:
the rate of the encoder

the number of signal alternatives

and the bit rate can be ADAPTIVE, see (8.5)-(8.6)!

Digital communications - Advanced course:
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We have memory in the sequence of
sent signal alternatives!

Some sequences are impossible, see problem!

Only “good” sequences are sent!



OFDM - INTRO
OFDM signal(t) = g,...(t) YE=3 Re{a,e/*™ &'} = g, (t)Re{Yiz5 a,e/* ™t} =

= Groc(t)RE[TEL a, eT27Ue*k D)) = g (\Re[(YKCL a, @I2M(G0+K)faT) g S2MFret ) =

= Grec(t)Re{(XXZ3 aye/2mourat)gl2nfret | (1.13)

Equation (1.13) shows that an OFDM signal can be viewed as the sum of K QAM signals.

A = Qg +jage k=01 ,K—1 (1.5)
Tops = Ts — Tep (1.18)
fd — 1:/Tﬂbs (21)
B/2
Y(f)

~,

Figure 3a.
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fe=fo+kfa, k=01..,K-1 (1.1)

Worpm ® Kfy (Hz) (1.3)

The transnutted information bit rate, denoted R, , then equals,

K—-1
REJ‘ = rﬂEk:D;:'gz (M) {bpS)

Furthermore, assuming also that K 1s >> 1 the bandwidth efficiency, denoted p, 1s

K-1
P _ Rp _ ﬂ:‘Ek:u EUHE{:MF{] {bpgl.-l_:[z)

Worpm TKfa

Digital communications - Advanced
course: week 4
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Create K QAM
symbols
from coded
bits.
Create the
size-N input
sequence to
the IDFT.

il
.

—»

Calculate the
size-N output

SEqUEnce
from the |DFT.

—

Append the
size-L CP to
the beginning
of the IDFT
output
sequence,
resulting in a
size [L+N)
sequUence.

>

Perform DfA
conversion to
produce
continuous
time signals
from discrete
time signals.

Frequency
up-Conversion.
Power
amplifier.
Antenna
coupling unit.

Discrete-time operations

Continuous-time operation
=l

5
[
L

-

Figure 1. Hlustrates the over-all structure and operations performed by an OFDM transmitter within an
OFDM symbol interval T,
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Antenna
) ) Perfarm A/D
coupling unit. A Remowve the Lr ) )
conversion to Decoding unit.
Bandpass (BP) samples that
) produce Calculate the
filter. ) ) correspond to ) Extract the K ) )
; discrete-time ) size-Nr output ) This results in
Low-noise ) the CP. This distorted and
. signals from [ A i sequence ) ~» the segquence
amplifier A results in a noisy QAM
continuous ) ) from the DFT. ) ] of decoded
[LMA). ) ) size-Nr input signal points. ) .
time signals. information
Frequency sequence to )
Lr+Nr samples bits.
down . the DFT.
) are obtained.
CONVErsion

Eﬂntin ugus-time operations_
L

Discrete-time operations
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¥

Figure 2. Illustrates the over-all structure and operations performed by an OFDM receiver within an
OFDM symbol interval T,.
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Analog l-component of the

- e
re{} + o —s;(t) OFDM signal
X u
Xo- Xy, ""X"""—l- IDFT s AddCP
u Analog Q-compont of the
L imi} | "Im,  pa —'SQ (!’ OFDM signal

Figure 7. Block diagram illustrating the operations in the digital domain, and the transition to the
analog domain The IDFT 1s given in Equation (2.30) (and in Equation (2.18)).

cos(2nf.t + ¢)
.

s;(t) u®~ | T

.r"’Fﬁ"-.I S[t} o POWET Antenna

()4‘% J
st ]

—sin(2nf.t + ¢)

k. J

amplifier | coupling unit

Figure 8. Block diagram illustrating frequency up-conversion (mixer stage) to the carrier frequency (K
is odd), the power amplifier, and the antenna coupling unit. The OFDM signal s(t) is given in
equation (4.1).
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hit)

Q(r)—" Hif) '—'Z(r.)

