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Problems

. J

[Chapter 1

[Chapter 2

2.1. (a) Let X be a binary stochastic variable with P(X = 0) = P(X = 1) = 1, and let Y be another
independent binary stochastic variable with P(Y = 0) = pand P(Y = 1) = 1 — p. Consider
the modulo two sum Z = X @ Y. Show that Z is independent of Y for all values of p.

(b) Let X be a stochastic variable uniformly distributed over {1,2,..., M}. Let Y be independent
of X, with an arbitrary probability function over {1,2,..., M}. Consider thesumZ = X + Y,
mod M. Show that Z is independent of Y.

2.2. Two cards are drawn from an ordinary deck of cards. What is the probability that neither of them
is a heart?

2.3. Two persons flip a fair coin n times each. What is the probability that they have the same number
of heads?

2.4. Use that the logarithm is a concave function for positive arguments to show that!

1 X1+ X
(x1x2)2 < 172 x1x, € Z*

Hint: A function f(-) is concave in the interval (a, ) if

Af(x1) + (1= A)f(x2) < f(Axr + (1= A)xa),
for all choices of x1, xp and A such thata < x; < xp < band0 <A < 1.
2.5. Consider a binary vector of length N = 10 where the bits are i.i.d. with P(X = 0) = p = 0.2.
Construct a table where you list, for each possible number of zeros in the vector, the number

of vectors with that number of zeros, the probability for each vector and the probability for the
distribution of zeros.

[Chapter 3 ]

3.1. The so called IT-inequality is in the text described as a consequence of the fact that the functions
In x lower than x — 1, with equality if and only if x = 1. Show that this relation

x—1>log,x, b>1

only holds for the case when b = e.

IThe proof can be extended to show that for positive numbers the geometric mean is upper bounded by the arithmetic mean,

(H Xk> SN PRES
k=1 k=1



3.2. Show that, for all positive x, Inx > 1 — % with equality if and only if x = 1.

3.3. Let X be the outcome of a throw with a fair dice, and let Y be Even if X is even and Odd otherwise.

Determine

(@ I(X=2Y=Even), [(X=23;Y =Even), [(X=2o0r X =3;Y = Even).
(b) I(X=4), (Y =0dd)

(©) H(X), H(Y).

(d) H(X,Y) H(X]Y), H(Y|X)

() I(XY)

3.4. Let X; and X; be two variables describing the outcome of a throw with two dice and let Y =
X1 + X3 be the total number of pips.

(a) What is the probability function for the stochastic variable Y?
(b) Determine H(X;) and H(Y).
(c) Determine I(Y;Xy).

3.5. The joint probability of X and Y is given by

Y

P(X,Y)‘O 1

0 T 1

X 3 3

1 |0 3
Calculate

(@ P(X),P(Y), P(X|Y),and P(Y|X)
(b) H(X)and H(Y)

(c) H(X|Y)and H(Y|X)

(d) H(XY)

() I(X,Y)

~

3.6. The joint probability of X and Y is given by

Y
P(X,Y)‘abc
1 1
AL T o
X B |0 5 3
1 1 2
C s 1 15

Calculate

(@) P(X),P(Y), P(X]Y),and P(Y|X)
(b) H(X)and H(Y)
() H(X|Y)and H(Y|X)



3.7.

3.8.

3.9.

3.10.

The joint probability of X and Y is given by

Y
P(X,Y)‘ a b ¢
0 L I T
X 112 6 ?
I 13 0 3
Calculate

(@ P(X),P(Y), P(X|Y),and P(Y|X)
(b) H(X)and H(Y)

(c) H(X|Y)and H(Y|X)

(d) H(X,Y)

(e) I(X,Y)

—

Consider an experiment where we are given two coins. The first is a fair coin, while the second
has heads on both sides. Choose with equal probability one of the coins, and flip it twice. How
much information do we get about the identity of the coin by studying the number of heads from
the flips?

Consider two dice where the first has equal probability for all six numbers. The second has a small
weight close to the surface of number 1. Let X be the outcome of a throw with one of the dice, then
the corresponding probability distributions for the dice are given below.

x |1 2345 6
T T ji ji T T
P(x) | & € 5 6 5 &
1 1 1 1 1 5
i)z 7 7 7 7 @

(a) What is the entropy of a throw with the fair dice and the manipulated dice, respectively?
(b) What is the relative entropy from the fair to the manipulated dice?

(c) What is the relative entropy from the manipulated to the fair dice?
Let X be the the number of flips by a fair coin until the head comes up.

a) What is the probability distribution of the number of coin flips, X?

b) What is the expected value of the number of coin flips, E[X]?

c) What is the entropy of the number of coin flips, H(X)?

d) Repeat problem (a)-(c) for an un-fair coin with P(head) = p and P(tail) =g =1—p.

Hint: The following standard sums might be helpful (for |a| < 1)

d 1 > 1
a' = na" = —
— 1—a Tf; (1—a)?

n



3.11.

3.12.

3.13.

3.14.

Consider the joint distribution of X and Y given by
plry) =270, xy=0,12,...

(@) Derive P(X <4,Y < 4)

(b) Derive the joint entropy.

(c) Derive the conditional probability H(X]|Y).

On several occasions in the text book we make use of Stirling’s approximation to relate the bino-
mial function with the binary entropy. There are actually different versions of the approximation

in the literature, with different accuracy (and difficulty). Here we will consider one of the basic
versions.

Consider the logarithm of the faculty function
y(n) = logn!

(@) View y(n) as a sum and interprete as a trapezoid approximation of an integral. Use this to
show that

1
logn! ~ nlnn—n+1+§lnn
or, equivalently,

n! (EYO(\/E)

e

(b) Consider the error made by the approximation and show that a better approximation can be
given by

n n
n! ~ (—) 2nn
e

Consider the two distributions p(x, y) and g(x, y) over the 2-dimensional space X’ x Y. Verify that
D(p(x,y)|la(xy)) = D(p(x)|a(x)) + Y D(p(yl2)||9(y|x)) p(x)
X

=D(pW)||q(y)) +Y_D(p(xly)||q(xly)) p(v)
Yy

and that, if X and Y are independent,

D(p(x,y)||a(x,y)) = D(p(x)||9(x)) + D(p(y)||a(v))

Sometimes a function called Cross Entropy, closely related to the relative entropy, is used. It is
defined as

H(p,q) = —)_p(x)logq(x)
Show that

H(p,q) = D(p||q) — Hp(X)



3.15.

3.16.

3.17.

3.18.

3.19.

(@) Show thatif &, B and -y form a probability distribution, then
H(w, B,7) = h(@) + (1= ) ()
(b) Show thatif p1, pa, p3, ..., pn form a probability distribution, then

Hipy pas-oopa) = hipr) + (0= poH (2, 1250 1)

Consider two urns, numbered 1 and 2. Urn 1 has four white balls and three black balls, while Urn
2 has three white balls and seven black. Choose one of the urns with equal probability, and draw
one ball from it. Let X be the colour of that ball and Y the number of the chosen urn.

