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1. Introduction

The modulation technique referred to as OFDM (Orthogonal Frequency Division Multiplexing) is of
particular interest since it is used today in a number of important and high-performing communication
systems. Some examples are Digital TV, LTE (4G), WLAN, WIMAX.

An OFDM signal extends over a Ty second long time-interval, which is referred to as the OFDM
signal (or symbol) interval. In practice, a new OFDM signal is sent every T, second, and the value of
T, depends on the application, but typically T, = 1 ms, or smaller.

An OFDM signal can be described as the sum of K different QAM signals, where all QAM signals use
the same Tg-long time-interval. Hence, K QAM signals are simultaneously transmitted within the
OFDM signal interval. The value of K is typically quite large, several hundred or several thousand. A
large value of K immediately leads to the question how to implement an OFDM signal in practice.
Even if a single QAM-signal is easy to implement (as we will see below), it is not practical nor
economical to implement say 1000 individual QAM-signals, and then add them together to create an
OFDM signal (every Ty). As we will see there are very elegant engineering solutions to this problem.

The main purpose of these introductory lecture notes is to describe efficient, i.e. very fast and
economical, implementations of the OFDM modulator (at the transmitter side) and the OFDM
demodulator (at the receiver side). The importance of efficient implementations should not be under-
estimated, since the success of OFDM to a very large extent rests on the fact that efficient
implementations exist!

The transmitter typically consists of a digital part followed by an analog part, where discrete-time and
continuous-time operations are performed, respectively. Digital-to-Analog (D/A) converters act as
interface between the digital domain and the analog domain. In connection to the synthesis of an
OFDM signal, the Inverse Discrete Fourier Transform (IDFT) plays a fundamental role in the digital
domain while the analog domain typically includes filtering, mixing and power amplifying operations.
An example of a transmitter structure is given in Figure 5 and Figure 6 on pages 20 and 24,
respectively.

The received signal is a noisy and distorted version of the transmitted analog OFDM signal. The
receiver typically consists of an analog part followed by a digital part, where continuous-time and
discrete-time operations are performed, respectively. Analog-to-Digital (A/D) converters act as
interface between the analog domain and the digital domain. The analog domain of the receiver
typically includes filtering, amplifying and mixing operations, while the Discrete Fourier Transform
(DFT) plays a fundamental role in the digital domain. An example of a receiver structure is given in
Figure 8 and Figure 9 on pages 31 and 35, respectively.

The physical communication link (or channel) is analog. Hence, the complete communication chain
transmitter-channel-receiver consists of a mixture of digital and analog operations. More details about
these operations will be given as we continue in these lecture notes. It should also be noted (and will
be illustrated in later sections) that the choice of sampling frequency in the transmitter (or the receiver)
may significantly influence the implementation of the analog part.
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The literature on different aspects of OFDM is extensive and the reader is strongly recommended to
investigate, e.g., the important database IEEE Xplore [ hitp://ieeexplore.ieee.org/Xplore/DynWel.jsp ] to
acquire information of recent advances related to OFDM, as well as tutorials. As examples of books
that contain descriptions and/or applications of OFDM we have refs. [2]-[10].

Each of the K QAM signals has a different carrier frequency, which we refer to as a sub-carrier
frequency. The choice of sub-carrier frequencies in OFDM is such that the frequency separation
between neighboring sub-carriers is always equal to f; Hz. How to choose f, will be explained in
detail in the next section but typically, depending on the application, f, may be in the range 1-20 kHz.
Let us number the K QAM signals from 0 up to K-1 according to increasing sub-carrier frequency.
Then we have that the n:th QAM signal has the sub-carrier frequency f,, Hz,

fn:f0+anl n:0F1F"'FK_1 (11)

The choice of the overall carrier frequency f; is in principle arbitrary, but here we define f_ as the
center frequency in the OFDM frequency band, i.e.,

fe=fot %fa (1.2)

It is seen in equation (1.2) that if K is an odd number then £, coincide with the sub-carrier frequency
fk-1)/2- On the other hand, if K is an even number then f. is exactly in the middle between the two
sub-carrier frequencies f(x_2),, and fx . In, e.g., LTE-applications the overall carrier frequency f,

typically is in the GHz range, and K is an odd number in the down-link while K is an even number in
the up-link [9].

From equation (1.1) the bandwidth of the OFDM signal is found to be approximately (K + 1)f, Hz
(here we have also taken into consideration the bandwidth consumption £, at the two edges of the
frequency band). In these lecture notes K is typically K > 1, and then the bandwidth of the OFDM
signal is approximately K f, Hz.

Let us now take a closer look at the n:th QAM signal in the time-interval 0 < t < T, where it can be
expressed as,

Grec(t) (an,l cos(2mfpt) — an,Q sin(annt)) = Yrec (t)Re{anejznfnt} (1.3)

The left-hand side above is the conventional so-called 1/Q description of a QAM signal. The pulse
rec(t) is equal to a constant value within the time-interval 0 <t < T, and it equals zero outside
this time-interval. The information is carried by the pair (a, , a, ) of values, and there are M,,
unique pairs, each pair is usually referred to as a signal point. The size of the n:th QAM signal
constellation is denoted M,, and it is typically a power of 4 (4, 16, 64, 256,...). Furthermore, different
QAM signals can have different constellation sizes.

The right-hand side in equation (1.3) is also a conventional description of a QAM-signal, and it uses
complex notation. Observe that this description will be used almost exclusively in these lecture notes!
Here, the complex number a,, is defined as,

ap = an; + jang (1.4)

where a, ; and ay g is the real part and the imaginary part of a,,, respectively. Hence, in this
description the information is described with the complex number a,, (which also is referred to as a
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signal point). It is very important to understand that the two QAM-descriptions given in equation
(1.3) are identical!

Due to the rectangular pulse shape, the Fourier transform of the n:th QAM signal in equation (1.3) is
sinc-shaped around the sub-carrier frequency f,,, with peak value a, Ts, and it has zero-crossings at
the frequencies f = f,, + i /T, (for any non-zero integer i). Hence, the width of the main-lobe is 2 /T
Hz.

We need a suitable description of the OFDM signal. By this is meant a description that is tailored to
the modeling and implementation issues considered in these lecture notes. As will be more clear in
section 2, it is convenient to introduce a so-called reference carrier frequency, denoted f,.., chosen to
be one of the sub-carrier frequencies closest to the overall carrier frequency f.. Based on the
discussion in connection to equation (1.2), the reference carrier frequency f,. is defined by,

fre=1fc= f(K—l)/Z if K'is odd (1.5)

fre=fo=fal2 = fx-z  ifKiseven (L6)

Furthermore, now we can express the n:th sub-carrier frequency f,, by using f,.. as a reference in the
following useful way,

fn = f;‘C + ganF n= 0111 ---;K -1 (17)

and this will be used a lot in section 2 where a baseband (low-frequency) version of the OFDM signal
is investigated. The number g,, in equation (1.7) denotes an integer value defined by,

gn=n—n,.=n—(K—-1)/2 ifKisodd (1.8)
gn=n—n,.=n—(K—-2)/2 ifKiseven (1.9

Where n,.. denotes the value of n corresponding to f,., see equations (1.5)-(1.6). As will be seen in
section 2, g, is an alternative useful way of numbering the corresponding K baseband sub-carrier
frequencies. The parameter n in equation (1.1) numbers the sub-carrier frequencies from 0 to K-1, but
gn in equation (1.7) instead numbers the sub-carrier frequencies relative to the reference carrier
frequency f,... It is also seen in equations (1.7)-(1.9) that g,, = 0 corresponds to the sub-carrier
number n = n,.. of the reference carrier frequency f,., i.e. g, = 0.

The numbers g,, range from g, to gx_1,

K-1 K-1

Gn: === Go > —10,1,...,—= =g, fKisodd (1.10)

Gni="—=go,-,—10,1, ., 7 = gg_y  ifKiseven (1.11)

Examples: If K=8 then g, = —3, g3 = 0 and g, = 4. If K=9 then g, = —4, g, = 0 and gg = 4.

By extending equation (1.3) to include the sum of K QAM signals, and also use the expression in
equation (1.7), i.e., f, = frc + gnfa» n=0,1,...,(K — 1) a compact expression of an OFDM signal
in the time-interval 0 <t < T, is obtained as,

OFDM signal = gyec (t)Re{Zg;(% anejZn(f0+an)t} = grec(t)Re{erf;é anejanantejanrct} (1.12)



This expression illustrates that an OFDM signal can be viewed as the sum of K QAM signals, and this
is the most basic characteristics of an OFDM signal. Figure 1a on page 7 shows an example if K = 8
and this figure roughly indicates some frequency-domain properties of an OFDM signal. Figure la
illustrates the main-lobes of the eight individual QAM-signals that constitute the OFDM signal. The
side-lobes of each QAM-signal are, however, not shown in Figure 1.a.

For the moment we do not know how to efficiently create an OFDM signal in practice if K is large. As
will be seen in section 2, the expression in the right-hand side of equation (1.12) is indeed very useful
to find an efficient implementation. Note that both the numbering g,, and the reference carrier
frequency f,.. is present in equation (1.12).

The number of coded bits carried by the OFDM signal above is denoted B,, and B, = YX-}log,(M,,).
So, if K=600 sub-carriers and if 64-QAM is used throughout, then 3600 coded bits are sent every T.
Furthermore, if T; = 0.1 ms then 36 - 10° coded bits are sent per second.

The communication channel is assumed to be a multi-path (or linear time-invariant filter) channel.
Such a channel typically distorts the transmitted OFDM signal such that, e.g., in the beginning of the
OFDM symbol interval an initial relatively short transient behavior of the signal occurs. This will be
described in detail in section 5.

The first part of the transmitted OFDM signal is referred to as the Cyclic Prefix (CP) and its duration
is denoted T.p. In most cases Top < Ts. The main purpose of the CP is to allow for the initial
transient behavior of the multi-path channel output signal to occur within the duration of the CP. Ina
sense, the CP acts as a “guard interval”. The CP plays an important role at the receiver side since, as
we will see in sections 5-6, it is possible to completely eliminate interference between OFDM signals
provided that the CP is properly designed. Hence, as long as the CP is properly designed, such inter-
symbol interference (I1S1) between OFDM signals will not be present in the receiver, and that is a
major advantage of OFDM and one of the main reasons why the ODFM technique is chosen in many
applications. More details about the CP will be given in sections 3,5,6.

The remaining part of the OFDM signal is referred to as the receiver’s observation interval and its
duration is denoted T, s,

Tops = Ts — Tcp (1.13)

The receiver’s observation interval is the time-interval of the received signal that the receiver uses for
extraction of the K received noisy and distorted signal points. Hence, for efficient operation this time
interval should be the major part of the OFDM symbol time T, i.e. Tcp < Ty, since otherwise too
much signal power is spent on a signal (the CP) that actually will not be used in the detection process
in the receiver.

Observe now, as will be seen in sections 2-3, that the strategy to create an OFDM signal with duration
T, is to first create N time-domain samples corresponding to an OFDM signal with duration T, ;.
When this is done, we can relatively easy (in section 3) create the cyclic prefix as a so-called periodic
extension of the already created N samples.



For future reference we here also give the definition of orthogonal signals. Two real or complex
signals s(t) and z(t) are orthogonal over the time-interval t; < t < t, if and only if,

fff s(®)z () dt =0 (1.14)

where the symbol * denotes conjugate.

The last part of this introduction is a list of the remaining topics in these lecture notes.

Section 2:

o How to obtain N time-domain complex samples of a complex baseband (low-frequency)
version of an OFDM signal by using the size-N IDFT (Inverse Discrete Fourier Transform).
A relatively low value of the sampling frequency is here assumed.

Section 3:

e Adding L additional time-domain complex samples corresponding to the CP (Cyclic Prefix),
a new size-(L+N) sequence of complex samples is constructed

e Using D/A converters, applied to the size-(L+N) complex sequence, the continuous time
analog I- and Q-components of the transmitted OFDM signal are obtained.

Section 4:

o 1/Q frequency up-converting (mixing) to the carrier frequency, power amplifying and thereby
obtaining the transmitted OFDM signal.