Figure 9. [llustrating a linear tume-mvariant filter channel.

INPUT OFDM: 4s(t) = ARe{YK-d a, e/ 2kt 60} 0

)
b

OUTPUT OFDM: z(t) = ARe{YX_3 ap H(f,) e/ @n/xt+01)]

Digital communications - Advanced
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Tep <t < T.

(5.11)

(5.13)
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cos(2mf.t + ¢,)

T (Ol e L (r)

Antenna Band-pass Low-noise rf'[t}
coupling uni filter amplifier

¥

i 4

(S s (D)

—sin(2nf.t + ¢,.)

Figure 10. Tllustrating the first part of the recerver: the antenna coupling unit, band-pass filter (wide),
low-noise amplifier (LNA) and a homodyne unit for frequency down-conversion and extracting the
baseband signals r7(t) and rg(t). It 15 here assumed that K 1s odd for which f.. = f;.

r
Remove
Tf(r) E— ASD — the P L . -
F R Rearranging
and remove —
T T " (Nk) noise | »Td Ha + n
samples
(t)——> aD —» Remove | Q l Equ.(6.22) | samples |
FQ[ } the CP

Figure 11. Tllustrating sampling, removal of the CP, and the size-N DFT in the receiver to extract the K
recerved distorted and noisy signal points collected in the size-K vector r 4.
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OFDM signal(t) = g,..(t) X5=3 Re{a,e/*™x*} = g, (t)Re{¥Y =g a,e’?™ k] =

= Grec(D)Re{YRI apel?™otkiat) — g (t)Re{(ThZg aye 2™ GotkIfatypi2mfrct ] —

= grec{:f}RE{{:Zf;Ul akgﬂ“gkfatjgﬂﬁfmr}

fe =fre + gxfa, k=01, K—1 (1.8)

The numbers g, range from g, to gx_;.

E-1

gy —T = Hor s —LD,L arey

"= gg-1 ifKisodd

.91::_T=Hne---:_1-ﬂ-1:---e§=§ﬁr—1 1f K 1s even

Digital communications - Advanced
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}'{f} = Rg{( f;{:: akgjzjrgkfdt}gjznfrﬂr} — Rg{x(:t)e.fzn.frcf}

(2.2)
V()
> f
Xa(f)
N
AT
7‘/ \": }\ [ Il'n |'II II'l ||II I'l II|I
Fgd A > f

F‘ RERRRRA

igure 3b. B 3fﬂ . 4fﬂ
x{t} = .I'Re[:t) + j.l'fm {f} = Ef;& g gl2mgrfat 0<t< Ty .

Observe in Equation (2.3) that the QAM symbol a; (k=0.1.....(K-1)). is carried by the baseband
sub-carrier frequency gif 4 in the complex baseband OFDM signal x(t)!

Digital communications - Advanced 48
course: week 4



The high-frequency OFDM signal y(t) m Equation (2.2) can be written as,
v(t) = Re{x(t)e*™re'} = xp,(t) cos(2nfpet) — Xpm (t) sin(2mfct) (2.5)

Equation (2.5) 1s an important relationship since it shows that the OFDM-signal v(t) 1s easily

implemented as soon as we have created the real part x5, (t) and the imaginary part x;,,, (t) of x(t).

We should therefore focus on creating x(t), since xgo(t) and xp,, (t) then are easy to find.

Digital communications - Advanced
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Tobs
N

within the time-interval 0 = ¢ < T,;,;. This corresponds to a sampling frequency f;,,, equal to,

Let us now sample the complex signal x(t) in Equation (2.3) every second, 1.e. with N samples

f.;'amp =N/Tops = Nfa = Kf4 (2.12)

samples per second, and N should be chosen larger than K. and large enough such that the sampling
theorem can be considered to be sufficiently fulfilled.