(@) Derive the uncertainty of X.
(b) How much information is obtained about Y when observing X?

(c) Introduce a third urn, Urn 3, with only one white ball (and no black). Redo problems a and b
for this case.

Show that
(XY, Z2)=1(X;Y)+ I(X; Z|Y)

In statistics, sometimes it is desirable to compare distributions and have a measure of how different
they are. One way is, of course, to use the relative entropy D(p||q) as a measure. However, it is
not difficult to find distributions such that D(p||q) # D(q||p). That is, the relative entropy is not
a symmetric measure. Since, symmetry is one of the basic criterion for a metric this property is
desirable. Below are some of them that are based on the relative entropy.

(@) One direct way to get a symmetric measurement of the difference between two distributions
is the Jeffrey’s divergence

Dj(pll9) = D(pllq) + D(ql|p)

named after the statistician Harold Jeffreys. Show that it can be written as (for discrete distri-
butions)

Dy(plla) = £(p(x) 0t tog £33

(b) To get around the problem that there can occur infinite values in the Jeffrey’s divergence, Lin
introduced in 1991 the so called Jensen-Shannon divergence,

Dys(plle) = 3D (I Z) + 20 (ql|25)

Show that an alternative way to write this is

Dys(pllg) = (V1) - AL HHE@ 0

Let p(x) and g(x) be two probability functions for the random variable X. Use the relative entropy
to show that

p*(x)
Lo 21

with equality if and only if p(x) = g(x) for all x.




3.20. A Markov source with output symbols { A, B, C}, is characterised by the graph in Figure 1.

(a) What is the stationary distribution for the source?
(b) Determine the entropy of the source, He.

(c) Consider a memory-less source with the same probability distribution as the stationary dis-
tribution calculated in (a). What is the entropy for the memory-less source?

3/4

1/4 @ 1/4
3/4 1/2
1/2

Figure 1: A Markov graph for the source in Problem 3.20

3.21. The engineer Inga is going to spend her vacation in the archipelago. She decides to go to a small
archipelago with only four islands with boat connections. The four islands are connected with four
different boat lines, and one sightseeing tour around the largest island, see the map in Figure 2.

-

Figure 2: A map over the islands and the boat connections.

To avoid planning the vacation rout too much, she decides to take a boat every day. She will
choose a boat line going out from the island with equal probability. All the boat lines are routed
both ways every day, except the sightseeing tour that is only one-way.

(a) When Inga has travelled around in the archipelago for a long time, what is the probabilities
for being on the islands?

(b) Inga has promised to write home and tell her friends about her travel. How many bits, in
average, does she need to write per day to describe her rout? Assume that she will choose a
starting island for her vacation according to the distribution in (a).

3.22. Consider a miniature chessboard with 3 x 3 squares as in Figure 3. For sake of clarity we have
numbered the squares. On this chessboard we put a bishop. the bishop in a chess set can move



diagonally any number of squares. In this example we will consider a sort of random walk of

1 2 3
4 5 6
7 8 ©

Figure 3: A 3 x 3 chessboard.
the bishop on this miniature chessboard. The rules are simple; When the bishop can move to n
different squares it chooses one with equal probability, 1/#. It is not allowed for the bishop to not
move. Assume that the game starts at time T = —oco and let X;, i = —oo,...,0, ... 0o be the position

at time T = i. Consider the sequence of positions from time T = 0 as a sequence generated by a
Markov source, X = Xy, X1, . ...

(@) If the bishop starts at a white square, what is Heo (X)?
(b) If the bishop starts at a black square, what is Heo (X)?

3.23. Use the strong form of Stirling’s approximation
n n
27m(2) <n! < \/27‘(71(2) eﬁ
e e

and justify the steps in the following calculations, where 1 is an integerand 0 < p < 1,9 =1 —p.

(n) @ 1 1 1
S gt
np \/2mtnpq prqtl
® 1 o),
\/2mnpq
(2 #zﬂh(r’)

v/ Ttnpq

—
=

( n ) i 1 1
np) = \/2mnpq p"Pq™
_ b o)y

\/2mnpq

#2%(!’)
\/8npq

where, in the last inequality, it can be assumed that 12npg > 9.

1
e 12npq

,\
Ve

The above calculations gives a useful bound on the binomial coefficient,

1 n 1
L o) < ( ) <L omip
V8npq “\np) T Jmnpq



[Chapter 4 ]

4.1.

4.2.

4.3.

44.

4.5.

4.6.

4.7.

Consider the code {0,01}.

(@) Isita prefix-free?
(b) Isit uniquely decodable?

() Isitnon-singular?

Consider the random variable X and the binary (prefix-free) code

x [ p(x) ] v x [ px) | y

x| 02| 0 xs| 02 | 110
x| 02 |100 x| 01 | 1110
x3| 02 |101 x| 0.1 | 1111

(a) Draw abinary tree that represents the code.
(b) Derive the entropy H(X) and the average codeword length E[L].
(c) Isit possible that the code is an optimal code for X?

For each of the following sets of codeword lengths decide if there exists a binary prefix-free code.
If it exists, construct a code.

a) {1,2,3,4,5}

(

(b) {2/ 2/ 3/ 3/4/4/ 5/ 5}
(c) {2,2,2,3,4,4,4,5}
(d) {273!3!3/4/5/5/5}

Show, by induction, that a binary Huffman tree with n leaves has n — 1 inner nodes.

For a given k-ary source the estimated probability function is q(x), x € {0,1,...,k —1}. Con-
sider the case when an optimal source code for this source is chosen (assume that this is possible
neglecting the truncation error in the logarithm). Let the true distribution for the symbols be
p(x), x €{0,1,...,N — 1}. Show that the relative entropy is the penalty in bits per source symbol
due to the estimation error.

Use the result above to give an interpretation of the mutual information I(X,Y), viewed from a
source coding perspective.

Is the code given in Problem 4.2 optimal?

Consider a random variable with distribution according to

X X1 X2 X3 X4 X5 X6 X7
p(x) 03 02 02 01 01 0.06 0.04

Construct a binary optimal source code for the source.



4.8.

409.

4.10.

4.11.

4.12.

A binary information source with probabilities P(X = 0) = % and P(X = 1) = 2 produces a
sequence. The sequence is split in blocks of three bits each, that should be encoded separately.
In the table below such a code is given. Is the suggested code optimal? If not, construct one and
derive the average gain in code bits per source bit.

X y X Y
000 | 0 100 | 101
001 | 100 101 | 11101
010 | 110 110 | 11110
011 | 11100 111 | 11111

Consider a binary Huffman code with codewords {y1,v2,...,yx}, n > 2. According to the Huff-
man code construction, we can assume the codewords are ordered such that the corresponding
probabilities are in decreasing order, i.e. p; > p2 > --- > p,, and the corresponding lengths has
increasing order, I1 <Ilp < ... <[,

(a) Show thatif p; > % we must have [; = 1.
(b) Show thatif p; < % we must have [; > 2.