Section 5:
e How the OFDM signal is changed by the channel (H(f) and AWGN).

Section 6:

o Down-converting to baseband at the receiver side and extracting the information carrying I-
and Q-components of the received distorted and noisy OFDM signal.

e Sampling the received I- and Q-components (A/D conversion).

e Using the size-N DFT (Discrete Fourier Transform) to obtain the received noisy and distorted
signal point at each sub-carrier frequency. A relatively low value of the sampling frequency is
here assumed.

Section 7:

¢ An alternative modulator implementation using a higher sampling frequency. The
description given here is to a large extent influenced by the description in ref. [2].

Section 8:

¢ An alternative demodulator implementation using a higher sampling frequency.



2. A sampled version of a T,ps-long baseband OFDM signal

Our goal in this section is to use the size-N IDFT (Inverse Discrete Fourier transform) to efficiently
create N time-domain complex samples of a complex baseband OFDM signal, within the time-interval
0 <t < T,,s. Observe however that these N samples will in section 3 be time-shifted Tp seconds to
obtain the samples of the desired OFDM signal within the time-interval T.p <t < T.

In section 3 we will also add the CP by adding L additional samples to the already created N samples,
and the L samples correspond to the time-interval 0 < t < T.p. As will be seen, the CP is constructed
by adding a so-called periodic extension of the N samples. In this way all L + N samples of a complex
baseband OFDM signal, within the time-interval 0 < t < Ty, is obtained. The remaining steps are
then D/A converters (also in section 3) and frequency up-converting (in section 4).

As was mentioned earlier the receiver’s observation interval constitutes the major part of the OFDM
signal interval T;. Hence the OFDM signal construction within the interval T.p < t < Ty is of course
important.

The sub-carrier frequency separation f, is a fundamental parameter in OFDM and it should be
chosen such that,

fa = 1/Tops (2.1)

Among other advantages, this choice makes it possible for all K received QAM signals to be
orthogonal over the receiver’s observation interval, and this is a fundamental desired property of an
OFDM signal. Note however that the requirement in equation (2.1) assumes an overall rectangular
pulse within T,,,, otherwise all K received QAM signals will not be orthogonal.

Step 1: The equivalent complex baseband signal of a T,,¢-long OFDM signal .

We now use the same kind of description as in equation (1.12) to describe an OFDM signal within the
time-interval 0 < t < T,,s, here denoted y(t),

y(t) = Re{Y K2} a,el2™InSatei2mircty = Re{x(t)e/?™ret} (2.2)
where
x(t) = xge(t) + jxpm(t) = Irf;(} anejanant ’ 0<t< Tops (2.3)

and x(t) = 0 outside this interval. Observe that the signal x(t) does not contain any high-frequency
components, it only contains frequency components around the so-called equivalent baseband sub-
carrier frequencies:

Jofar - —fa 0, far s 9r-1 fa (2.4)

where g, is defined in equations (1.8)-(1.9). Consequently, the signal x(t) contains only baseband
frequencies (low frequencies) and x(t) is referred to as the equivalent complex baseband signal of the
OFDM signal y(t).

Note that the n:th QAM symbol a,, is carried by the baseband sub-carrier frequency g, f, in the
complex baseband OFDM signal x(t)!



The frequency contents of the signals y(t) and x(t), denoted Y (f) and X, (f), respectively, are
roughly indicated in Figure 1 below for an example where K=8. It is seen in Figure la that the high-
frequency OFDM signal y(t) carries the QAM-symbols a,, a4, ..., a, at the high-frequency sub-carrier
frequencies fy, f1, .-, f-, respectively. For the specific example shown in Figure 1a it is concluded that
|a,| is much larger than |a,|, since the main-lobe around £, is much higher than the main-lobe around
fo- Figure 1b shows the corresponding complex baseband situation where the baseband OFDM signal
x(t) carries the QAM-symbols ay, aq, ..., a, at the baseband sub-carrier frequencies

=3f4,—2fy, ...,4 f4 , respectively (according to equation (2.4)).

Y(f) "
RANIRAR 7
Figure 1a. fo fm]cc f 7
Xa(f)
T T i

—3fa 0 4fa

Figure 1a) A specific example where K = 8, illustrating the main-lobes of the eight individual QAM
signals that constitute the OFDM signal y(t) in equation (2.2). The side-lobes of each QAM-signal
are, however, not shown in this figure. The Fourier transform Y (f) of the OFDM signal y(t) is only
roughly indicated by this figure. The short arrows show the eight sub-carrier frequencies.
Furthermore, f,. = f5 in this case. In this example it is also assumed that the specific set of K signal
points to be transmitted are such that |ay| < |a;] < |ay| < -+ < |agl < |a;].

Figure 1b) The baseband version of Figure 1a is here considered. Illustrating the main-lobes for the
eight individual baseband QAM signals that constitute the baseband OFDM signal x(t) in equation
(2.3). The Fourier transform X, (f) of the baseband OFDM signal x(t) is only roughly indicated by
this figure. The arrows show the 8 baseband sub-carrier frequencies.



Note that y(t) in equation (2.2) can be written as,

y(t) = Ref{x(t)e/2™ret} = xpo(t) cOS(2Tfyct) — Xppn (t) SIn(27 Sy t) (2.5)

Observe in equation (2.5) that the OFDM-signal y(t) is easily obtained as soon as we have created the
real part xg.(t) and the imaginary part x,,,, (t) of x(t).

We should therefore focus on creating x(t), since xg. (t) and x;,,, (t) then are easy to find.

In connection to equation (2.5) we know that X, (f) denotes the Fourier transform of the baseband
OFDM signal x(t). The Fourier transform of the signal x(t)e/?™/r<t then is,

J2 x(®)el?hrete 2t gt = X, (f — fro) (2.6)

and this is a pure frequency shift of X, (f). In general, the signal x(t)e/2™/r<t is a complex signal and
for such signals the Fourier transform does not possess symmetry properties around the frequency
f = 0. However, the OFDM signal y(t) is real, and its Fourier transform Y (f) can be shown to be,

Y(f) = Xaf = fr) + Xa(=(f + £:))/2 (2.7)

Y(f) (at positive frequencies only) and X, (f) are roughly indicated in Figure 1. Symmetry exists
inY(f) since, e.g., [Y(f)| = [Y(—f)|. The symbol * denotes conjugate.

It is of great importance to understand the frequency content in the baseband OFDM signal x(t). As
is seen in equation (2.3) the signal x(t) is the sum of K complex baseband QAM signals, and let us
denote these K individual baseband QAM signals by,

x, (t) = a,e/?™nfat, n=10,1,..,(K—1) (2.8)

where each signal is zero outside the time-interval 0 < t < T,,s. The frequency content in the signal
x, (t) is denoted X, , (f) to stress that this is the Fourier transform of an analog signal, and

[ ( f‘fx,n To s) —7 —
Kan(f) = anTops LS D eI fTon 29)
where
fen = Gnfa = 72 (210)

is the baseband sub-carrier frequency of the signal x,,(t). It is seen in equation (2.9) that the Fourier
transform of the individual complex baseband QAM signal x,,(t) is sinc-shaped around the baseband
sub-carrier frequency f,,, = gnfa, With peak value a,, T, and it has zero-crossings at the
frequencies f = f, ,, + if, (for any non-zero integer i). Hence, the width of the main-lobe is 2f,.
Observe, for future reference, that the signal point a,, appears in the peak value of the Fourier
transform in equation (2.9), and the peak value is located at the frequency f = f,, = gnfa-

The frequency content in the complex baseband OFDM signal x(t), denoted X, (f), is now easily
found as the sum of the frequency contents of the individual signals x,, (t),

Xa(f) = L5250 Xan () (2.11)
Figure 1b) roughly indicates X, (f) for an example where K = 8.
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Step 2: Samples of the complex baseband OFDM signal x(t), and the IDFT.

The strategy here is to construct x(t) indirectly by first constructing time-domain complex samples of

x(t).

The sampling theorem, see ref. [1], states that if the highest frequency-component in a signal s(t) is
W Hz, then the signal s(t) can be completely reconstructed from its samples, provided that the
sampling frequency is at least 2W samples per second.

In case the signal s(t) is complex, the theorem is still valid and both the real part of s(t) and the
imaginary part of s(t) should then be considered.

As mentioned earlier, the K baseband sub-carriers in the baseband OFDM signal x(t) are located from
9ofa Hz up to gx_1f4 Hz. This means that the baseband bandwidth of x(t) is approximately

(gx-1 + 1) fa Hz (and the same bandwidth may therefore be assumed also for the real part and for the
imaginary part).

Using equations (1.10) - (1.11), and assuming that K > 1, the baseband bandwidth of x(t) is therefore
approximately K f,/2 Hz. We therefore conclude that the sampling frequency fs,m; should be larger

than K f, samples per second (and large enough such that the sampling theorem can be considered to
be sufficiently fulfilled, note that x(t) is not a band-limited signal).

Let us now sample the signal x(t) in equation (2.3) every % second, i.e. with N samples within the
time-interval 0 < t < T,. This corresponds to a sampling frequency f;4.,,, €qual to,

fsamp = N/Tops = Nfy > Kfy (2.12)

samples per second, and N should be chosen larger than K, and large enough such that the sampling
theorem can be considered to be sufficiently fulfilled. In case a higher sampling frequency such that
fsamp = Nfa > 2Kf, is considered then the implementation treated in section 7 may be an option.

Let the column vector x contain the N time-domain complex samples xg, x4, ..., xy_4, Of the signal
x(t) in equation (2.3). This means that the m:th sample x,, is,

Xy = x(MT,ps/N) = YKL a,e/279nm/N ;= 0,1..,(N—1) (2.13)

The right hand side gives us a way to create the desired samples x,,,. However, we need to do some
additional work to get an expression that contains the desired size-N IDFT. Furthermore, we also need
an understanding of both the size-N DFT and the size-N IDFT to better understand why and how the
former is applied at the receiver side and the latter at the transmitter side.

The Fourier transform of the discrete-time signal x in equation (2.13) is defined by, see ref. [1],
X() =3¥N-dx, e s2mvn (2.14)

Note in equation (2.14) that X (v) is periodic in v with period 1. Furthermore, the variable v can be
viewed as a normalized frequency variable, v = f/fsamp. The periodicity in v is illustrated in Figure
2.




X(v)

v
| | | 0 | | |

-3/2 -1 -1/2 1/2 1 3/2
Figure 2. lllustrating that X (v) is periodic in v with period 1. The shape of X(v) in this figure is an
example of a Fourier transform of a discrete-time complex signal.

Due to the periodic structure of X(v) it is clear that it is important to understand the behavior of X(v)
in the fundamental interval —1/2 <v < 1/2.

Furthermore, let X, denote the k:th frequency-domain sample of X(v) defined by,
Xy =X(w=k/N)=3¥Ndx,e /27N | =01,..,.N—1  (DFT) (2.15)
This is the definition ([1]) of the size-N DFT (Discrete Fourier Transform) of the sequence x.

However, for the moment we are particularly interested in the size-N IDFT (Inverse Discrete Fourier
transform) which is defined by ([1]),

X =~ TRZ3 XN = 0,1, N — 1 (IDFT) (2.16)

Hence, as soon as we have determined the samples in the frequency domain Xy, X3, ..., Xy_1 We
should use them in the size-N IDFT in equation (2.16) to efficiently create the desired sequence x. The
values X;, will be determined in step 3.

In practice, N is a power of 2 since fast Fourier transform (FFT) algorithms then can be used to
significantly speed up the calculations in equation (2.16).

It is clear that since the discrete-time signal (or vector) x consists of samples of the analog signal
x(t), there should be a relationship between the frequency contents of these two signals.