Xp = X(NTops/N) = T¥Z3 ape’?™ /¥ n=01..,(N—1) (2.13)

Observe that the right hand side of equation (2.13) actually gives us a way to create the desired
samples X, X, ..., Xpy_, of the complex baseband OFDM signal x(t)!

the Fourter fransform X (v) of the discrete-time signal x 1n Equation

(2.13). X(v) is defined by, see ref [1],
X(v) =3YN2x, e J2mvn (2.14)

Note mn Equation (2.14) that the Fourier transform X (v) 1s periodic in v with period 1. Furthermore,
the variable v can be viewed as a normalized frequency variable, v = f/f;;mp- The periodicity in v

15 1llustrated in Figure 4 on the next page.

Digital communications - Advanced
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Xp = x(NTops /N) = T¥3 ape?™e/¥ = 0,1..,(N—1) (2.13)

X(v) = XNZg x,e7izmm (2.14)

Furthermore, let X, denote the frequency-domain sample of X(v) atv = m/N, defined by
X =X(v=m/N) = YN 3 xpe™2mm/N - =01,..,.N—1 (DFT) (2.15)
This 15 the defimtion (see ref. [1]) of the size-N DFT (Discrete Fourier Transform) of the sequence x.

However, for the moment we are particularly interested in the size-N IDFT (Inverse Discrete Fourier
transform) which is defined by (see ref. [1]),

Xp = T INT o2/ =01, N—1 (IDFT) (2.16)

Hence, as soon as we have determined the samples in the frequency domain Xg, X4, ... Xy_q1 we
should use them in the size-N IDFT in Equation (2.16) to create the desired sequence of time-
domain samples x! The values X, will be determined in step 3.

In practice, N is chosen to be a power of 2 since fast Fournier transform (FFT) algorithms then can be
used to sigmificantly speed up the calculations i Equations (2.15) - (2.16).
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-Iu | I.II'Ill I
I 1Y II.II ||I|| |II III /| |'II q‘fll\\l'.",'l ,I|I||| lII || ||||| |I I| III |II 1
TN -
X(v) = LNZg xpe/2mm (2.14)
Xm = X(v = m/N) = EN=3 ey J2mmni,

m=20,1,.. N-1 (DFT) (2.15)
Xy = ﬁzﬂ;t,xm gJ2mmn/N . n=01,..,N—1 (IDFT) (2.16)
Consider as an example the case K=8 and N=12. In this case k,. = 3 and gx_, = 4. and the desired

sequence Xy, Xy, ..., X;; then equals: Nas, Nay, Nacz,Nag, Na,0,0,0,0,Na,, Na,, Na,. See also
Figure 6.

Digital communications - Advanced
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Step 3: The relation between the sequences ag, ay, ..., ag—; and Xg, X1, ..., Xy—1.

Let us use Equation (2.13) to establish the connection between the sequences ag, ay, ..., ag—; and
Xo, Xy, .o, Xy—1. We rewrite Equation (2.13) n the following way,

iz
J’!Tabs ITORY k-1, i2m(ge+k)n/N —
=Yigage N =Yilgage ° =

fn

_1 =
_Ekﬁ'n E,;er{g{,+Ic+N]an +2L——g ake_an'{gu+k]m,-’N —

=3V~ 1ga+N Ay (gu+w)9"2"mnm + Y9G o pi2mmn/N _
= S TNZh Xy el2mmn/N (2.18)
Inspection of Equation (2.18) yields the relationships below:
Xm=Nam—g,, tf 0=m<=gg, (2.19)
Xm =0, if gg1+l=m=gg+N-1 (2.20)
Xm = Nam—(go+ny,if go+N=m=N-—-1 (2.21)

The last expression in Equation (2.18) 1s 1dentical to the size-N IDFT in Equation (2.16). The relation
between the sequences ay, ay, ..., @g_q and Xy, Xy, ..., Xyy_, are given by Equations (2.19) — (2.21).

Digital communications - Advanced
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XE — Nﬂ'krc""l I - 0,1 "'-"-gff—l (22-')

X—krc+N+k — Nﬂk k — 0.1. (k'i"f: - 1) (229)

If we first construct the size-N sequence Nag. Nay, ... Nag_4.0.0....0, and then “left-rotate™ this
sequence My, positions ( or “right-rotate™ this sequence (gg + N) positions), then the desired
sequence Xy, Xy, ... Xpy—q in equations (2.20)-(2.23) is obtained!