Consider the first order statistics of the letters in the English alphabet given below. It lists, for each
letter, the total average number of occurrences out of a 1000 letter text.

A 73 F [ 28 K |3 P |27 U | 27
B |9 G |16 L |35 Q|3 vV |13
C | 30 H |35 M | 25 R | 77 W | 16
D | 44 I |74 N | 78 S | 63 X |5
E | 130 ] |2 O |74 T | 93 Y | 19

Z |1

Construct a binary Huffman code for this set of letters. What is the average codewords length?
How does this compare to the entropy of the letters? How does it compare to a coding where the
statistics is not taken into consideration?

Assume a binary random variable X with P(X =0) = 0.1 and P(X =1) = 0.9.

Find the average codeword length of an optimal source code for X.

Consider vectors of nii.d. X, X = X; X5 ... X,. Construct optimal source codes for the cases
n = 2,3,4. What is the average codeword lengths per binary source symbol?

Compare the above results with the entropy of X.

We are given six bottles of wine. It is known that exactly one of them is bad. From a visual
inspection the following probabilities p; for bottle i is bad are estimated,

o= (5642 2 1)
Prr---P6) =\ 237 23" 23" 23" 23" 23

To determine which bottle is bad the wine should be tasted.
(a)

Suppose the wines are tasted one by one. Choose the order of tasting so the expected number
of tastings to find the bad wine is minimised. Which bottle should be tasted first? What is the
expected number of tastings? (It is not necessary to taste the last bottle).



(b) Then a smarter solution. Instead of tasting the wines one by one you are allowed to mix some
bottles in a glass to taste. What mixture should be tasted first? What is the expected number

of tastings to find the bad wine?

[Chapter 5

5.1.

5.2.

5.3.

54.

Encode the text

IF IF = THEN THEN THEN = ELSE ELSE ELSE = IF;

using the LZ77 algoritm with S = 7 and B = 7. How many code symbols were generated? If each
letter in the text is translated to binary form with eight bits, what is the compression ratio?

A text has been encoded with the LZ78 algorithm and the following sequence of codewords was
obtained,

Index Codeword
1: (0,t)
2: (0,4)
3: (0,m)
4: (0,o)
5: (1,h)
6: (0,e)
7: (4,1)
8: (0,h)
9: (2,n)

10: (7,w)
11: (9,2)
12: (1)
13: (0,n)
14: (0,5
15: (3,i)
16: (5,

Decode to get the text back.

Encode the text

IF IF = THEN THEN THEN = ELSE ELSE ELSE = IF;

using the LZ78 algoritm. How many code symbols were generated? If each letter in the text is
translated to binary form with eight bits, what is the compression ratio?

Consider the sequence
Nat the bat swat at Matt the gnat

Encode and calculate the compression rate using

(a) LZ77 with S = 10 and B = 3.

10



(b) LZSSwith S =10and B = 3.
(c) LZ78.
(d) LZW with predefined alphabet of size 256.

5.5. Consider the sequence

six sick hicks nick six slick bricks with picks and sticks

(a) What source alphabet should be used?

(b) Use the LZ77 with a window size N = 8 to encode and decode the sequence with a binary
code alphabet.

(c) Use the LZ78 to encode and decode the sequence with a binary code alphabet.

(d) How many code symbols were generated?

5.6. Use the LZ78 algorithm to encode and decode the string
the friend in need is the friend indeed

with a binary code alphabet. What is the minimal source alphabet? How many code symbols were
generated?

5.7. Consider a binary memory-less source where P(0) = p and P(1) = g = 1 — p. In a sequence of n
symbols, the share of 1s tends to g as n becomes large.

(a) How many sequences of length n has the share of ones equal to g?

(b) How many bits per source symbol is required to represent the sequences in a).

(c) Show that as n — co the number bits per source symbol required to represent the sequences
in a) is the entropy, h(q) = h(p).

Hint: Use Stirling’s formula to approximate n! ~ v/2mwn(%)".

[Chapter 6 ]

6.1. Show that for all jointly e-typical sequences, (x,y) € A:(X,Y), we get

2—n(H(X\Y)+2£) < p(x\y) < z—n(H(X\Y)—Zs)

6.2. A binary memory-less source with P(X = 0) = 2 and P(X = 1) = <& generates sequences of
length n = 100. Choose € = 51—0 log?7.

(a) Which sequence is the most probable?

(b) Is the most probable sequence e-typical?

(c) How many e-typical sequences of length n = 100 are there?
(d)

Give numerical upper and lower bounds on the number of e-typical sequences of length
n = 100.

11



6.3. A string is 1 meter long. It is split in two pieces where one is twice as long as the other. With
probability 3/4 the longest part is saved and with probability 1/4 the short part is saved. Then,
the same split is done with the saved part, and this continues the same way with a large number
of splits. How large share of the string is, in average, saved at each split?

Hint: Consider the distribution of saved parts for the most common type of sequence.

6.4. One is given a communication channel with transition probabilities p(y|x) and channel capacity
C = max, ) .I(X,:Y). A he.lpful statistician preprocesses the output by forming Y = g(Y). He
claims that this will strictly improve the capacity.

(@) Show that he is wrong.

(b) Under what conditions does he not strictly decrease the capacity?

6.5. Let X € Z1; = {0,1,...,10}, be a random variable used as input to an additive channel,
Y=X+72, mod 11

where p(Z = 1) = p(Z =2) = p(Z = 3) = 1. Assume that X and Z are statistically independent.

(@) What is the capacity of the channel?
(b) What distribution on p(x) gives the capacity?

6.6. Consider the discrete memoryless channel Y = X - Z where X and Z are independent binary
random variables. Let P(Z = 1) = a. Find the capacity of this channel and the maximising
distribution on X.

6.7. In Shannon’s original paper from 1948, the following discrete memoryless channels are given.
Calculate their channel capacities.

(a) Noisy typewriter (b) Soft decoding (c) 3-ary channel

6.8. Consider the binary erasure channel below. Calculate the channel capacity.

6.9. Determine the channel capacity for the following Z-channel.

12



1« 1/2 e

Hint: D(h(p)) = D(p) log(*5L).

6.10. Cascade two binary symmetric channels as in the following picture. Determine the channel capac-

ity.
1-— 0 0 1—
0 . P 0
p p
X p Y p Z
1-— 1-—
1 P - %o 1
1 1

6.11. Consider the discrete memoryless channel shown in Figure 4.

(a) What is the channel capacity and for what distribution on X is it reached?

(b) Assume that for the sequence X we have P(X =0) = 1/6 and P(X = 0) = 5/6, and that the
source is memoryless. Find an optimal code to compress the sequence Y. What is the average
codeword length?

A
0 B
X Y
1 C
D

Figure 4: A discrete memoryless channel

6.12. Consider two channels in cascade, one BSC and one BEC, according to Figure 5. Derive the channel

capacity.
0 0
X A Z
1 1

Figure 5: One BSC and one BEC in cascade.