The Fourier transform of the signal x(t) is denoted by X, (f), and it can be shown that ([1]),
X() = fsamp E?:—ooXa((V - k)fsamp) (2.17)

This relationship is very useful indeed, since it gives us complete knowledge about X (v), since X, (f)
is known (from equations (2.11) and (2.9)). Equation (2.17) tells us that X (v) equals fsqmpXa(Vfsamp)
plus periodic repetitions of this function, spaced with normalized frequency 1 apart.
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Let us consider an example where X, (f) is given in Figure 3, and where the baseband bandwidth is
denoted W. In figure 3, X, (f) = 0 outside the frequency range —2W /3 < f < W. Furthermore

assume that the sampling frequency fsqmp = gw samples per second is used. The reader is

recommended to apply equation (2.17) to this example and show that X (v) then will be identical to the
Fourier transform given in Figure 2, and the peak value in Figure 2 then is equal to fs;m, B.

Xa(f)

B

f

—W 0 w

Figure 3. lllustrating X, (f). The shape of X, (f) in this figure is an example of a Fourier transform of
an analog complex signal (and it does not follow the shape given by equation (2.11)).
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Step 3: The sequences ag, a4, ..., ag—1 and Xy, Xq, ..., Xy_1.

Let us take a closer look at the sample X; = X(v = [/N) , where [ is an arbitrary integer. X(v) is
roughly indicated in Figure 4 for the example given in Figure 1b where K = 8. It is also assumed in
Figure 4 that N = 12, and this means that X (v) is sampled at the normalized frequency v = [/12 to
obtain X;. The arrows in the figure indicate where the samples X; are obtained in the normalized
frequency domain (i.e. in the v-domain). Observe that the Fourier Transform X, (f) of x(t) (see
Figure 1b) appears frequency-normalized and repeatedly in Figure 4. This means that the sequence of

QAM symbols ay, aq, ..., a; also appears repeatedly in this figure. The complex baseband QAM signal
that carries a,, _is located around the baseband sub-carrier frequency g, f, Hz (see Figure 1b) and

equation (2.10)), and in Figure 4 this QAM signal appears in the v-domain around v = % (and

periodically). Since X(v) is periodic in v with period 1, the sample obtained at v = %will give

exactly the same result as the sample obtained at v = HTN The samples X;, X;_y and X;, are
therefore identical.

As an example in Figure 4: since K = 8 and N = 12, the QAM symbol a5 appears at the sampling
indices [ = ...-24,-12,0,12,24,.. (correspondingtov = ---,—-2,-1,0,1, 2, ...).

X(w)

fsampB

|

0 1

6

T

Sampling index I: -3 2 3 4 5 7
Figure 4. Roughly indicating X (v) for the specific example given in Figure 1b where K = 8. Itis in
this figure also assumed that N = 12 and the arrows indicate where the frequency-samples X; are
obtained. The bold indices are those samples that are used by the size-12 IDFT. Since K = 8 and

N = 12 the QAM symbol a, appears at the sampling indices [ =...-15,-3,9,21,..

| "V
fsa.mp
8

9 10 11

We know that the frequency interval between two successive sub-carrier frequencies is f, Hz.

Furthermore, the normalized frequency parameter v isv = r = # This means that in the
samp A
normalized frequency domain, i.e. in the v-domain, the normalized frequency interval between two
successive sub-carrier frequencies is Ja -1
Nfgp N

By definition we also know that the sample X; is obtained at the normalized frequency v = I/N.
Hence, the spacing between two successive sampling instants is 1/N and, as was discussed above, this
is identical with the spacing between two successive normalized baseband sub-carrier frequencies.
This is of fundamental importance since this implies that the I:th sampling instance then occur at the
peak of a particular normalized baseband QAM frequency spectrum, or at its zero-crossings! See
equations (2.9)-(2.11), (2.17), and also Figure 4.
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Examples in figure 4: The sample X, is obtained with l = 0,and [l = 0 = g,, _ = g3. The sample X,
will therefore only carry information about the QAM symbol a,, , and in this example a,, = = as.
Furthermore, the sample X, is obtained with [ = 10, and since the samples X;, and X_, = X, are
identical the sample X, , will only carry information about the QAM symbol a;.

Note also in figure 4, that the baseband sub-carrier frequency g, f, = 4f, appearsat v =4/12. If N
would be doubled to N=24 in figure 4, then this baseband sub-carrier frequency would appear at

v = 4/24 instead. In general, as N increases with K held fixed, the K normalized baseband sub-carrier
frequencies will be more and more concentrated around the integer values of v.

It is instructive to take a closer look at the impact of the individual signal x,,(t) on X;. Therefore,
consider the Fourier transform of the discrete-time signal obtained if only samples from x,,(¢t) is
considered, i.e. the Fourier transform of the discrete-time signal,

a,e/?mInm/N, m=0,1,..,(N—1) (2.18)
The Fourier transform of the discrete-time signal in equation (2.18) can be expressed as,

%—:%) aneJZTrgnm/Ne—errvm —

SINCEN =00/ (v g /WY~
N sin(m(v—gn/N)) € (219

To get the result in equation (2.19) we have identified a geometric series in the left-hand side. Observe
that the maximum value in equation (2.19) is a,,N, and it is obtained at v = “‘I’V—" + i, where i denotes an
arbitrary integer (periodicity).

It is found, see also Problem 2.6, that if the Fourier transform in equation (2.19) is sampled at the
normalized frequency v = /N, then a non-zero result is obtained only if [ = g, + iN, where i
denotes an arbitrary integer, and the non-zero result equals the peak value a, N.

Therefore, if the specific sample X; is non-zero then only one of the K QAM signals will contribute to
the value of X;,

X, = a,N (2.20)
and the particular value of n is defined by,

gn =1—iN (2.21)
This means that we now can determine the sample X;.

For 0 < I < gx_4 we find from equation (2.21) that g,, = [, and the corresponding value of n is
known from equations (1.8)-(1.9). Therefore,

N="Npc+ gy ="y +1 (2.22)

Xl = Nanrc+l l = 0,1 o JK-1 (223)
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For gy + N <1 < (N — 1) we find from equation (2.21) that g, = Il — N, and the corresponding
values of n and X; are,

n=ny+gp=nyc+1l—N (2.24)
X ntnen =Na, n=01,..(n—1) (2.25)

For the intermediate interval (gx—1 + 1) <[ < (go + N — 1), that covers the remaining (N-K)
samples, the values of these samples are X; = 0. Compare with Figure 4 where (N — K) = 4 and
where X = X, = X; = Xg = 0.

Observe from equations (2.20)-(2.25) that the desired sequence X, X5, ..., Xy_1 IS very easy to
construct by using the K signal-points a,,, and (N — K) zeroes! This is shown below.

If we first construct the size-N sequence Nay, Na4,..,Nag_4,0,0,..,0, and then “left-rotate” this
sequence n,.. positions ( or “right-rotate” this sequence (g, + N) positions), then the desired
sequence X,, X, ..., Xy—1 in equations (2.20)-(2.25) is obtained!

Consider as an example the case K=8 and N=12. In this case n,. = 3 and gx_; = 4, and the desired
sequence X,, X4, ..., X11 then equals: Nas, Nay, Nas, Nag, Na;,0,0,0,0, Nay, Na,, Na,. See also
figure 4.

The final step is to calculate the size-N IDFT,

X = S INT K NN = 0,1, N — 1 (2:26)

In practice, N is a power of 2 since fast Fourier transform (FFT) algorithms can then be used to
significantly speed up the calculations in equation (2.26).

Equation (2.26) is the desired final expression to compute the discrete-time signal x. Equation (2.26),
i.e. the size-N IDFT, is computationally very efficient when implemented using FFT algorithms (N is a
power of 2). The sequence X,, X1, ..., Xy—1 is given by equations (2.22)-(2.25), and also by the
construction (‘“rotation”) given above. See also Figure 5 on page 20.

The (N — K) zeroes in the sequence X can be interpreted as using zero-valued signal-points at
baseband sub-carriers located at the edges but outside of the OFDM frequency band.

It should also be mentioned here that the “rotation” operation described above can alternatively be
expressed as a matrix multiplication. Define the size-K column vector a by a'” = (aq a; ... ax_1),
where “tr” denotes transpose. Furthermore, define the size-N column vector X by

X = (X, Xy ... Xy_1). Then, by examining equations (2.23) and (2.25), the “rotation” operation can
be described by the following expression,

X =NQ,a (2.27)

where the size NxK matrix Q, has the value one in the (i,j):th elements given below (the rows are
numbered from 0 to (N-1), and the columns are numbered from 0 to (K-1) :

(l;]) (0, nrc‘)i (1' Nyc + 1)' (Zr Nyc + 2): Ly (gK—1' K- 1) (228)

(0, ): (N =10, 0), (N = 1ye + 1,1) ,(N = ye +2,2), 0., (N = L,nc — 1) (2.29)

14



The total number of matrix element positions given in equations (2.28)-(2.29) is K, and the value of
each corresponding matrix element is one. For the remaining matrix elements in Q. the value is zero.

Note that the operation in equation (2.27) automatically places N-K zeroes in the sequence X since the
matrix Q, has N-K rows that contain only zeroes. Furthermore, every column in the matrix Q, has
only one element that is equal to one.

Example: If K=8 and N=12 in equations (2.28)-(2.29), then Q. equals (n,. = 3 and g, = 4) :

COmROOCOCOCOOCOOC0O
OmROOCOCOCOCOCOO0OC0O
[ == == e e Y e e e Y e i e i e i )
COOCOCOCOCOCOOOOm
COOCOCOCOCOCOoOOoOoOmO
COOCOCOCCOCOCOoOOmmOO
COO0COCOCOCOoOOmRmOOO
S OCOOCOCOCOoOmmROOOCO

Example: If K=9 and N=12 in equations (2.28)-(2.29), then Q. equals (n,. = 4 and gg = 4) :

Q: =

COoOOmROOCOOCOOCOCO
COoOmR OO OCOOCOoOCOCO
OmRO OO OO OCOoOCOO
=2 = =N =N = =T e i e}
COCO OO OO OO OOm
COCOoOOCO OO oo OO
COoCOoOCOoO OO OoCOoOmROO
COoCOoO OO oo OROOO
S oo OCOoOOoCOoOmRmROOOCO

For future reference let us also observe that,
a=-Q,X (2.30)
where the size KxN matrix Q.- is defined by,

Q= Qttr (2.31)

Furthermore, the size KxK matrix Q,-Q; is the identity matrix, while the size NxN matrix Q;Q,- has K
ones and N-K zeroes on the main diagonal (and the remaining elements are zero).
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As an example of an application let us consider LTE-systems (Long-Term Evolution). In LTE (from
[9]), OFDM is used and f; = —

Tobs

that, e.g., K=720 sub-carriers are used and that N=1024 is chosen. The OFDM bandwidth is then
approximately Kf, = 10.8 MHz around the carrier frequency, and the chosen sampling frequency is
fsamp = Nfa = 15.36 Msample per second. A typical OFDM interval in LTE is 71.36 s, and 14
OFDM signals (i.e. 14 size-1024 IDFT calculations) are then generated every ms.

= 15 kHz which means that T,,s = 66.67 ps. Furthermore, assume

It is clear from the numbers in the example above that very fast and computationally efficient
implementations are required to be able to build the state-of-the-art communication systems of today.
It is recommended that the reader reflects over the implementation parameters given in the example
above, including the size of the unit and its power-consumption (and cooling requirements).

Let us now introduce a compact and convenient description of the DFT and IDFT operations that is
based on matrices. Therefore, consider the (symmetric) size NxN matrix F with matrix elements Fy ,,,

Fiop = e~J2mkn/N (2.32)

The sequence (column vector) of frequency-domain samples X obtained from the DFT operation in
equation (2.15) can then be written as,

X =Fx (DFT) (2.33)

and the column vector x contains the N time-domain samples x, x4, ..., xy—1, Of the signal x(t) in
equation (2.3).