Consider as an example the case K=8 and N=12. In this case k,. = 3 and gi_, = 4. and the desired
sequence Xy, Xq, ..., X1 then equals: Nas, Nay, Nac, Nag, Na;,0,0,0,0,Na,, Nay, Na,. See also
Figure 6.
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The final step 1s to calculate the size-N IDFT.,

1 _ "
X, = EEf;;:%] X, el2mmn/N n=0,1,..,.N—1 (2.30)
In practice. N is chosen to be a power of 2 since fast Fourter transform (FFT) algorithms can then be
used to significantly speed up the calculations in equation (2.30).

Equation (2.30) is the desired final expression to compute the discrete-time signal x, i.e. the N fime-
domain samples of the complex baseband OFDM signal x(t). Equation (2.30), i.e. the size-N IDFT,
is computationally very efficient when implemented using FFT algorithms (if N is chosen fo be a
power of 2). The sequence Xo, X, ..., Xy_1 s given by Equations (2.27) and (2.29) or alternatively
by Equations (2.19)-(2.21). See also the construction (“rotation”) given above. See also Figure 7 on
page 27.

The (N — K) zeroes in the sequence Xy, X;, ..., Xy_; may be interpreted as using zero-valued signal-
points at baseband sub-carrier frequencies located at the edges but outside of the OFDM frequency
band.

Digital communications - Advanced
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3. The Cvclic Prefix (CP) and Digital-to-Analog (D/A) conversion

Based on the discussion about periodicity above let us therefore construct a new size-(L+N) vector u
as a so-called periodic extension of the size-N vector x. This means that the L [ast samples in x are
copied and placed as the first L samples in u. The remaining N samples in u are identical to x. This
means that,

Ug = XN—Lew--mUp_q3 = XN—q1- U} = Xgeenoo UpaN—1 = XN—1- (3.1)

The construction of the vector w above implies that the first L samples in u are 1dentical with the last
L samples in u . and this reflects the periodicity discussed above.

The duration of the OFDM signal interval 1s T. and it can be expressed as.

T = UAN)Tobs

5 N — TCP + Tﬂbs (32:1

Digital communications - Advanced
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The vector uw in equation (3.1) contains (L+N) time-domain complex samples of a complex
baseband OFDM signal defined over the entire OFDM signal interval 0 <t < T_. This complex
baseband OFDM signal is here denoted u(t), and based on the previous discussion in this section,

the OFDM signal u(t) is,

U(t) = Uge (t) + jum () = XKL g ef2moxfa(t-Tce) | g <t < T, (3.3)
s(t) = Re{u(t)e/2™ret] = up, (t) cos(27f,.t) — Uy, (t) sin(27f, .t) (3.5)
#  Rell —uR“- oA — ,5!“} ﬂnahs&;c;;ﬂn;:;:zr;mnhe
X.J,.il.’,,...,xl,-_L X u
— IDFT o AddCP
L mi} | Uy T —-sqft] Analagn?;:nr:?gﬂ:mm

Figure 7. Block diagram 1llustrating the operations in the digital domain, and the fransition to the
analog domain. The IDFT 1s given in Equation (2.30) (and in Equation (2.18)).
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Analog l-component of the

- e
Rel} + o —s5;(t) OFDM signal
X u
Ko X1, ""x""‘L—h- IDET B AddCP
u Analog Q-compont of the
L o mi} | "Imo  pa _.SQ (r] OFDM signal

Figure 7. Block diagram 1llustrating the operations in the digital domain, and the fransition to the
analog domain. The IDFT 1s given in Equation (2.30) (and in Equation (2.18)).

s(t) = s;(t) cos(2nfret + @) — 5o(t) sin(2mfpct + @) (4.1)

cos(2nf.t + ¢)
.
s; () ’® ] \‘/

f’ﬁ“\l s(t} o Power Antenna

. amplifier | coupling unit

s(t) Q? |

—sin(2nf .t + ¢)

h J

Figure 8. Block diagram illustrating frequency up-conversion (mixer stage) to the carrier frequency (K