6.13. In Figure 6 a general Z-channel is shown. Plot the capacity as a function of the error probability «.

13



1 1—w o 1

Figure 6: One BSC and one BEC in cascade.

Y
P(Y|X) \ 0O 1 2 3 4 5
X Y x 0 ®g M1 @y A3 Mg A5
1 N5 4 K3 Ky K] K

Figure 7: A channel and its probability function.

6.14. Consider the discrete memory-less channel (DMC) given in Figure 7.

(a) Show that the maximising distribution giving the capacity

Ce = maxI(X;Y)
p(x)

isgivenby P(X =0) = Jand P(X = 1) = 1.
Verify that the capacity is given by

Ce =1+ H(ao + a5, 01 + ag, ap + a3) — H(wo, a1, 02, 43, &4, &5)

(b) Split the outputs in two sets, Jp = {0,1,2} and YV; = {3,4,5}, and construct a binary sym-
metric channel, i.e. a BSC with error probability p = a3 + a4 + as. Denote the capacity of the
corresponding BSC as Cggc and show that

Cpsc <G <1

where Cg is the capacity of the channel in Figure 7.

[Chapter 7 ]

7.1. Consider a linear encoder where three information bits u = (ug, uy, 1) is complemented with
three parity bits according to

v = Uy D uy
U1 = upg D uz
Uy = Ug DUy

14



7.2.

7.3.

74.

7.5.

7.6.

Hence, an information word u = (1, 11, 1) is encoded to the codeword x = (ug, 11, U2, vy, v1,v2).

a) What is the code rate R?

Find a generator matrix G.

)
c) What is the minimum distance, dp,, of the code?
) Find a parity check matrix H, such that GHT = 0.
) Construct a syndrom table for decoding.

f) Make an example where a three bit vector is encoded, transmitted over a channel and de-
coded.

ously detecting <y errors, where vy > A.

Show that if din > A 4 v + 1 for a linear code, it is capable of correcting A errors and simultane-

Consider an (M, ) block code B. One way to extend the code is to add one more bit such that the
codeword has even Hamming weight, i.e.

Be={(y1---ynYns1)|(y1---yn) € Band y1 + - +yu + ypt1 = 0 (mod 2)}

(a) Show that if B is a linear code, so is Br. If you instead extend the code with a bit such that
the number of ones is odd, will the code still be linear?

(b) Let H be the parity check matrix for the code B and show that
0

Hp = H :

0

1 -~ 1 1

is the parity check matrix for the extended code B.
(¢) What can you say about the minimum distance for the extended code?

(d) In the childhood of computing the ASCII table consisted of seven bit vectors where an extra
parity bit was appended such that the vector always had even number of ones. This was an
easy way to detect errors in e.g. punch-cards. What is the parity check matrix for this code?

Plot, using e.g. MATLAB, the resulting bit error rate as a function of E, /Ny when using binary
repetition codes of rate R = 1/3, R = 1/5and R = 1/7. Compare with the uncoded case. Notice
that E, is the energy per information bit, i.e. for a rate R = 1/N the energy per transmitted bit is
E,/N. The noise parameter is naturally independent of the code rate.

One of the best known asymptotic upper bound for the code rate is
1
< - — —
R<h ( 5=\ 5))

Show with a plot how this improves the result from the asymptotic Hamming bound and compare
with with the Gilbert-Varshamov bound.

Verify that the free distance for the code generated by the generator matrix generator matrix
G(D)=(1+D+D?* 1+ D?)
is diree = 5. Decode the received sequence

r=0111000111000100 10

15



7.7. A convolutional code is formed from the generator matrix

7.8.

7.9.

7.10.

7.11.

G(D)= (14D 14D+ D?)
(a) Derive the free distance dgee-
(b) Decode the received sequence
r=01110001 110001 00 10

Assume that the encoder is started and ended in the all-zero state.

Repeat Problem 7.7 for the generator matrix

G(D)=(1+D+D*+D* 1+D+D?)

For the generator matrix in Problem 7.6, show that the generator matrix

Gy(D) = (HL252° 1)

will give the same code as G(D).

Suppose a 4-bit CRC with generator polynomial g(x) = x* + x3 + 1 has been used. Which, if any,
of the following three messages will be accepted by the receiver?

(a) 11010111
(b) 10101101101
(c) 10001110111

Consider a data frame with six bits where we add a four bit CRC at the end, see Figure 8.

Data CRC

Figure 8: Six data bits and four CRC bits.

To calculate the CRC bits the following generator polynomial is used
gX)=(1+x) 1+ +23) =1+x+x2 4+

(a) Will the encoding scheme be able to detect all
- single errors?
— double errors?
— triple errors?
- quadruple errors?

(b) Assume the data vector d = 010111 should be transmitted. Find the CRC bits for the frame.
Then, introduce an error pattern that is detectable and show how the detection works.
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[Chapter 8

8.1.

8.2.

8.3.

8.4.

Derive the differential entropy for the following distributions:

(@) Rectangular distribution: f(x) = 1 a<x<hbh.

(b) Normal distribution: f(x) = —2L—e¢ 2?2 , —o00< x < co.

(c) Exponential distribution: f(x) = Ae™*¥, x > 0.
(d) Laplace distribution: f(x) = JAe ™,  —co < x < co.

Consider the joint distribution on X and Y given by
flxy) = aPe” V)
for x > 0 and y > 0. (Compare with Problem 3.11)

(@) Derive P(X <4,Y < 4).
(b) Derive the joint entropy.
(c) Derive the conditional entropy H(X|Y).

Repeat Problem 8.2 for

Floay) = a2 )

In wireless communication the attenuation due to a shadowing object is often modeled as a log-
Normal random variable, X ~ logN(y, o). If the logarithm of a random variable X is normal
distriibuted, i.e. Y = InX ~ N(u,0), then X is said to be logNormal distributed. Notice that
X e [0,00] and Y € [—o0, 00].
(@) Use the probability
a
P(X<a)= /0 fx(x)dx

to show that the density function is

1 _ (nx—p)?
fx(x) = NoTro 2
(b) Use the density function in (a) to find
E[X] = et

E[Xz] — 62y+2¢72

V[X] = 2 (7 — 1)

(c) Show that the entropy is

1
H(X) = 5 log 27tec? + %

17



8.5.

8.6.

8.7.

8.8.

Let h(x) be the density function for a Normal distribution, N(y,¢), and f(x) any distribution with
the same mean and variance. Then, show that

D(f(x)||h(x)) = log2mec® — Hp(X)

Let X; and X, be two independent normal distributions random variables with distributions
N(u1,01) and N(pp, 07), respectively. Construct a new random variable X = X + Xj.

(a) What is the distribution of X?
(b) Derive the differential entropy of X.

The length X a stick that is manufactured in a poorly managed company, is uniformly distributed.