In the same way consider the (symmetric) size NXN matrix G with matrix elements Gy ,,,
Gy = e/2men/N (2.34)

The sequence of time-domain samples x obtained from the IDFT operation in equation (2.16) can then
be written as,

x =~GX (IDFT) (2.35)
By combining equation (2.27) and equation (2.35) we obtain the compact description,
x=-GNQ.a (2.36)

The matrices F and G are such that the size NxN matrix %FG is the identity matrix. Furthermore, for

future reference (in section 6), by combining equation (2.30), equation (2.33) and equation (2.36) we
obtain the equalities,

1 1 1 1
a=-QX=20Q,Fx=—_Q,F;GNQ.a (2.37)
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An alternative and equally important way to determine the impact of the individual signal x,,(t) on X;
is to first use equation (2.17) to determine the Fourier transform of the discrete-time signal in equation
(2.18). The second step is then to sample this Fourier transform at v = [/N and investigate its value.

We have already found the Fourier transform of the analog signal x,,(t), see equation (2.9), and it was
found that its spectrum is sinc-shaped around the baseband sub-carrier frequency Tg—" Hz , with peak
obs

value a,,T,ps, and with zero-crossings at the frequencies f = % +i/T,ps (for any non-zero integer

i). Hence, the width of the main-lobe is 2f, Hz.

From equation (2.17) it is also known how to obtain the Fourier transform of the discrete-time signal if
the Fourier transform of the corresponding analog signal is known.

Therefore, the Fourier transform of the discrete-time signal in equation (2.18) equals,

i _9n_ ,
L e N S o

fsampXan(Vfsamp) = foamp@nTobs (2.38)
(v foamp=722)Tobs
plus periodic repetitions of this function, spaced with normalized frequency 1 apart.
Let us now use that fsgm, = N/T,ps. Then equation (2.38) is simplified to,
FrampXan(Vfsamp) = Nan 2ENE=I0/0) o= jmN(v=gu/N) (2.39)

nN(v—gn/N)

An important observation now is that sampling the frequency-function in equation (2.39), at the
normalized frequency v = [/N, results in a non-zero value only if [ = g,, and this non-zero value
equals a, N.

So, the impact on X; from the individual signal x,, (t) is therefore found to be equal to a,, N only for
the indices | = g,, + iN, where i denotes an arbitrary integer (due to the periodicity in v with period
1), and zero for any other [. Observe that this is exactly the same result as was obtained earlier in
connection to equation (2.20) following an alternative path.

It is also very instructive to compare equation (2.39) with equation (2.19), especially in the
fundamental interval —1/2 < v < 1/2. The reason why these two expressions are different is that the
Fourier transform in equation (2.19) includes the total effect of aliasing (aliasing is a consequence
when the chosen sampling frequency does not satisfy the sampling theorem, and the effect of aliasing
therefore decreases as N increases), while equation (2.39) only represents the contribution to the
Fourier transform given by the term corresponding to the index k=0 in equation (2.17).

In the next section we will add the so-called cyclic prefix (CP) to the vector x, and also use digital-to-
analog (D/A) converters to create the analog real signals that are needed in the construction of the
OFDM signal.
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3. The Cyclic Prefix (CP) and Digital-to-Analog (D/A) conversion

Adding the Cyclic prefix (CP)

In the previous section we found how the size-N IDFT could be used to efficiently create N time-
domain complex samples of the equivalent complex baseband OFDM signal x(t) in equations (2.2)
and (2.3). These N samples will in this section be time-shifted T;p seconds and they then become the
samples of the OFDM signal x(t — T-p) within the time-interval Top < t < Ty, i.e. within the
observation interval of the receiver. We will here also specify the remaining L samples corresponding
to the cyclic prefix (CP) within the time-interval 0 < t < T¢p.

The OFDM signal that we are in progress to synthesize has a CP of duration T in the beginning of
the OFDM interval Ty, and the remaining part of the OFDM signal has duration T,, =Ty — T¢p. AS
was mentioned in the first section, the main purpose of the CP is to allow for the initial transient
behavior of the multi-path channel output signal to occur within the duration of the CP. In a sense, the
CP acts as a “guard interval”.

It is also very important that the duration of the cyclic prefix is at least as large as the duration of the
impulse response of the channel. This will be explained in detail in section 5. An additional
requirement is that Tep < T.

As an example, in LTE (from [9]) a typical choice of T¢p is Tep = 4.69 ps which is 6.57 % of the
OFDM symbol interval Ts.

In this section we will construct the CP by adding L additional samples before the already created N
samples. As will be seen, the CP is constructed by adding a so-called size-L periodic extension of the
N samples. In this way all L + N samples of a complex baseband OFDM signal within the time-
interval 0 < t < Ty is obtained, and T¢p = LT,,s/N. The remaining steps is then D/A converters (also
in this section) and frequency up-converting (in section 4).

Now observe that the signal x(t) in equation (2.3) has duration T,;. However, the expression that is
used to define x(t) equals Y.XZ3 a,,e/2™9nfat and this expression is periodic in t with period T,ps.
Therefore, this expression is identical within the two time-intervals —T.p <t <0 and (T,ps —

Tep) <t < T,ps. Alternatively, the values of this expression in the former time-interval above is a
“copy” of the values in the latter time-interval. Observe that the L last samples in the size-N vector x
are the samples that correspond to the latter time-interval (T,,s — Tep) < t < T,ps. Hence, the values
of these L last samples are identical to values of the L samples corresponding to the time-interval
—Tep <t < 0, i.e. these L samples constitute the CP.

So, if we consider the expression YX-3 a, e/2™9nfat only within the time-interval =T p < t < Ty it
defines an OFDM signal, and the OFDM signal interval is Ty = T¢p + T,ps- Furthermore, all L+N
time-domain samples are known since the size-N vector x has already been created, and, as was
described above, the L samples corresponding to the CP are identical to the last L samples in x.

Since we should have a causal OFDM signal we need to introduce a time-delayed version of the
expression studied above. With a time delay equal to Tp seconds we then get the expression

k-1 q,e/?manfa(t=Tcp) within the OFDM signal interval 0 < t < Ts. This is the final desired
expression for the synthesized OFDM signal.
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What remains to be done in the digital domain is to construct a new size-(L+N) vector u that contains
all (L+N) time-domain samples of the expression YX=1 a, e/2m9nfa(t=Tcpr) within the OFDM signal
interval 0 <t < Ts.

Based on the discussion about periodicity above let us therefore construct a new size-(L+N) vector u
as a so-called periodic extension of the size-N vector x. This means that the L last samples in x are
copied and placed as the first L samples in u. The remaining N samples in u are identical to x. This
means that,

uo = xN_L,..., uL_l = .xN_l, u,L = xo,..., u,L_+_N_1 = xN_l. (31)

The construction of the vector u above implies that the first L samples in u are identical with the last
L samples in u, and this reflects the periodicity discussed above.

The duration of the OFDM signal interval is T, and it can be expressed as,

— (L+N)Tops

T ~

=Tcp + Tops (3.2)

The vector u in equation (3.1) contains (L+N) time-domain complex samples of a complex baseband
OFDM signal defined over the entire interval 0 < t < T. This baseband OFDM signal is here
denoted u(t), and based on the previous discussion in this section, the OFDM signal u(t) is,

u(t) = Upge (t) +ju1m(t) = Zg;(} anejZTL'gan(t—Tcp) ) 0 St< Ts (33)

and u(t) equals zero outside this interval. The OFDM signal u(t) in equation (3.3) includes the CP of
duration T¢p and also the observation interval of duration T,,. Furthermore, the m:th sample in the
vector u is,

Uy = u(mTyps/N), m=0,1,..,(L+N—-1) (3.4)

As we will see in section 4, and in analogy with equations (2.2) and (2.5), the desired real high-
frequency OFDM signal, here denoted s(t), is obtained as,

s(t) = Re{u(t)e/?™ret} = up, (t) cos(2mfrct) — Up (t) sin(27fyct) (3.5)

Our work in the discrete-time (digital) domain is now finished and it is time to enter the continuous-
time (analog) domain. The practical way to do this is to use D/A converters.
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D/A converting

In analogy with equation (3.5) the construction of the desired real high-frequency OFDM signal s(t)
is straight-forward (s;(t) = ug(t), and sq(t) = upm (t)),

s(t) = 5;(t) cos(2mfrct) — 5o (t) sin(2mfyct) (3.6)

Hence, we first need to construct the two analog signals s, (t) and s, (t) that correspond to the real
part ug, and to the imaginary part u,,, of the vector u in equations (3.1) and (3.4), respectively,
where

U= Ug, + juy, (3.7

These two real-valued sequences each feeds a separate D/A converter as is illustrated in Figure 5, and
the samples in each sequence arrive with the rate fg,my, = Nf, samples per second.

t Analog I-component of the
Re{} — »  D/A 4»91( ) OFDM signal

Xo;Xp---;XN71 IDFT x Add CP u
Equ.(2.26)

u Analog Q-compont of the
m{} L **Im s p/a —»SO (f;) OFDM signal

Figure 5. Block diagram illustrating the operations in the digital domain, and the transition to the
analog domain.

Let s;(t) denote the analog output signal (i.e. the I-component of the OFDM signal) that results from
the sequence (or vector) ug,. In the same way, let s, (t) denote the analog output signal (i.e. the Q-
component of the OFDM signal) that results from the sequence (or vector) u;,,.

We will now go through the D/A conversion of the digital sequence ug, to the analog signal s;(t).

The ideal goal of the D/A converter is to create as output signal an analog (time-continuous) voltage
waveform that preserves the samples in up, in the time-domain, and also preserves the frequency
content of ug, corresponding to the fundamental interval —1/2 < v < 1/2 (compare with Figure 4,
but assume in this figure a spectrum that is symmetric around v = 0, since ug, is a real sequence).
Ideally, given the samples in ug,, and given the sampling frequency fsqmp, the output analog

waveform can be determined and it is unique.

The overall operation of the D/A converter may be interpreted as an interpolation, and typically this
can be achieved by constructing the signal s;(t) as,

- TO S
51(6) = T " Ugeam 9i(t — 32 (3.8)

where g;(t) is referred to as an interpolation filter or reconstruction filter. Note in equation (3.8)
that s;(t) is created by weighting the m:th sample ug, ,,, with a time-dependent and m-dependent

mTops

N ), and then add all L+N contributions. Hence, in general the value s;(t)

weighting-factor g; (t —
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is created as a weighted sum of all elements in the vector ug,.. However, as is also seen in equation
(3.8), the total contribution to s;(t) from the individual sample ug, ,,, equals,

MTops
uRe,mgi(t - Nb ) (3-9)
and equation (3.8) is the superposition of L+N such contributions.

However, at the m:th sampling-time we know that s; (%) = Ugem Which means that

gi(t=0)=1,andg; (t = IT#”S) = 0 where [ is any non-zero integer.

Furthermore, it is reasonable to assume that the contribution in equation (3.9) is large at, and

mTops

around, t = and then gets “smaller” as t moves away from this value. In summary; the filter

ITops

gi(t) should have its peak value 1 at t = 0, should be equal to zero at t = where [ is any non-

zero integer, and in general “decay” as |t| increases.

Let Ug.(v) denote the Fourier transform of the input discrete-time signal ug,, and let S;(f) denote
the Fourier transform of the output continuous-time signal s;(t). Equation (3.8) can be interpreted
as a filtering operation, where g;(t) is the impulse response of the filter and G;(f) denotes the
transfer function of the filter. It is left as an exercise to the reader to show that, with fogmp, = N/

Tobe
S1(f) = Uge(v = f/f:samp)Gi(f) (3.10)

Note that since Ug, (V) is periodic in v with period 1, Ug, (Vv = f/fsamp) is periodic in f with period

fsamp-

Hence, to extract only the desired frequency content in ug, corresponding to only the fundamental
interval —foamp/2 <V < foamp/2 the transfer function G;(f) of the filter should have low-pass
characteristics with an ideal cut-off frequency equal to fsqmp/2 Hz.

It is here instructive to investigate some properties of the ideal reconstruction filter. This filter can be
derived from the sampling theorem and the result is a filter with infinite duration, see ref. [1],

sin(7tfsampt)

- (3.11)

Yijideal (t) =

If this ideal filter is used in equation (3.8) then we find that the particular sample s;(t = kT,,s/N) =
s,(t = k/fsamp) = Uge ., and this is due to the zero-crossings in g; jgeq: (t). Furthermore, this ideal
filter is actually an ideal low-pass filter i.e. having a non-zero (and symmetric) transfer function only
within the frequency interval —foomy /2 < f < foamp/2,

Gi,ideal (f) = 1/fsampr - fsamp/z <f< fsamp/2 (3.12)

Hence, using this ideal filter in equation (3.8) indeed extracts only the fundamental frequency
interval.