15 odd), the power amplifier, and the antenna coupling unit. The OFDM signal s(t) 1s given in
Equation (4.1).
course: week 3
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Section 5: The multi-path (linear filter) channel. and the additive white Gaussian noise (AWGN)

INPUT OFDM: As(t) = ARe{(X52 aje/2m9rfalt=Ter)yoi@nfret+d)} 0 <t < T, (5.10)
or alternatively as,

INPUT OFDM: As(t) = ARe{YX 2 a, e/ ™ kt+01)} 0

IA
=
| )

< T, (5.11)

OUTPUT OFDM: z(t) = ARe{(Xico arH(fy)e /2™ ok a(t=Ter)yoiCrfret+ &)} Top < t < T, (5.12)
or alternatively as,

OUTPUT OFDM: z(t) = ARe{X; ¢ arH(f;) e/ G /kt+6i)} Tep<t< T, (513)

Digital communications - Advanced
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6. The Receiver: Frequency down-converting, sampling (A/D) and the DFT

r(t) = bycos(2mfpt) — bgsin(2mfgt) +n(t). 0=t =T

Py (t) = cos(2mfpt)/C, 0=<t=T
Pa(t) = —sin(2mfgt)/C, 0=t=T
= [ r(t)p,(t) dt = Cb;+ny rp = [3 r(t)a(t) dt = Chg +ny
r=r,+jr, = [ r(t)e 7275t dt/C = R(f3)/C = Cb +n (6.8)

It 15 now very important to observe in equation (0.8) that the received noisy signal point r can be
found by calculating the Fourier transform R(f) of the received signal r(f) over the time
interval 0 = t = T, and then sample R{f) at f = f; to obtain K(fz). As will be seen later on,
using the DFT in an OFDM receiver can be viewed as a natural extension of this result. This
concludes the example, and it is time to focus on frequency down-converting to baseband.
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Antenna
T >

coupling unit

cos(2mf:t + )

)

Band-pass
filter

Low-noise ¥e(t)
amplifier

gL

A

Low-pass
filter

Low-pass
filter

—sin(2nf.t + ¢,.)

> 7(t)

N0

Figure 10. Illustrating the first part of the receiver: the antenna coupling umit, band-pass filter, low-
noise amplifier (LNA) and a homodyne unit for frequency down-conversion and extracting the

baseband signals r;(t) and rg (). It 15 here assumed that K 1s odd for which f.. = f..

?f(tj +jrg (i_‘) = Iff;{J)- akHEqu)Ejznﬂkfﬂ{t—TCP] + W[t), TCP E t c_‘,: Ts

Hoq(fi) = Hogre = AH(fi)e® Gy (fi)e %Gy (fie — fre = Orfa)/2
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Remove

Ti(t) . thecP | Tl 5 -

F R Rearranging

and remaowe —
r ! I ¥ (M) naise | it rd j‘fﬂ + n
samples

r f, — D ) Remaove Q s Equ.{6.22) | samples |
;Q[ ) the CP |

Figure 11. Tllustrating sampling. removal of the CP, and the size-N DFT in the receiver to extract the K

received distorted and noisy signal pomts collected in the size-K vector ry4.

1n = 17((L + N)Tpps/N), n=01,..,N—1

Tom = To((L+n)Typs/N), n=01,...,N—1

r=r; ‘|‘er (619)

R(v) = Xy Zg e 2mm (6.21)

R, =R(v=m/N)=YNty e i2nmn/N m=01.., N—-1

Digital communications - Advanced
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R=X,+w, (6.24)

(Ha)tr = (:ﬂﬂHeq,l) anqul -nH—lHquK—l:} (625}
X, = NQ,Ha (6.26)
re =—0Q,R=Q,QHa+-Qw,=Ha+n (6.28)

Observe that the elements in the size-K column vector r 4 in Equation (6.28) are the desired
received distorted and noisy signal points,

Yak = GHegr + M, k=01,...,(K—1) (6.29)

The results in Equations (6.28)-(6.29) are extremely important!
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For the special case of uncoded OFDM (though rarely used in practice)

2
dmin.keb.k

2
1
: —4(1-—=) @2
Nﬂ,k ( uMk) Q

z
dmin.ksb,k
]
Nn.k

, k=01..,K—1 (6.30)

where d7;,  is the normalized squared minimum Euclidean distance in the received QAM signal

constellation with index k and.