(@) The length varies between 1 and 2 meters, i.e.

f(x):{l, 1<x<2

0, otherwise

Derive the differential entropy H(X).
(b) The length varies between 100 and 200 c¢m, i.e.

0.01, 100 < x <200
flx) = .
0, otherwise

Derive the differential entropy H(X).

Consider a channel with binary input with P(X = 0) = p and P(X = 1) = 1 — p. During
the transmission a uniformly distributed noise parameter Z in the interval [0, 4], where a > 1, is
added to X,ie. Y = X+ Z.

(a) Calculate the mutual information according to
I(X;Y) = H(X) — H(X|Y)

(b) Calculate the mutual information according to
I(X;Y)=H(Y)— H(Y|X)

(c) Calculate the capacity by maximising over p.

[Chapter 9

9.1.

9.2.

Consider an additive channel where the outputis Y = X + Z, where the noise is normal distributed
with N(0,0). The channel has an output power constraint E[Y?] < P. Derive the channel capacity
for the channel.

Consider a random variable X, drawn from a uniform distribution U(1), that is transmitted over a
channel with additive noise Z, also distributed uniformly U(a) where a < 1. The received random
variable is then Y = X + Z. Derive the average information obtained about X from the received
Y, ie I(X;Y).

18



9.3. Consider two channels, both with attenuation and Gaussian noise. The first channel has the at-
tenuation H; and noise distribution n; ~ N(0,1/Nj) and the second channel has attenuation H;
and noise distribution n; ~ N(0, 4/N3). Then the two channels are used in cascade, i.e. a signal X
is first transmitted over the first channel and then over the second channel, see Figure 9. Assume
that both channels work over the same bandwidth W.

(@) Derive an expression for the channel capacity for the cascaded channel.

(b) Denote the signal to noise ratio over the cascaded channel as SNR and the two constituent
channels as SNR; and SNRy, respectively. Show that

_ SNR;SNR,
SNR= oxR, ToNE;

Notice that the formula is equivalent to the total resistance of a parallel coupling in electronics
design.

n np

— H H;

Figure 9: A channel consisting of two Gaussian channels.

9.4. Consider four independent, parallel, time discrete, additive Gaussian channels. The variance of
the noise in the ith channel is 0; = i2,i = 1,2, 3, 4. The total power of the used signals is limited by

M-

P <17.

i=1

Determine the channel capacity for this parallel combination.
9.5. Consider six parallell Gaussian channels with the noise levels
N = (8,12,14,10,16,6)
The total allowed power usage in the transmitted signal is P = 19.
(a) What is the capacity of the combined channel?

(b) If you must divide the power equally over the six channels, what is the capacity?

(c) If you decide to use only one of the channels, what is the maximum capacity?

[Chapter 10 ]

10.1. In a communication system a binary signalling is used, and the transmitted variable X has two
equally likely amplitudes 41 and —1. During transmission a uniform noise is added to the signal,
and the received variable is Y = X + Z where Z ~ U(w). Derive the maximum transmitted
number of bits per channel use, when

(@) a<?2
(b) a>2

19



10.2.

10.3.

10.4.

10.5.

In the channel model described in Problem 10.1 consider the case when & = 4. A hard decoding
of the channel can be done by assigning

1, Yy >1
Y ={A, -1<Y<1
-1, Y<-1

Derive the capacity for the channel from X to Y and compare with the result in Problem 10.1.

An additive channel, Y = X + Z, has the input alphabet X = {—-2,—1,0,1,2}. The additive
random variable Z is uniformly distributed over the interval [—1,1]. Thus, the input is a dis-
crete random variable and the output is a continuous random variable. Derive the capacity C =
max,,y) [(X;Y).

In Example 9.4 a shaping algorithm based on a binary tree construction is given. In this problem
the same construction is used and the number of signal alternative expanded.

(@) Consider a tree with two more nodes as below. What is the shaping gain for this construction?

(b) Letting the shaping constellation and tree in Example 9.4 have two levels and in subproblem
a have three levels. Consider the same construction with k levels and show that L = 3 for all
k>2.

(c) For the constellation in subproblem b show that as k — oo the second moment is E[X2] = 17
and thus, the asymptotic shaping gain is %(oo) = 0.9177dB.
Note: It might be useful to consider the following standard sums for |a| < 1,

; w > w 5 ate? 4 atda’+al
o = it = — ol = —— Pal = — —
L « ; (1—a)? ; (1—a) IZ (1—a)*

The shaping gain, 7;, can be derived in two ways. First, it is the relation in power between a
uniform distribution and a Gaussian distribution with equal entropies. Second, it is the relation
between second moments of an N-dimensional square distribution and an N-dimensional spheric
distribution, as N — cc. In this problem we will show that the results equivalent, since the spher-
ical distribution in N — co dimensions, projected to one dimension is Gaussian.

(a) What is the radius in an N-dimensional sphere if the volume is one, i.e. if it is a probability
distribution?

(b) If X = (Xy,...,Xy) is an N-dimensional spherical (uniform) distribution, show that its pro-
jection in one dimension is

N-1

N-1 ==
fx(x) = [ o m T (FEEDTE )
T e T(R 4 ) ™

where ¥ is an N — 1 dimensional vector.
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(c) Using the first order Stirling’s approximation?

x—1\*1
)

F(x)z(

show that the result in b can be written as

1 2\ T
5 — TTex
fx(x) = (1 + 2N1>
2
for large N.
(d) Let the dimensionality N grow to infinity and use limy_,c0(1 + %)N = ¢* to show that X ~
N(0, 5-), i.e. that
lim fyx(x) =~ e /2
N—yeo 2702
where 02 = ﬁ

10.6. A signal is based on an OFDM modulation with 16 sub-channels of width Af = 10kHz. The
signal power level in the whole spectra is —70dBm/Hz. On the transmission channel the noise
level is constant at —140dBm/Hz, but the signal attenuation is increasing with the frequency as
|H;|> =5i+1dB,i =0,...,15.

(@) Derive the capacity for the channel.

(b) If the required bit rate on the channel is 10~7, and it is expected that the error correcting code
gives a coding gain of 3dB, what is the estimated obtained bit rate for the system?

[Chapter 11 ]

11.1. Consider a k-ary source with source statistics P(X = x) = % Given the Hamming distortion
0 x=2%

d(x,2) =<7
(x ) { x# %

and that the source and destination alphabets are the same, show that the rate-distortion function
is

=

R((s):{log(k)—élog(k—l)—h((i), g ;;f

0,

IV IA
=

11.2. In this problem the rate-distortion function for the exponential distribution, X ~ Exp(y) and
distortion measure d(x,£) = x — £, will be derived. The problem is divided in two parts, first
it must be shown that the exponential distribution maximises the differential entropy for all one-
sided distributions, and then the rate-distortion can be derived. For simplicity the derivation will
be performed over the natural base in the logarithm.