However, there are some practical difficulties with the ideal filter such as its non-causal property and
its ideal transfer function.
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Instead of trying to implement a single filter g;(t) with sufficiently good properties, it is common to
split g;(t) into two filters denoted g; ; (t) and g; »(t). First the simpler filter g; ; (t) is used in
equation (3.8). The resulting analog signal is then filtered with the second filter g; , (t). The final
output signal from the second filter then has the Fourier transform,

URe(V = f/fsamp)Gi,l(f)Gi,Z(f) = Uge(v = f/fsamp)Gi(f) (3.13)
Hence, the convolution between g; ;(t) and g; »(t) equals the overall filter g;(t).

A typical choice of the first filter is g; ; (t) = 1 in the time-interval 0 < t < T,,s/N , and g; 1(t) = 0
outside this interval. The analog output signal from this filter is then a staircase-function, i.e. the
output signal consists of a sequence of T,;,s/N-long rectangular pulses where the amplitude of the
m:th pulse equals the value of the sample ug, ,,. Therefore, this choice of filter is referred to as S/H
filter (Sample-and-Hold).

The Fourier transform of the S/H filter g; 1 (t) above is,

1 sin(f/fsamp) —j
G: = Jnf/fsamp 3.14
i (f) fsamp  Tf/fsamp ¢ ( )

which is significantly different then G; 504, (f) in equation (3.12).

To improve the D/A conversion let us, as an example, choose the second filter as g; ,(t) =
fsamp8i1 (t) where G; 1 (f) is given by equation (3.14). The overall filter g;(t) is then triangular, with
peak value equal to 1 at t = T,;s/N and with duration 2T,,s/N (symmetric around t = T,,s/N).
Observe that the analog output signal from this second filter then consists of straight lines
connecting the sample values. Observe also that a time-delay equal to T,j,s/N (corresponding to 1
sample) here is obtained. See also Problem 3.5b.

The Fourier transform of the overall triangular filter g;(t) is,

. nf
G _ 1 Sm(fsaml?) 2 ,-J2nf/fsam

fsamp
and with this filter a more efficient overall low-pass filtering is obtained. Furthermore, the phase
function is a linear function of frequency over the fundamental frequency interval of interest, and it
is seen in the exponential in equation (3.15) that the linear phase corresponds to the one-sample

time-delay Tops/N (=1/ foamp)-

In case additional improvements are needed additional low-pass filtering can be implemented. One
possibility may be to try to synthesize an overall interpolation filter that is a symmetrically time-
truncated and time-delayed version of the ideal filter. There is also the possibility of digital filtering of
the sequence ug, before D/A-conversion, which may relax the requirements on the analog
interpolation filter. It should however be observed that efficient high precision (e.g. 16 bits per
sample or more) D/A and A/D converters operating at high sampling frequencies are challenging to
implement in practice, and different implementation strategies may be used.

This concludes our introductory treatment on D/A-converters. To simplify the presentations in the
next sub-sections we will assume that the two signals s;(t) and sq () are almost perfectly
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reconstructed using almost ideal D/A-converters in Figure 5. This means that we will assume
throughout that both S;(f) and S, (f) can be closely approximated to be ideal. Hence, it is assumed
that both these frequency functions are equal to zero outside the frequency interval —fsqmp /2 <

f = fsamp/2, and within this interval they are equal to,

Si(f) = fsa1mp Uge (V = fsafmp)’ in — fsamp/z <f< fsamp/z (3.16)
SQ(f) = ﬁUlm (V = fsamp) , in = fsamp/2 <f< ﬁsamp/z (3.17)

In the time domain equations (3.16)-(3.17) means that we assume that (from equation (3.3)),
s1(0) + jso(t) = XKZ§ aye/#monfalt=Ter) 0 <t < Ty (3.18)

We are now ready for the final stages in the transmitter, i.e. frequency up-converting, power
amplification and the antenna coupling unit.
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4. Frequency up-converting and power amplification

Similar to equation (3.6) the construction of the OFDM signal s(t) is straight-forward,
s(t) = s5;(t) cos@mfrct + ) — so(t) sSinufrct + P) (4.1)

where s, (t) and s, (t) are given in equation (3.18). Note however that in equation (4.1) we have also

taken into account the actual phase ¢ of the high-frequency signal oscillators. This is illustrated in
Figure 6 for the case when K is odd for which f,.. = f..

To get an OFDM signal with sufficient signal power, a power amplifier (PA) is needed. This means
that if the amplifier amplifies the input signal amplitude with a factor A then the signal power is
changed with a factor A2.

It should be remembered that an OFDM signal basically equals the summation of K signals, see e.g.,
equation (1.12). Therefore, we can expect that there will be time-intervals where the OFDM signal is
small due to destructive addition of the K signals. In the same way we can expect that there will be
time-intervals where the OFDM signal is strong due to constructive addition of the K signals. Hence,
there will be amplitude (envelope) variations in the OFDM signal, and if these variations are too large
they will cause some problems concerning the implementation of the power amplifier. The so-called
Peak-to-Average-Power-Ratio (PAPR, see, e.g., ref. [9]) is a common parameter to quantify the
instantaneous power variation in a signal. For signals with high PAPR it is a challenge to implement
power-efficient and low-cost power amplifiers, and this is especially important in, e.g., the uplink in
mobile communication systems.

cos(2mf .t + @)

s;(t) Vi
S t Power Antenna

amplifier coupling unit
so(t)

—sin(2uf .t + ¢)

Figure 6. Block diagram illustrating frequency up-converting to the carrier frequency (K is odd), the
power amplifier, and the antenna coupling unit. The OFDM signal s(t) is given in equation (4.1).

The last block in Figure 6 is the antenna coupling unit which is the interface to the antenna. Finally,
the OFDM signal is radiated out from the antenna as an electro-magnetic wave propagating in space.

We have here only briefly mentioned the power amplifier and the antenna. The reader is recommended
to study these important parts in more advanced literature.

This concludes the transmitter part of these lecture notes, and we will in the next section investigate
how the multi-path channel changes the transmitted OFDM signal.
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5. The multi-path (linear time-invariant filter) channel, and the additive white Gaussian noise
AWGN

The OFDM signal s(t) in equation (4.1) is amplified and transmitted through a multi-path channel (or

a linear time-invariant filter channel), and in this section we will determine how the transmitted signal

is changed by this channel. It is here assumed that the filter can be considered to be time-invariant over
a few OFDM symbol intervals.

Since the channel is linear it is convenient to first determine how the n:th QAM signal in the OFDM
signal is changed by the channel. The result obtained will then also tell us how the remaining K-1
QAM signals are changed by the channel.

Using equations (3.18) and (4.1) we conclude that the n:th transmitted QAM signal can be expressed
as,

ARe{anejzngan(t_TCP)ej(znfrct+¢)} = ARe{anej(zn-fnt+9n)}’ o<t TS (51)

and this signal is zero outside the OFDM symbol interval. A denotes the amplitude amplification in the
power-amplifier. The sub-carrier frequency is (see also equation (1.7)) f,, = frc + gnfa, and the phase
6, inequation (5.1) is,

g, = —2Znler 4 4 (5.2)

Tobs

The linear filter channel has the (real) impulse response h(t), and its input signal is denoted q(t), see
also Figure 7 below.

q(t)— H(f) —»Z(I‘:}

Figure 7. lllustrating the linear time-invariant filter channel.
In case the linear filter is a multi-path channel with P signal paths its impulse response is,

h(t) = 251:1 an5(t - Tn) (53)

If we assume (for simplicity) that the delays in the multi-path channel are numbered in increasing
order then we have that 7; < 7, < -+ < 7p. Furthermore, in this case it is easy to identify the duration
of the impulse response, here denoted T,;,, to be equal to the largest delay, i.e. T, = Tp.

It is also straight-forward to obtain the transfer function H(f) for the multi-path channel in equation
(5.3),

H(f) = [, h()e /2™t dt = ¥F_; ap e /2™ (5:4)

Let us now investigate the output signal, here denoted z(t), from a channel that can be represented by
the impulse response h(t).
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The input signal g(t) is given by equation (5.1).
Observe! Here it is assumed that h(t) = 0 outside the time-interval 0 < t < Tgy.
Observe! Here it is also assumed that T.p = T, (in practice we also have that Ts > T¢p).

The convolutional integral gives us a way to calculate the output signal z(t),

2(8) = [ h(x)q(t — )dx = [ h(x)q(t — x)dx (5.5)

Since the function g (t) equals zero outside the interval 0 < t < Ty, the function q(t — x) in equation
(5.5) equals zero outside the interval (t —T) < x <'t.

The output signal z(t) is therefore zero outside the time-interval 0 < t < Ty + T,;,. However, to
calculate the output signal within this interval it is convenient to study the three sub-intervals below.

0<t<Tg:
In this time-interval the output signal z(t) in equation (5.5) is,
z(t) = fot h(x)ARe{a, e/ @t E=0+00) gy (5.6)
and this is the initial transient behavior of the output signal.
T, <t<Ts:
In this time-interval the output signal z(t) in equation (5.5) is,
z(t) = fOTCh h(x)ARe{a, e/ ®™n(t=0+6)}dx = ARe{a, e/ ?™/nt+0n) fOTCh h(x)e /3m¥dx}  (5.7)

Observe that the integral on the right-hand side equals the transfer function of the filter, evaluated at
the sub-carrier frequency f,,, i.e. H(f;)!

Therefore, we can write,
z(t) = ARe{a,H(f,)e/@m/nt+6n)} (5.8)

This result is indeed very important and it should be compared with the input signal in equation (5.1).
Equation (5.8) shows that within the time-interval T, < t < T the output signal is also a QAM
signal, but the signal point is modified to be a,,H(f;,). Multiplication with

H(f,) = |H(f,)|e/29H ) means that the original signal point a,, is attenuated with |H(f,)| and
phase rotated with arg (H(f,,)).

Ty <t <Ts+ T

In this time-interval the output signal z(t) in equation (5.5) is,

z(t) = ftT_C;‘Sh(x)ARe{anef(z’ffn(t_x)w")}dx (5.9)

and this is the ending transient behavior of the output signal.
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Now, if the input signal to the filter equals the OFDM signal As(t) where s(t) is given by equations
(3.18) and (4.1) we conclude that the input OFDM signal can be expressed as,

INPUT OFDM: As(t) = ARe{Y X2} a,e/?mnfat=TcP)giCfrct+®)} 0 < ¢ < Ty (5.10)
or alternatively as,
INPUT OFDM: As(t) = ARe{YKZ} a,, e/ ™/nt+0n)} 0<t< T, (5.11)

and this input OFDM signal is zero outside the OFDM symbol interval. The sub-carrier frequency f,,
the phase 6,, and the reference carrier frequency f,.. are given in connection to equation (5.1).

Applying the results in equations (5.6)-(5.9) to each of the K input QAM signals, and using that
Tcp = T, We find that the output signal z(t) also is an OFDM signal in the time-interval Tgp < t <
T, where it can be expressed as,

OUTPUT OFDM: z(t) = ARe{¥K§ a, H(f;)e/?™nfat=Tcp) oI Cnfrct+ )} T\, <t < Ty (5.12)
or alternatively as,
OUTPUT OFDM: z(t) = ARe{Y X% a, H(f;,) e/ @™/nt+0n)}, Tep<t< T, (5.13)

Furthermore, in the relatively short time-intervals 0 <t < T¢p and Ty < t < T + Tcp the output
signal z(t) contains a transient behavior. Note that if the next input OFDM signal starts at t = T then
the corresponding initial output transient will coincide (i.e. overlap) with the ending output transient of
the current OFDM signal. This overlap of OFDM signals may cause inter-symbol interference in the
receiver unless counter-measures are made at the receiver side. As we will see in section 6, a simple
solution can be used to eliminate the possibility of this inter-symbol interference.