31 (M)
dfnin,kz if;_lk {:6.31)

Furthermore. €, , denotes the average received signal energy per information bit in the received

QAM signal space with index k. and €, ;. is proportional to |H, ;|*. The variance of the noise. in each

dimension in the two-dimensional signal space with index k. is here Ny ;. /2.
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Channels
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Chapter 9

An Introduction to
Time-varying Multipath
Channels

?{ILJ — Z {}fﬂ_[;f;]*g(f — Tﬂ{f-J} (Q*J'/]

Digital communications - Advanced

course: week 3 66



N(t)

bi] _ s(t) | [me-varying | ,L (1) — bl
— = Transmitter ——= multipath ﬁ; = Receiver b———==
Ry, R, channel ‘

Transmitter Recerver

b)
ez (1)
\\
Lr/-\/ L/\/ t

Figure 9.1: a) The digital communication system: b) A scattering medium;:
¢) Illustrating the fading envelope e, ().

c)
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= ex(t) cos((we +wi)t + 0:(t))

e, (1)

W VY

(9.2)

(9.3)

Observe that the quadrature components z;(t) and zg(f) in (9.3) are time-
varying. Hence, the output signal z(f) is not a pure sine wave with frequency
fe+ fi. This 1s a significant difference compared with the linear time-
invartant channel. It is seen in (9.3) that the quadrature components depend

Digital communications - Advanced course:
week 3
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9.1.1 Doppler Power Spectrum and Coherence Time

Rp(f) = Fl(c.(T))

1 L .

C. (1) = 5 {zr(t +7) + jzo(t + 7)) [21(t) — jzo(t)]}
R“':f:IZE I:RI":\f_‘_ffr“‘f],:'+Rﬂi\f_fft_f1,:',:'

©

-

RD[D F'l EZ[T:I |
—
F
0 d 0
——— -E-.
Bp teoh= 1 Bp

Figure 9.2: Illustrating the Fourier transform pair ¢, (7) «—— FEp(f).

teoh = ]-fl BT’
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9.1.2 Coherence Bandwidth and Multipath Spread

1 - |
,ZI:E':] - z':flvt) = Hﬂe(flvt]cﬂs((wc +'-‘-"‘1:]t:] I HIm

B 5 (f1,t) sin((we + w1 )t)
e S e e——
zr(t) zg(t)

(9.9)
What can be said about the output signal z(f) if another frequency fo = fi 4+ fa
is used, instead of f;7 Are different frequency-intervals, in the input signal
spectrum, treated differently by the time-varyving multipath channel? To answer
these questions the correlation between z( f1.1) and z( fi + fa,t) can be found by

|Ez,freq{f5} F-l cp(T)
—_—
F
= f T
0 A -
—— —
feoh Tm

Figure 9.3: Illustrating the Fourler transform pair ¢, (7) «— . freqlfa).
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9.2 Frequency-Nonselective, Slowly Fading
Channel

T, < tooh (9.27

or equivalently,

Bp < R. (0.28)

This means that the channel 1s slowly fading, which imply that it can be

treated as a time-invariant channel within the coherence time.

In this subsection a frequency-nonselective channel is investigated. To obtain this
situation it is required that the bandwidth of the transmitted signal, denoted
W, 1s much smaller than the coherence bandwidth f..n of the channel,

W < feon (9.29)

or equivalently,

T,, < 1/W (9.30)