1

2Also the second order approximation T'(x) ~ +/27m(x — 1)()‘7*1)3(_ can be used but the derivations and the limit value

becomes a bit more complicated.
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(a)

In this part of the problem it will be shown that the exponential distribution maximises the
entropy over all one-sided distributions. Consider a distribution f(x) such that f(x) > 0,
with equality for x < 0, and E[X] = 1/pu. Then, the idea is to maximise the entropy H(X) =
— Jo f(x)In f(x)dx with respect to the requirements

Joo f(x)dx =1 )
Jo e (x)dx = 1/p

— Set up a maximisation function according to Lagrange multiplier method.

- Differentiate with respect to the function f, and equal to zero. Show that this gives an
optimising function on the form

Flx) = et
- Let g(x) be an arbitrary distribution with the same requirements as in (2). Show that
Hg(X) < Hy(X)

i.e. that f(x) maximises the entropy.
— Show that the equation system in (2) is solved by the exponential distribution.

Consider the distortion measure

— X% > %
{0

4

Use the result that the exponential distribution maximises the entropy over all one-sided
distributions to show that I(X; X) > —log(ud) where E[d(x,%)] < J. Design a backward
test-channel that shows the rate-distortion for the exponential distribution is

R() = {OIOg(yé), g i f/ﬁ 1/p
. M

11.3. Consider a source with i.i.d. symbols generated according to Laplacian distribution,

fulx) = 2o, —oo < x < oo

With the distortion measure d(x, £) = |x — £|, show that the rate-distortion function is

<

R

R(5) = {O—log(txé), g

(AVARVAN
2=

11.4. the source variable X ~ N(0,+/2) is quantised with an 3-bit linear quantiser where the quantisa-
tion limits are given by the integers {—3, -2, —1,0,1,2,3}.

If the reconstruction values are located at {—3.5, —2.5, —1.5, —0.5,0.5,1.5,2.5,3.5}, derive (nu-
merically) the average distortion?

Instead of the reconstruction levels above, define optimal levels. What is the average distor-
tion for this case?

Assume that the quantiser is followed by an optimal source code, what is the required num-
ber of bits per symbol?
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11.5. In Example 11.4 it is shown that the optimal reconstruction levels for a 1-bit quantisation of a
Gaussian variable, X ~ N(0,0) are £+/2/mc. Derive the average distortion.

[Chapter 12 ]
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Solutions

[Chapter 1

[Chapter 2

2.1. (a) From the problem we have

Px(0) = Px(1) =
Py(0) =p, Py(1

LetZ = X®Y. Then,

1
2
)=1-p

P,(0)=P(X®Y=0)=P(X®Y =0]Y =0)Py(0) + P(X®Y = 0]Y = 1)Py(1)
= Pe(0)P(0) + P(1)Py(1) = 3p+ 2 (1-p) = 5

P,(1) =P(X®@Y=1)=P(X®Y =1]Y =0)Py(0) + P(X @Y = 1|Y = 1)Py(1)
= Pe()PY(0) + Px(O)P(1) = yp+ 5 (1—p) = 5

where we see that Z is independent of p.
(b) Similar to (a) let
1
Px(i) = —
x(i) = 37
Py(i)=p;, i=0,1,...,M—1; where ) p;=1
i

i=01..M-1

Then, with Z =3, X +Y mod M, we get

P;(i)=P(X+Y=i mod M) =) P(X+Y =i mod M[Y = j)Py(j)
j

= ZP(X =(i—j)m)Py(j) = ZPX«i —j)m)Py(j)
j j

1 . 1
= M;PY(]) M

where (k) 51 denotes the reminder when k is divided by M. This means that when a stochastic
variable X is added by a uniformly distributed variable the statistical properties of X are
“destroyed”.

2.2. Alternative 1. The Let A and B be the event that the first and the second card, respectively, is not a
heart. Then the the probability that the first card is not a heart is P(A) = 3/4. After that there are
51 cards left where 38 are not heart, hence P(B|A) = 38/51. The probability for not getting any
heart becomes

P(A,B) = P(B|A)P(A) = = .2 = =
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2.3.

24.

Alternative 2. Using combinatorial principles we use that the total number of cases of two cards
taken from 52 are (522) The number of pairs with no hearts are (329). Hence, the probability is

7 - - | - -
() aBm 5251 34

In this problem we have two alternative solutions. First define X as the number of heads for person
1 and Y as the number of heads for person 2. In the first alternative, consider the probability and
expand it into something we can derive,

P(X=Y)= Y P(X = Y|Y = K)P(Y = )

k=0
- L rocewer=0-£ ()G ()6
Dy (S R v Y ( A 60

2% (ZZ:O (@)2 N0

where the last two equalities are alternative ways of writing, and we used that Y (}) = 2" and
i (1) = ()

k \k n/:
In the second alternative, consider the total number of favourable cases related to the total number
of cases. There are 2" different binary vectors (results of n flips) resulting in a total of 272" = 22"

different outcomes of 2n tosses. Among those we need to find the total number of favourable
cases. If both persons have k heads they both have () different outcomes. So, in total we have

Yk (’;)2 favourable outcomes. Therefore, we get the same result as above from

nbr favourable cases _ ZZ:O (2)2

P(X=Y)=
( ) nbr cases 22n

Choose A = } and f(-) = log(-) to get

2 2
X1+ X2
2
X1+ Xp
2

%log X1+ %logxz <log (1x1 + 1x2>

log(xlxz)% <log
(v172)2 <

where we in the last step used that the exponential function is an increasing function.
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2.5. Let k be the number of Os in the vector. Then we get the following table.

k() P(xlk0s) = p*(1—p)1° M P(k0s) = (})P(x|k 0s)
0 1  0.1073741824 0.1073741824
1 10  0.0268435456 0.2684354560
2 45  0.0067108864 0.3019898880
3 120 0.0016777216 0.2013265920
4 210 0.0004194304 0.0880803840
5 252 0.0001048576 0.0264241152
6 210 0.0000262144 0.0055050240
7 120 0.0000065536 0.0007864320
8 45  0.0000016384 0.0000737280
9 10  0.0000004096 0.0000040960
10 1 0.0000001024 0.0000001024

If we plot the probability for the distribution och Os we get the picture below. We see here that the
most probable type of sequence is not the one with only ones. The other two pictures below shows
the same probability but with N = 100 and N = 1000. There we see even clearer that, with high
probability, it is only a small group of sequences that will happen.

PX=0)=p=0.2 N=10C PiX=0)=p=0.2 N=100C

[Chapter 3

3.1.

3.2.

Consider the function f(x) = x — 1 — log, x. For small x it will be dominated by — log, x and for
large x by x. So in both cases it will tend to infinity. Furthermore, for x = 1 the function will be
f(1) = 0. The derivative of f(x) inx = 11is

<0, b<e
0 1 1
FPLACS BN e vyl BN Bl eyt Bl AN
> 0, b>e

So, when b = e there is a minimum at x = 1, and since it is a convex function the inequality is true.
On the other hand, for b < e the derivative is negative and the function must be below zero just
after x = 1, and for b > e the derivative is positive and the function must be below zero just before
x=1.