The signal appearing at the receiving antenna can now be expressed as,
z(t) +n(t) + y(t) (5.14)

where z(t) is the desired signal described in equations (5.12)-(5.13) and in the text just below these
equations. The term n(t) in equation (5.14) is assumed to be additive white Gaussian noise (AWGN).
The power spectral density of the random process n(t) equals a constant over the entire frequency axis
(“white”), and this constant is denoted N, /2. The signal y(t) in equation (5.14) represents all other
signals that may be present at the receiving antenna. The frequency content of y(t), within the
bandwidth occupied by z(t), is assumed to be virtually zero. Hence, the only in-band disturbance
assumed in these lecture notes are in-band noise originating from n(t).

This completes the description of the communication channel studied in these lecture notes. In the next
sections we will investigate different steps in the receiver and also show how the K received noisy
signal-points efficiently can be extracted by using the DFT.
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6. The Receiver: Frequency down-converting, sampling (A/D) and the DFET

The ultimate goal of the receiver is to, as good as possible, recover the sequence of information bits
that corresponds to the original sequence of K QAM signal points ag, a4, ..., ax_;. T0 obtain this goal
the first sub-goal of the receiver typically is to extract the corresponding K received distorted and
noisy signal points, and the purpose of this section is to show how the DFT can be used to accomplish
this.

The second, and last, sub-goal is to use the sequence of K received distorted and noisy signal points as
input to a suitable decoding algorithm. The output sequence from the decoding algorithm is the
receiver’s decision of the original sequence of information bits that was sent from the transmitter. In
these lecture notes decoding algorithms will not be investigated, so the interested reader is
recommended to study more advanced literature on this topic.

Before going into details concerning frequency down-converting to baseband let us start with a
fundamental example of how a received noisy QAM signal point may be extracted from a received
signal. This example is very important since it gives a good illustration to why the DFT can be used in
OFDM to extract the K received noisy signal points.

In this example we assume that the received signal r(t) equals (compare with equation (1.4)),
r(t) = by cos(2mfgt) — by sin(2nfpt) + n(t), 0 <t <T (6.1)

Hence, the received signal is a single QAM signal disturbed by AWGN, and our goal in this example
is to show how to extract the received noisy signal point.

Basic decision theory tells us that in this case the receiver should use two orthonormal basis functions,
here denoted 1, (t) and ¥, (t). These (real) functions should satisfy the two conditions,

I W (O, dt =0 (orthogonal) (6.2)
fOT Yy ()%dt = fOT Yo()2dt =1  (normalization) (6.3)
In this example the choice of orthogonal basis functions are,
Y41(t) = cos(2mfzt)/C, 0<t<T (6.4)
Y, (t) = —sin(2ufzt)/C, 0<t<T (6.5)

where C is a normalization constant chosen such that equation (6.3) is satisfied. It is also assumed that
fg and T are such that equation (6.2) is satisfied.

The received noisy signal point consists of two coordinates since a QAM signal is assumed in this
example. The first coordinate, denoted r;, is the correlation between the received signal and the first
basis function,

T
Tl == fO T(t)l/)l(t) dt == Cb[ + Tl1 (66)
and the second coordinate is calculated in a similar way,

ry = [) (), (t) dt = Chy +ny (6.7)
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In equations (6.6)-(6.7) n; and n, denotes non-desired noise contributions from the AWGN n(t). It
can be shown that these two noise contributions each have a Gaussian probability density function,
zero mean and variance N, /2. Furthermore, they are also independent. Note that equations (6.6)-(6.7)
may be interpreted as frequency down-conversion to baseband.

The two values (11, 1,) in equations (6.6)-(6.7) define the received noisy signal point and they are of
fundamental importance in the decision process.

Let us now express the complex value r in the following way,
r=r+jr, =[] r(©e ¥t dt/C = R(f3)/C = Cb+n (6.8)
where b = b; + jby and n = nq + jn,.

It is now very important to observe in equation (6.8) that the received noisy signal point r can be
found by calculating the Fourier transform R(f) of the received signal r(t) over the time
interval 0 < t < T, and then sample R(f) at f = f to obtain R(fz). As will be seen later on,
using the DFT in an OFDM receiver can be viewed as a natural extension of this result. This
concludes the example, and it is time to focus on frequency down-converting to baseband.
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Frequency down-converting to baseband:

The input signal to the receiving antenna is given in equation (5.14), and the first part of the receiver is
illustrated in Figure 8. It is seen in Figure 8 that the antenna coupling unit is followed by a band-pass
(BP) filter. This filter typically has a relatively large pass-band to allow for several frequency bands
that might be of interest to the receiver, e.g. the OFDM frequency band that contains the signal z(t) in
equation (5.13). Signals located outside the pass-band of the band-pass filter are rejected (more
attenuated) and are of no interest to the receiver.

The received signal is normally a very weak signal and it needs to be amplified. However, with weak
signals additional noise can be very hurtful to the signal-to-noise-ratio, and therefore a low-noise
amplifier (LNA) is used in the receiver. LNA:s are designed with the purpose to keep the internal
generated noise to a minimum, and only a very small loss in signal-to-noise ratio due to the LNA is
acceptable.

It is in principle possible to extract the K received noisy signal points directly from the output signal
of the LNA, here denoted y, (t). We learned from the previous example in this section, see equation
(6.8), that the n:th received noisy signal point is found if we calculate the Fourier transform,

ey @e 2t dt,  n=01,..,K-1 (6.9)

Since the sub-carrier frequency separation is f; = 1/T,,s and since the sub-carrier frequency f,, is at a
high frequency, different QAM-signals are virtually orthogonal, see equation (1.14), and this implies
that there will be no “leakage” from the other (K-1) QAM-signals in the value given by equation (6.9).

However, instead of doing the calculations at high frequencies as in equation (6.9) it is, as we will see,
much more practical and efficient to do the calculations in baseband, and especially in the digital
domain by using the DFT. This means that we need to create a suitable baseband spectrum from the
high frequency OFDM spectrum that is contained in the signal y;.(t).

Let us use the reference frequency f,.. of the received OFDM signal in the demodulation process, and
we know from section 1 that f,.. = f,, .

Frequency down-conversion is illustrated in Figure 8 for the case when K is odd for which f,.. = f;. It
is seen in this figure that the LNA is followed by multipliers and low pass filters, and this part is
referred to as homodyne reception. The goal of homodyne reception is frequency down-conversion to
baseband and thereby create the desired baseband components, denoted r;(t) and 7, (¢), such that
ideally,

Ri(f) +jRo(f) = Yo (f + frc), Ifl < Wy (6.10)

where W;,, denotes the baseband cut-off frequency (bandwidth) of each low-pass filter in Figure 8.
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—sin(2rf.t + ¢,)

Figure 8. lllustrating the first part of the receiver: the antenna coupling unit, band-pass filter (wide),
low-noise amplifier (LNA) and a homodyne unit for frequency down-converting and extracting the
baseband signals 7;(t) and 7, (t). It is here assumed that K is odd for which f,.. = f.

The output signal y,.(t) from the LNA in Figure 8 contains several applications located in different
frequency bands, but the receiver is here only interested in the frequency band that contains the desired
OFDM signal z(t).

We know the reference carrier frequency f,.. and the approximate bandwidth K f, of the desired
signal z(t) in equation (5.13). Therefore, the frequency of the oscillator signals in Figure 8 should be
equal to f,.. Hz and the bandwidth W, of the low pass filters should be approximately W,,, =~ K f,/2
Hz. In Figure 8, the actual phase of the high-frequency oscillator signals is denoted ¢,..

Now let r; (t) denote only the part of the signal y,.(t) that corresponds to the desired OFDM spectrum.
This means that the signal (y,-(t) — r(t)) has no frequency components within the approximate

frequency range f,. — Kzﬂ Sf<frct Kzﬂ and the signal (y,-(t) — r1(t)) will therefore (ideally)
not contribute to the signals r;(t) and 7, (t) in Figure 8, only the signal r; (¢) will.

So, the high-frequency signal r; (t) is important and it can be expressed as,
r1(t) = Re{(r1,,(t) + jry,(t))e/?™ret} (6.11)
where, using equation (5.12), the corresponding complex baseband signal is found to be,
1, () + jryo(8) = AYKZS anH(fn)ejzng”fA(t_Tcp)ej¢ Gi(fp) +ny(t), Tep <t=<T (6.12)

The frequency function G, (f,,) represents the combined effect of the band-pass filter and the LNA on
the n:th QAM signal, and the complex signal n, (t) represents “white” baseband noise (assuming that
|G, (f)] is constant within the OFDM spectrum).

Let us now, for convenience, assume that the two low-pass filters in Figure 8 are almost ideal, i.e. it is
here assumed that the transfer function of each filter is constant within the approximate frequency
range —Kf,/2 < f < Kf,/2, and has a high attenuation at all other frequencies.

By studying the homodyne part in Figure 8, and also using equation (6.11), we conclude that the two
outputs from the low-pass filters can be determined from the relationship below,

11(t) + jro(t) = [Re{(ry,1(t) + jr10 (£)el2Mret eI Cnfret+ )], (6.13)
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where the notation [c(t)],p means “baseband (or low-frequency) component of c(t)”.

The reader is recommended to start with the right-hand side of equation (6.13) and show that,

) T 1(O)+jr1,0(0) JeIPr
r,(t>+1rq(t>=<“ N S Gip(©) (6.14)

where the symbol ® in equation (6.14) denotes convolution, and g;,, (t) denotes the impulse
response of each low-pass filter (the transfer function is denoted G,,, (f)). Combining equations (6.12)
and (6.14), we obtain the important result,

71() + jro(8) = TG anHeq (f)e/?™9n/atTer) +w(t), Tep <t <Ty (6.15)

Observe that a so-called “equivalent channel” H,, () is introduced in equation (6.15), and the noise

is represented by the complex signal w(t) (assumed to be “white” baseband noise). The “equivalent
channel” is a convenient concept since it represents the combined effect of all sub-blocks in the
complete communication chain. Mathematically, we have from equations (6.12) and (6.14) that,

Heq(fn) = Heq,n = AH(fn)ej(pGl(fn)e_j¢rGlp(fn = fre = 9nfa)/2 (6.16)

It is seen in equations (6.15)-(6.16) that H,, (f,), alternatively H,, ,,, includes, e.g., the physical
channel filter model, the band-pass filter, and the low-pass filters. Since H,q , = |Heq,n|ejarg(”eq'n)
the phase arg(H,.q,) may also include (absorb) a phase-component that is a consequence of the
particular description in equation (6.15).

Note that for the result in equation (6.15) to be valid, the duration of the overall impulse response
should not exceed T.p (compare with equation (5.7)). Another way to rephrase this is to say that if
virtually all of the energy in the overall impulse response is contained within the time-interval

0 <t < T.p, then equations (6.15)-(6.16) are sufficiently accurate, and this is typically the case in
well-designed communication systems.

Observe also that the description in equation (6.15) is independent of the particular implementation of
the OFDM signal at the transmitter side.

It should also be observed in equation (6.15) that H,, , represents the overall attenuation and rotation
of the n:th original signal point a,,. Furthermore, as we will see, the value a, H, ,, is @ very important
component in the n:th received noisy signal point. In most cases the physical channel filter H(f)
causes random and frequency dependent attenuation and rotation, so called fading. Hence, the sent K
QAM signals may then be treated differently by the channel (concerning attenuation and rotation). If
the remaining blocks in the communication chain overall acts as a frequency independent complex
constant, denoted B, then we have H.,, = H(f,)B.

Instead of calculating equation (6.9) to obtain the n:th received noisy signal point we can calculate the
Fourier transform of the complex signal (7;(t) + jry(£)) in equation (6.15), and evaluate this Fourier
transform at the baseband sub-carrier frequency f = f,, — frc = gnfa. The reason for this is the
frequency shift down to baseband that is performed by the homodyne unit, which implies that the
spectral characteristics of the high-frequency signal r; (t) at the high frequency f,, Hz will, except for
the factor e /% in equation (6.14) and the influence of Gip(gnfa), be the same as the spectral
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characteristics of the low-frequency signal (r;(t) + jry(t)) at the baseband frequency (f, — frc) =
9nfa Hz. However, as we will see, the DFT will instead be used to recover the K received noisy signal
points.