N,
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21

where,

and,

(6) + jzo(t) = = (s1(t)+iso(®)(Hr +jHo) =

2
= e (t)e?? M) . qel? = e, (t)e??=() (9.37)
z(t) = ae (t) cos(w.t + O,(t) + @) (9.38)
2x —x2/b . . . .
Palx) = - € x > 0 (Rayleigh distribution)
1
Ela} = 5 7h
F{a*} = b
, o) 1/2?1- , T E=y=T
Ps(y) = { 0 . otherwise
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(9.42)
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If we assume uncoded equally likely binary signals over a Rayleigh fading chan-
nel (z1(t) = asy(t),zo(t) = asp(t)), then the bit error probability of the ideal
DE

coherent ML receiver is (0 < d? = =150 < 2)
2-E'b__sen|:

P, = / Pr{error|a}p,(x)dxr = E{Pr{error|a}} (9.43)
0

= P o i PmT 2- =
P, = / Q{\ft’fz;tzEb_wﬂf;'f\"()} FI‘ E’_‘t'g-" bde =
i

2

= e = /b Q[;I.'Mfllfszb_wﬂtfﬂ"_g::I:| — / (—e " /b)
o Jo

— d E, = .l":'“"h'l_ﬂ mzdzEb.senﬂ: N
bosent ’ _
€ 2 d;?f =

V2T
L eE Ny - 3 / = et = I (0.44)
= - — i sent/AV0 "L —_—lr LGS
5 \ ;i t/No - /s NG J
1:-*’-2
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- 9 o e
&y = E{{T }Eb,sent - bEb,SEﬂt {9“1:5}

P 1 | dgc:b/i\’?g B 1
P2 \ 2+ d*& /No 2+ d?E,/No + /2 + d?E, /No/d*E, /N

Ep /Ny “large”
‘ 1 (9.46)
- 2d2E,/No o

where d? = 2 for antipodal signals and d? = 1 for orthogonal signals.
Observe the dramatic inerease tn Py, due to the Rayleigh fading chan-
nel. Py ts no longer exponentially decaying in £, /Ny, it now decays

essentially as (E,/Ny) 1!
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DIVERSITY IS NEEDED!



Fig. 7.8:

”Qp”- po
”q”. p0+p(t)

g=charge of
an electron.
id(t)="dark
current”.

Optical
pOweEr
Freclt) =

2)

b)

———————————————————————————————

RECEIVER

_[pmphoto | ilt) vy Y& |, Y _a
- -;I;ETEEt{:'r 1‘-{t:'| e "-‘IIEI.B o b
S— =Ty, :
Amnplifier :
integrate & dump :
filter :
| o o o L _________ a
Prec(t)
" DL ngn myn g
n/ N\
T T T T t
Ty, T, 2T, 3T,

T=—0

y(T) = /

-]

Preelt) = po + Z mli|p(t — iTy),

m[i] € {0, 1},

T
i(Tv(Ty, —T)dr=A [ (7 )dT
S0

T
— _4[ (i, (t) +iq(t))dt = AgN'p,

o0
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~  (7.31)

(7.32)
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Pay

k

Bit error probability:

Fy Prob{error|mg sent} +F; Prob{error|m; sent}
e " A T, > 2
Fp Py

FoProb{f = Blmg sent} + Py Prob{& < B|my sent} =

Fy Prob{ N, > (B/Ag)|mg sent} +

+ P Prob{ N, < (B/Aq)|my sent}

; = upeHe
ProbiNr, = a|mg sent} = Z -
n=a-+1 e
s
-
Prob{ N, < a|my sent} = Z —~
Prr—i
B/Aq (7.35)

We need the averages!
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Exact expressions!
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T
. - - nA
po = E{NT,|mg sent} = / (gi Po +_de) dt = 14Ty, + Ui pody
Jo v f he

. 7 Te A
p1 = E{Np,|mq sent} = pg + — p(t)dt = po + — - &
he Jq he

La=1a4/q
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P, ~ Q(e)

1 — HQ
Vo + 02 4+ /1 + o2

0=V +0% — o+ ok =

0= j Tri'i-i -P-‘?T{:-
[T.T, 1 12 —
VZaTo + 32 poTs + ko Ty + / ZaTs + 2 (7.47)
? oLt + 1\ Lalp + 32 (PoTh + Pply) + ko Ty 7)

/D p éf} ;.f'I TJ-,

P-p,l B EP_I]‘Q