Use that
nx<x-1, x>0

with equality for x = 1. Since 1 is positive if and only if x is positive we can rewrite it as

1
In-<--1
X

= | =
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with equality when % = 1, or, equivalently when x = 1. Changing sign on both sides gives the
desired inequality.

3.3. The possible outcomes of X and Y are given in the table below:

X[1 2 3 45 6
O E O E O E
eV — ) pxy (xly)
(@ IX=xY=y)=Ilog TG v 1
p ven 1
I(X =2;Y = Even) = log = “r— = log + =1
I(X=3;Y =Even) =log? = —0
6
1
I(X=2o0rX=3;Y =Even) =log3$ =0
3

(b) I(X=4)=—logpx(4) = —logi =log6
Y=0)=—logs=1log2=1

(c) H(X)=—Xi, px(xi)logpx(xi) = —Li; §log§ = —6(3log ) =log6
H(X) = H(3, %) log2 =1

(d) H(X|Y) = $H(X|Y = Even) + JH(X|Y = Odd) = log3 + 3 log3 = log3
HY|X)=1HY|X=1)+IHY|X=2)4 ..+ tH(Y|X=6)=0+0+..40=0
H(X,Y) = H(X) + H(Y|X) = log6

(e) I(X;Y)=H(Y)-HY|X)=H(Y)=1
3.4. (a) The probability function for the stochastic variable Y is:

y |2 3 5 6 7 8 9 10 11 12
7 3 4 5 6 5 4 3 2 1

4
T 3
P(y)‘?%% 36 36 36 36 36 36 36 36

(©) I(Y;Xy) = H(Y) — H(Y|X;) = H(Y) — H(Xp) ~ 3,2744 — log 6 ~ 0, 6894

3.5. (a) The probability functions are:

P(X)‘ P(Y)‘
0 |2 0 |1
X 3 Y 5
13 1|3
Y Y
(X|Y)‘O 1 P(Y|X)‘0 1
i 1 ji
« Yt « Y |22
1 o 1 1 |0 1




H(X)=h(})=—31logi—3log3 =1log3 — %

H(Y) = h(}) = log3 -3

H(X|Y) = P(Y =0)H(X|Y = 0) + P(Y = 1)H(X|Y = 1) = h(1) + 5h(}) = 2
H(Y|X) =P(X=0)H(Y|X =0)+P(X = )H(Y|X = 1) = 3n(}) + $h(1) = 3
H(X,Y)=H(3,1,3,0) =1log3

I(X;Y) = H(X)+H(Y) — H(X,Y) =log3— % +1log3— % —log3 = log3 —

The probability functions are:

AN

P(X) ‘ P(Y) ‘
T T _ 1 1 T _ 5
A nte=1 a | pt1=73%
5 9 _ 14 1 1 1 _ 19
X B st =15 Y b |sgtsti=x
1 1 2 79 1 2 1
Clstzti=1m c 5T 15 =3
Y Y
PXIY) (@ b IR
3 6 1 2
A 5 19 0 A 3 35 0
4 3 5 9
X B 0 9 = X B 0 U 1
2 9 2 10 45 24
C |15 © 3 Clon % %
H(X)=H(3, 12 %5) ~ 1,5455
H(Y)=H(3, 5, %) ~ 1,4105
H(X|Y) =Y, P(Y =y ) H(X|Y = y;) ~ 1,2549
H(Y|X) = Y3 P(X = x))H(Y|X = x;) ~ 1,119
HGY) = HO b b b b ) ~ 2,668
[(X;Y) = H(X) + H(Y) — H(X,Y) ~ 1,5455 + 1,4105 — 2, 6654 ~ 0,2906
X P(X) Y P(Y) Y
0 4 a 1 P(X|Y) ‘ a b ¢ P(Y\X)‘
0B ¢
V) ¢ o [I 12 0
C 5 X 3 1 X
1 |3 01 1

H(X) ~ 0.9799 and H(Y) ~ 1.4591

H(X|Y) ~ 0.7296 and H(Y|X) ~ 1.2089
(X,Y) ~ 2.1887

I(X;Y) ~ 0.2503

T
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3.8. Let X be the choice of coin where P(fair) = P(counterfeit) = 1, and let Y be the number heads in

3.9.

3.10.

Px Py|x Py

1/4 § 0
Fair % 1/2
X 4 i1y
Counterfeit 3 1
3 2
8

Figure 10: Probabilities or two flips with unknown coin.

—2
two flips. The probabilities involved can be described as in Figure 10.

Hence,
115 1 5
H(Y) = H(glefg) =7~ glOgS
H(Y|X) = H(Y|X = fair)P(X = fair) + H(Y|X = c.f)P(X = c.f.)
1111 1 3

and we conclude that

11 5 3

1(X;Y) = H(Y) ~ H(Y|X) = 3 — Jlog5— 5 =2 glogS

(a) Fair dice:
He(X)=H(L, L1111 = 6llogl =log6 ~ 2,585
Manipulated dice:
Hu(X) =H({1, %, 3.5 % &) = —710g 3 + {1 log 14 + £ log 14 + £ log5 ~ 2,41

(x)

() D(pllg) = Ly p(x)log B

%logg—i—%log%—i—%log% ~ 0,169

(©) D(gllp) = Leq(x)log 265 = flog 3 + 4 log § +  log £ ~ 0,178

(@) Px(n) = P(tail)"~!P(tail)

I
/
NI—=
N—

=
|
—_
/
NI—=
N—
I
—~
NI—
N——
=

n=1 n=0 (1 B %)2
() H(X)=—) Px(n)logPx(n)=—Y_ (%)nlog@n
n=1 n=1
[e9) 1 n
°8 n;”(z) X

(d) (a) Px(n) =pq"!

b _ ad n—1 _ - n—1 _ p — 1

(b) E[X] n;npq PE)”" (1-9)2 p



e} o]

© H(X)=-Y pq"logpg" ' =— Z pq" tlogp— Y (n—1)pqg" 'loggq
n=1

n=1 n=1

=—10gPZPq” —qIqu):an/ !'= —logp — qloggE[X]
=0
—Plogp qlogq h(;ﬂ)
p p

3.11. First use that the sum over all x and y equals 1,

1
K270y = 2y 27Xy 2V =22 =1 = k=~

Pix <ax<a= 13 Tt = 230 = (LY oy

1
x=0y=0 x=0 2

H(X,Y) Z 12 log Lyt — Z Zp=(x+y) (logff(x+y)log2)
xy

—2+Zx 2-(+y) +Zy 2~ X+y>72+22 ~2° Z 27V

\‘,_/
=1

1

=2+2 27 % =14
+ ;xz
=1

(c) To start with derive the marginals as

1 1 1 1
=Y S 0ty = oy 2oy — Y
; 4 2 ; 2 2

— e 1 —X 1 —X
H(X|Y)=H(X) = Ex 22 log22
= 212”‘1 L log2 ——E 12”‘ E 12”‘——1 1=2
—x§ (ogi—xog> 5 + x5 +

X X

3.12. (a)
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3.13.