It should also be mentioned here that most decoding algorithms need knowledge about the overall
channel parameters H,q ,, n = 0,1, ... (K — 1). Therefore, a channel estimation algorithm is needed in
the receiver. The result of this algorithm will be channel parameter estimates. Normally, completely
known so-called pilot-symbols or channel-reference symbols are transmitted at specific sub-carriers
and in specific OFDM symbol intervals (i.e. in a two-dimensional time-frequency grid). Based on the
received signal at the corresponding sub-carrier and OFDM interval, the corresponding channel
parameter can be estimated. From all these specific estimates (two-dimensional “samples”) it is
possible to reconstruct an estimate of the two-dimensional channel filter (similar to a “two-
dimensional D/A converter”), and thereby obtain estimates of H,,,,n = 0,1,...(K — 1) over several
OFDM intervals. In these lecture notes we will not analyze any channel estimation algorithms, so the
interested reader is recommended to study more advanced literature on this topic.

This completes the description of the analog part of the receiver (Figure 8). In the next sub-section we
will study the transition to the digital domain by assuming ideal sampling (A/D).
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Sampling (A/D):

In this sub-section only ideal A/D converters are considered and by this we mean instantaneous
sampling and infinite precision in the samples. See also Figure 9. As an example, consider ideal
sampling of the signal r;(t) at t = t,. With infinite precision the value obtained is then r;(¢,), in
contrast to if finite precision is used where a quantized value of r;(t,) instead is the result (and it is
represented by a finite number of bits). In practice A/D converters are non-ideal, and efficient “close
to ideal” A/D converters are non-trivial to implement. However, in these lecture notes we assume that
the non-ideal A/D converters are fast and accurate enough such that we may approximate them with
ideal A/D converters.

The goal in this sub-section is to obtain sampled versions of the two signals 7;(t) and 7, (t) in
Figures 8-9. Using the same arguments that was used in step 2 in section 2, we conclude that the
sampling frequency fsqm, May be chosen as fsamp, = Nf, samples per second, and N should be
chosen larger than K (see equation (2.12)), and large enough such that the sampling theorem can be
considered to be sufficiently fulfilled. Observe that the choice of N (i.e. the sampling frequency) to use
in the receiver is a decision of the engineers of the receiver, and it does not need to be the same value
as was chosen at the transmitter side (which typically is unknown in many cases). In general, how the
transmitted OFDM signal was created may not be known at the receiver side.

Corresponding to the current OFDM interval 0 < t < Ty, the two sequences of samples generated
from the A/D converters in Figure 9 are 1;(mT,s/N) and o (mT,,s/N), respectively, m =
01,..,(L+N-1).

Note however that the first L samples (the CP) will normally not be used in the detection process and
these samples are therefore ignored in the future, see Figure 9! This means that the signal interval
where an overlap between OFDM signals may occur is ignored by the receiver, and thereby possible
interference between OFDM signals is eliminated in the receiver (provided that T, < T¢p), See also
section 5. Since the CP is assumed to be much smaller than T the loss of ignoring the CP is
acceptable.

The remaining N samples represent the receiver’s observation interval and they are on the other hand
extremely important. These samples are collected in the two vectors r; and 7, defined below (see
also Figure 9),

Tim = 11((L + m)Typs/N), m=0,1,..,N—1 (6.17)
Tom = To((L + M)Typs/N), m=0,1,..,N —1 (6.18)
We now create the complex size-N vector r as,
r=r;+jrg (6.19)

From equation (6.15) it is seen that the discrete-time signal r is a sampled version of the complex
signal x,.(t), where x,.(t) is defined as,

xp(£) = 1(t + Tep) + jro(t + Tep) = YR8 anHegne?™n/at £ W/(t), 0 <t < Tpps  (6.20)

The signal x,.(t) in equation (6.20) should be compared with the signal x(t) in equation (2.3) on page
6!
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Observe that the effects of the complete communication chain are that the n:th original signal point a,,
is changed to a, H,4 ,, and that Gaussian baseband noise is present in the received complex baseband
OFDM signal x,.(t).

r;
. Remove
r(t) ——> o the CP
D R
r R Rearranging
and remove — 'H
T (N-K) noise rd a + ]?
Remove rl{} Equ.(6.22) samples
re(t)——> ap the CP

Figure 9. lllustrating sampling and the size-N DFT in the receiver to extract the K received noisy
signal points collected in the size-K vector r.
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Using the DFT:

The remaining investigation aims to find the K received distorted and noisy signal points. Note that

the received signal point obtained at subcarrier frequency f,, can be found by calculating the Fourier
transform of the signal x,.(t) in equation (6.20) at the corresponding baseband sub-carrier frequency
9nfa Hz. However, to efficiently obtain these values with the size-N DFT, let us continue as follows.

Consider the Fourier transform of the discrete-time signal r in equation (6.19),
R(v) = ¥Nzdr, e J2mvn (6.21)

Remember from , e.g., Figure 4 on page 12 that R(v) is periodic in v with period 1. Furthermore, the
Fourier transform of the signal x,.(t) in equation (6.20) appears as a very significant part of R(v)
within the fundamental interval —1/2 <v < 1/2, see equation (2.17), and the example in
connection to Figure 3 on page 11.

As has been pointed out several times the K received distorted and noisy signal points can be obtained
by calculating the Fourier transform at K specific frequencies, i.e. by sampling the Fourier transform
at K specific frequencies. This is precisely what the DFT does!

Let us therefore calculate the size-N DFT of the discrete-time signal r,
R, =R(v =k/N) = YN tr e J2mn/N | =0,1,..,N—1 (6.22)

In practice, N is a power of 2 since fast Fourier transform (FFT) algorithms can then be used to
significantly speed up the calculations in equation (6.22).

In Figure 9 on page 35 the size-N column vector R contains the samples Ry.

Observe that the sample R), is obtained at the normalized frequency (compare with Figure 4),

=t 1 _Ha (6.23)

k
N _fsamp - Nfa - Nfa

Vv =

It is important to see that the only differences between the signal x,.(t) in equation (6.20) and the
signal x(t) in equation (2.3), are that the original signal point a,, is changed to a, H,,, and that
Gaussian baseband noise is present in x,.(t).

We can now write R as,
R=X,+w, (6.24)
where X, is the noise-free part of R, and w,. is the noise vector.

Let us also introduce the size-K column vector H a, where a is a size-K column vector containing the
original QAM symbols a,,. #{ is a size KxK matrix containing the equivalent channel parameters
H,q On the main diagonal, and the off-diagonal elements are equal to zero. This means that,

(Ha)'" = (agHeqo a1Heqq - Ag—1Heqr—1) (6.25)

Hence, the size-K column vector #£ a contains the noise-free received distorted signal points.
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From the general results obtained in section 2 we know that X, is a “rotated” version of #a, or more
precisely from equation (2.27).

X, =NQ,Ha (6.26)

As an example, the first value X;. o, which is contained in the frequency sample Ry = R(v = 0), equals

Xro = anrcHeq,nTC-
Equation (6.24) can then be expressed as,
R=NQ:Ha+w, (6.27)

To recover the K received noisy signal points we “re-rotate” the vector R according to equation (2.30),
1 1
Tq ZNQTR = Qerg{a'l'ﬁQrwr =Ha+n (6.28)

Observe that the elements in the size-K column vector r; are the desired received distorted and noisy
signal points,

rd,n = anHeq,n + nnl n= 0111 LR (K - 1) (629)

where n,, denotes additive complex Gaussian noise. Note also that the operation in equation (6.28)
automatically ignores the (N-K) positions in R that only contains out-of-band noise.

The result in equation (6.28) is very important! See also Figure 9 on page 35.The next step in the
receiver is to feed the vector r; to the decoding unit, but this is not covered in these lecture notes.

It should also be pointed out here that the equivalent channel parameter H,, , in equation (6.29)

includes a multiplying component e ~/279nfats compared with the equivalent channel parameter in
equation (6.20). The reason for this is that, in equations (6.17)-(6.18), the first (m=0) sampling instant
occurs at the time t,

ty = =225 = Tgp + £, (6.30)

where t, is a (small) non-negative “offset” in time.

In the next section we will take a look at some alternative implementations that are possible in case the
sampling frequency is approximately at least twice as high as the sampling frequency used so far.
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7. An alternative transmitter implementation using a higher sampling frequency

In this section we will study an alternative implementation at the transmitter side that is possible if the
sampling frequency is significantly higher than the sampling frequency used in the sections 2-3 (where
fsamp = Nfa and N > K) . A higher sampling frequency normally implies a higher cost, e.g., for D/A

converters. However, as we will see, interesting and useful alternative implementations can then be
obtained. The description given here is to a large extent influenced by the description in ref. [2].

Let us start with the description of an OFDM signal in the time-interval 0 <t < Ty according to
equation (1.12),

s(t) = grec(ORe{¥X1Z) aye/2mUotna)t} (7.1)

The frequency content, for positive frequencies, is roughly indicated in Figure 1.1a on page 7. A
significant difference however, compared to section 1 is that here we assume that the K sub-carriers in
the OFDM signal s(t) have relatively low frequencies. More specifically it is here assumed that the
sub-carrier f;, equals,

fo=Ngfa (7.2)

where the parameter N, is a design parameter and it is a non-zero positive integer. A purpose of the
parameter N, may be to have a suitable guard band in the frequency domain around f =0, e.g., to
simplify filtering (this will be more clear later in this section).

The OFDM signal s(t) in equation (7.1) can be expressed in the following way within the time-
interval 0 <t < Ty,

$(6) = Gree(DR{ZAZ] anel2mUotnfar) = fredl) (FK-y g ef2natnfa)t 4 TKZ3 a;e=f2mUfotnfalty

(7.3)

and the bandwidth of this signal, including the N, unused sub-carriers, is approximately equal to
(Ng + K)f, Hz.

Lets us now determine N time-domain samples of the signal s(t) within the time interval 0 <t <
T,ps (compare with section 2). From the description in equations (7.1)-(7.2), we find that the sampling
frequency can be chosen as fsqmp = Nfa Where,

N > 2(N, +K) (7.4)

Hence, the sampling frequency in this section is approximately at least twice as high as in sections 2-
3 (for fixed value of K).

Let the vector s contain the N real samples sy, s4, ..., Sy—1, Of the signal s(t), where
Sm = s(mTObS/N) = % (25;(} anejZTE(fo“'an)mTobs/N + 25;3 a:le_jzn(f0+nf4)mTobs/N) (75)

This can be simplified to,

j2m(Ng+n)m j2m(Ng+n)m

Sm = s(mT,ps/N) = %(Zﬁ;& ane ~  +YKlare N ),m =01,..,(N—=1) (7.6)
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Observe that the samples s,,, in equation (7.6) are real.

Continuing as in section 2, we need the Fourier transform of the discrete-time signal s in equation
(7.6) defined by,

S() = ¥Nzds, e /2mvn (7.7)
and we are especially interested in the samples S, of S(v) , given by the size-N DFT,
S, =S =k/N)=YNts, e J2mn/N | =01,.,N—1  (DFT) (7.8)

It should be observed that since the discrete-time signal s is real there are symmetries in its Fourier
transform S(v).

As in section 2, we need to specify the sequence of frequency samples S, Sy, ..., Sy—1 Since this
sequence will be used in the size-N IDFT to create the desired sequence of samples s. Actually, to be
precise, the multiplication (or scaling) factor ¥ that appears in equation (7.6) will be ignored below. It
is assumed that this can be adjusted for later in the transmitter chain, e.g., in the power amplifier (PA).

Note also that,
N =2N;+2K -1+ N, (7.9)

where N, is a positive number of zero-valued samples S, determined by the choice of N, and these
zero-valued samples are located symmetrically around v = 1/2. A relatively large value of N, may
simplify the filtering operation in the D/A in order to extract the fundamental frequency interval
~fsamp/2 < [ < fsamp/2, see also section 3.

If we compare with the situation treated in section 2 it is concluded from equation (7.6) that:
For Ny <1< Ny, + K — 1 we find that S is,

Sng+k = Nay, 0<sk<K-1 (7.10)
For Ny + K + N, <1 < N, + 2K + N, — 1 we find that S, is,

Sng+k+ng+k = Nag_1-p, 0<k<K-1 (7.11)
For the remaining (N — 2K) samples in the sequence S, Sy, ..., Sy—1 the value equals zero.

Consider as an example the case K=3, N, = 2 and N=12. In this case the desired sequence
S0, 51, -, S11 then equals: 0,0, Nay, Nay, Na,, 0,0,0, Na3, Naj, Nag, 0.

Consider a similar example where K=3, N; = 2 and N=11. In this case the desired sequence
So,S1, -, S10 then equals: 0,0, Nay, Nay, Na,, 0,0, Na;, Naj, Nag, 0.

Hence, the sequence of samples Sy, Sy, ..., Sy—1 1S completely determined and the desired real
sequence s is found from the size-N IDFT,

Sn = 7 TRZ3 Sl N = 0,1, N — 1 (IDFT) (7.12)
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In practice, N is a power of 2 since fast Fourier transform (FFT) algorithms can then be used to
significantly speed up the calculations in equation (7.12). See also Figure 10 on page 41.

To create the CP we proceed in the same way as in section 3. Therefore, if we for a moment allow the
definition of the signal s(t) in equation (7.3) to be valid for all ¢, then it is seen that the signal
construction of s(t) is such that s(t) is periodic in t with period T,s, i.€. s(t) = s(t + Typs)- This
means, e.g., that s(—t;) = s(Tpps — t1)-

We now want to preserve the OFDM signal properties in the N samples that represent s(t), over an
extended period of time. This can conveniently be done by using the inherent periodicity in s(t)
discussed above. Hence, let us therefore construct a new size-(L+N) vector u as a periodic extension
of the size-N vector s. This means that the L last samples in s are copied and placed as the first L
samples in w. The remaining N samples in u are identical to s. This means that,

Up = SN—L>---> UL—1 = SN—1, U, = Sg5--+» UL+ N-1 = SN-1- (7.13)

The construction of the vector u above implies that the first L samples in u are identical with the last
L samples in u, and this reflects the periodicity discussed above.

The duration of the OFDM signal interval is T, and it can be expressed as,

_ (IL+N)T,ps

T N

= Tcp + Tops (7.14)

The vector u in equation (7.13) contains (L+N) samples of a real OFDM signal defined over the
entire interval 0 < t < T,. This OFDM signal is here denoted u(t), where u(t) is a delayed version
of the signal s(t), or more precisely,

u(t) = s(t = Tep) = Grec(DRe{ZRZG ane 2P Uorn/a)t=Ter)}, 0 <t < Ty (7.15)
and u(t) equals zero outside this interval. Furthermore, the m:th sample in the vector u is,
Uy = u(mTyps/N), m=0,1,..,(L+N—-1) (7.16)

The final operation is to send the real sequence u to a D/A converter (compare with section 3), and the
ideal output from the D/A will be the desired OFDM signal u(t), see Figure 10. Note that only a
single D/A converter is needed here, but on the other hand it operates with approximately at least
twice as high sampling frequency compared to the sampling frequency used in section 3 (for fixed K).

The overall carrier frequency of the created OFDM signal u(t) is,

fou = fo+ 5o fa = Ny +=Df (7.17)

and typically f. ,, is a relatively low frequency.
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In case the OFDM signal u(t) needs to be up-converted to a higher overall carrier frequency f,
mixing and filtering according to Figure 10 is a possibility. The local oscillator frequency f; used in
the mixing operation in Figure 10 should then be chosen as,

K-1
fi=fe—fou=/fc— (Ng + T)fA (7.18)
S0uSq, ey Sy cus(Zn’i,t + )
DFT | Add | u(t) 5 s pa | Antenna
Equ.(7.12) cpP coupling unit

5 u I

Figure 10. lllustrating how to create the OFDM signal u(t) in equation (7.15). The size-N IDFT is
used and N is given by equation (7.4). The construction of the sequence Sy, Sy, ..., Sy_1 IS given by
equations (7.10)-(7.11). This figure also includes a possible frequency up-converting to a higher
carrier frequency f.. The band-pass (BP) filter is centered around f, and PA means the power
amplifier.

The requirements on the band-pass filter in Figure 10 can be somewhat relaxed due to the

parameter N, since this parameter gives a guard band in the frequency domain equal to 2N, f, Hz
that separates the lower sideband from the desired upper sideband (which is the desired up-modulated
OFDM signal).

As an example consider an OFDM signal u(t) with the parameters: K=420, N, = 20, and f, = 4
kHz. The values of the sub-carrier frequencies f,, and fx_; then equals f; = 80 kHz and fx_, = 1.76
Mhz. In this case N should be chosen larger than 880. If N is chosen to be N=1024 then the sampling
frequency 4.096 MHz is used, and N, = 145. In case it is desired to up-convert this OFDM signal to
higher frequencies, the width of the guard band that separates the lower and the upper (desired)
sideband equals 160 kHz which simplifies the implementation of the band-pass filter.
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8. An alternative receiver implementation using a higher sampling frequency

In this section we will study an alternative implementation at the receiver side that is possible if the
sampling frequency is significantly higher than the sampling frequency used in sections 1-6 (where
fsamp = N/Tops and N > K) . A higher sampling frequency normally implies a higher cost, e.g., for
AJD converters. However, as we will see, interesting and useful alternative implementations can then
be obtained.

In this section it is assumed that at a certain stage in the receiver the real noisy OFDM signal r(t) is
available where,

r(t) = u,.(t) + w(t) (8.1)

In equation (8.1) the signal w,.(t) denotes the noise-free part of r(t), and it is assumed that the
received OFDM signal w,.(t) here can be expressed as,

ur(t) = Re{YXZ3 apHoqne?™n(=TeP)},  Tpp <t < T (8.2)
where the different sub-carrier frequencies are,
fn:Nng‘l'an, n=0,1,...,K—1 (83)

Hence, the sub-carrier frequencies here have relatively low frequencies, and N, is a design parameter
of the receiver.

As in section 6 the “equivalent channel” parameter He, ,, represents the combined effect on the n:th
sub-carrier frequency of all sub-blocks in the complete communication chain. Compare with equation
(6.16). Since Hegp = |Hegnle/®"9Hean) the phase arg(He,,) may also include (absorb) a phase-
component that is a consequence of the particular description in equation (8.2).

The signal w(t) in equation (8.1) represents band-limited additive “white” Gaussian noise within the
bandwidth of u,.(t), i.e. within the approximate frequency range |f| < (Ng4 + K)fa.

Observe that the description of w,.(t) in equation (8.2) should be independent of the particular
implementation of the OFDM signal at the transmitter side.

We now want to obtain a sampled version of the signal r(t). Using the same arguments that was used
in step 2 in section 2, we conclude that the sampling frequency fsqm, may be chosen as fsqmp =
N/T,,s samples per second, and N should be chosen as,

N > 2(N, +K) (8.4)

and large enough such that the sampling theorem ([1]) is sufficiently fulfilled. Hence, the sampling
frequency is in this section approximately at least twice as high as in section 6 (for fixed value of K).

Note that the choice of N (i.e. the sampling frequency) to use in the receiver is a decision of the
engineers of the receiver, and it does not need to be the same value as was chosen at the transmitter
side (which typically also is unknown in many cases).
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Corresponding to the current OFDM interval 0 < t < T, the sequence of samples generated from the
A/D converter in Figure 11 on page 43 is r(mT,,s/N), m=0,1,...,(L+ N —1).

Note however that the first L samples (the CP) will not be used in the detection process since these
samples are ignored in the future! This means that the signal interval where an overlap between
OFDM signals may occur is ignored by the receiver, and thereby possible interference between
OFDM signals is eliminated in the receiver (provided that T,;, < T¢p), see also section 5. Since the CP
is assumed to be much smaller than T the loss of ignoring the CP is small.

The remaining N samples are on the other hand extremely important and they are collected in the real
vector 7 and defined below,

Ty =1r((L+m)Typs/N), m=0,1,..,N—1 (8.5)

From equations (8.1)-(8.2) it is seen that the discrete-time signal r is a sampled version of the signal
x,(t), where x,.(t) is,

xr(t) = T(t + TCP) = Re{zg;é anHeq'nejZTTfnt} + W’(t), 0<t< TObS (86)
D
T r R Extract the K
Remove received — "H
T(t) A/D the CP T noisy signal rd a + n
Equ.(8.8) points

Figure 11. lllustrating a possible way to extract the K received noisy signal points if a high sampling
frequency is used. The real noisy OFDM signal (t) is given in equation (8.1), and it is assumed to be
available at a certain stage in the receiver. The size-N DFT is used and N is given by equation (8.4).
The final result r; is given in equations (8.11)-(8.13).

Using the DFT:

The remaining investigation aims to find the K received distorted and noisy signal points. Note that
the received noisy signal point obtained at subcarrier frequency f,, can be found by calculating the
Fourier transform of the signal x,.(t) in equation (8.6) at the corresponding sub-carrier frequency f,
Hz. However, to efficiently obtain these values with the size-N DFT, let us continue as follows.

Consider the Fourier transform of the real discrete-time signal r in equation (8.5),
R(v) = Znzg e /™" (8.7)

Remember from, e.g., Figure 2 on page 10 that R(v) is periodic in v with period 1. Furthermore, the
Fourier transform of the signal x,.(t) in equation (8.6) appears as a very significant part of R(v) within
the fundamental interval —1/2 <v < 1/2, see equation (2.17) and the example in connection to
Figure 3 on page 11.

As has been pointed out several times the K received noisy signal points can be obtained by
calculating the Fourier transform at K specific frequencies, i.e. by sampling the Fourier transform at
K specific frequencies. This is precisely what the DFT does!
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Let us therefore calculate the size-N DFT of the discrete-time signal r,
R, =R(v =k/N) =YN_}tn e /2mn/N | =0,1,..,N—1 (8.8)

In practice, N is a power of 2 since fast Fourier transform (FFT) algorithms can then be used to
significantly speed up the calculations in equation (8.8).

In Figure 11 the size-N column vector R contains the samples Ry.

Observe that the sample R,, is obtained at the normalized frequency,

ke f f kfa
L =— =4 8.9
N fsamp Nfa Nfg ( )

A
We can now write R as,
R=X,+w, (8.10)
where X, is the noise-free part of R, and w,. is the noise vector.

By comparing with the situation treated in section 7, it is concluded from equation (7.10) that the
sequence of values Xr Ny XrNg+1s oor XeNg+K—1 is identical with the sequence of noise-free signal

points (NagHeq,0, NayHeg 1, o s Nag_1Heq k—1)-
The desired received noisy signal points, denoted r, ,, are thereby found since,

1 1
Tan = 3y Rg4n = @GnHeqn + 5 Wr N 4n ,n=01.,K-1 (8.11)

This fundamental result can be written in the same way as in section 6,
ras=Ha+n (8.12)
where the elements in the size-K column vector r; are the desired received noisy signal points,
Tan = AQuHegn +Mny,  n=01,...,(K—1) (8.13)
where 7,, denotes additive complex Gaussian noise.

The result in equation (8.12) is very important! See also Figure 11.The next step in the receiver is to
feed the vector r; to the decoding unit, but this is not covered in these lecture notes.

It should also be pointed out here that the equivalent channel parameter H,, , in equation (8.11)

includes a multiplying component e ~/2™9nfats compared with the equivalent channel parameter in
equation (8.6). The reason for this is that, in equation (8.5), the first (m=0) sampling instant occurs at
the time t,,

ty =25 = Tp +t, (8.14)

where t. is a (small) non-negative “offset” in time. This is investigated in more detail in Problem 6.8.

This concludes these lecture notes where an introduction to OFDM has been given. Typical IDFT-
based implementations at the transmitter side, and DFT-based implementations at the receiver side has
been the focus of these lecture notes.
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