3.14.

3.15.

3.16.

With p(x,y) = p(x)p(y|x) we get

D(p(x,y)lla(xy)) = ;y:p(x,y) log pgfg
—Zp X,y logqgi) Z x,y)log Eym
= Lp(x)log BJFWP gqu| )>
= D(p)a00) + £(Z k) 1og 245
— D(p(x)||q(x) +;D p(ylx)|[g(ylx)) p(x)

which gives the first equality. The second is obtained similarly. If X and Y are independent we
have p(y|x) = p(y) and q(y|x) = g(y) which will give the third equality.

To simplify notations, we use the expected value,

H(p,q) = Ep[—logq(x)] = Ep[—logq(x) +logp(x) —log p(x)]

— £ [tog 23] + £, [~ og p(x)] = D(p()]a(x) — Hy(X)

(@) Sincea+p+vy =1 weget (£ + L =1.

H(a,B,v) = —aloga — Blog B — ylogy
= —aloga — (1 —a)log(l —a)+ (1 —a)log(l —a) —Blogp — ylogy
=h(a) + (1 —oc)(log(l —a) — %,Blogﬁ— 1,—)/0( log’y)
:h(zx)—i-(l—zx)((lflx+%)log(l— )—Lﬁlogﬁ— log’y>

:h(”‘)”l_”‘)(_fabglfa_1za1°g1ja>

=h(a)+(1— zx)h(%)

(b) Follow the same steps as i (a)

Let the outcome of X be W and B, for white and black respectively. Then the probabilities for X
conditioned on the urn, Y is as in the following table. Furthermore, since the choice of urn are
equally likely the joint probability is p(x,y) = sp(x|y).

pxly) | W B pxy)| W B
4/7 3/7 1| 2/7 3/14
3/10 7/10 213/20 7/20
(@) The distribution of X is givenby P(X = W) = -2 + 1. 3 = S and the entropy H(X) =

h(140) = 0.988.

(b) The mutual information can be derived as

I(GY) = H(X) + H(Y) = HX,Y) = h({h) +h(}) — H(, &, %, %) = 0.0548
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(c) By adding one more urn (Y = 3) we get the following tables (with p(x) = 1/3)

plxly) | W B pvy) | W B
177 377 1]4/21 3/21
213/10 7/10 211/10 7/30

3 10 3/1/3 0

Hence, P(X =W) = Bland P(X = B) = %}, and H(X) = (%}). The mutual information
is
I(X;Y) =H(X)+H(Y) — H(X,Y) = h(&5) +1og3 — H(%, 5, 15, %, &) = 0.3331

3.17.
[(X;YZ) = H(X) + H(YZ) — H(XYZ)

(X) 4+ H(Y) + H(Z|Y) — H(X) — H(Y|X) — H(Z|XY)

(Y) — H(Y|X) + H(Z|Y) — H(Z|XY) = I(X;Y) + I(Z; X|Y)

H
H

3.18. (a) The Jeffrey’s divergence is

D;(pll9) Zp x)log ZES +Z‘7(x) log Zg%
=Y p(x) 10g2((g - q(x)logz(g =) (p(x) - Q(X))Z(j;))

(b) The Jensen Shannon divergence is

p(x) q
Dys(pllq) = Z” )18 S04 -4 *2 Zq )108 J51

2
=§;P( log p(x —*ZP x) log (x);q(x)
+%Zq( )logg(x —*Zq 10g%

(x), plx)+q(x)
2

J{q(x) — Lx? (x);rz’“q(x) =1, the fraction M is a distribution.

Since Y, 7 ()
3.19. Use that the relative entropy is non-negative and the IT-inequality to get

0 < D(pllq) Zp p(;

(x
SVEIGEE
(sz((xx —1) loge

) > 0 which gives the assumption. The equality is given by the

) loge

This requires that (Zx

IT-inequality if and only 1f Z gx)) = 1, or equivalently, if and only if p(x) = q(x).
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3.20. (@) The transition matrix is

3/4 1/4 0
P={( 0 1/2 1/2
1/4 0 3/4

The stationary distribution is found from

Together with Y j1; = 1we get 1 = 2, 4o = £, 3 = 2.
(b) The entropy rate is

Hoo(U) = ;ﬂiH(Si) = %h(i) + %h(%) + %h(%)
= %(2—%105;3) +%=%—Zlog3z0,8490

212 2.2 1 1 2 2 4
(c) H(E’E’g) = —glogg — glogg — glogg = logh — 5~ 1.5219
That is, we gain in uncertainty if we take into consideration the memory of the source.

3.21. (a) The travel route follows a Markov chain according to the probability matrix

1 1 1
11 19
1911
H:%133
1100
0100

Letp = (4o 1 p2 p3) be the stationary distribution. Then, the equation system Il = p
together with the condition }; #; = 1 gives the solution

_ (1 1 2 1
n= (3 39 §)
which is the distribution of the islands.

(b) The minimum number of bits per code symbol is entropy rate,

Heo = tlog3+ 1log3+ 2log2 + dlogl =2 + Zlog3

3.22. (@) With p = (2, pg, e, pis) and

0 1/2 1/2 0
1/2 0 0 1/2
1/2 0 0 1/2

0 1/2 1/2 0

P =

the steady stat solution to uP = u gives u = (%, %, %, %) Hence, the entropy rate becomes
1,1
Heo(X) = ), wiH(Si) = )}, ;h(5) =1

i Even i Even
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3.23. (a)

—_
RS

—~
o O
=

@

With p = (p1, u3, #s, 7, o) and

0 0o 1/2 0 1/2
0 0 1/2 1/2 0
P=|(1/4 1/4 0 1/4 1/4
0 1/2 1/2 0 0
/2 0 1/2 0 0

the steady stat solution to uP = u gives u = (%, %, %, %, %) Hence, the entropy rate becomes
1. /1 1 1111 4 1 4
wo(X) = H(Xo|Xy =i)=4-h(=)+-H(,-,2,7) =+ logd ==
Ho(X) = ¥ wiH(XalX: = i) = 45h(3) +3H(3. 3. 3.3) =5 +3l84 =3

i Odd

Alternatively, one can define a weighted graph with weights according to the matrix

00101
00110
Wyl=1110 11
01100
10100

Then, we know that the steady state distribution is

AN
Wl
=
O\
~—

W:
p=lwl- & & & B-G

and the entropy rate is

1 1 4
HOO(X)_log12—H( 77777 ) = log3+2—4log6 — ;log3 = =
Follows from Stirling’s approximation.

7pnr}qﬂq — p—nlogpPql _ on(—plogp—qlogq) — pnh(p),
1 1
Fromemn <el2 < ﬁ

Follows from Stirling’s approximation.

1 1

With 12npg > 9 we canuse e’ 271 > ¢~ 9 > YT

NS

[Chapter 4

No
Yes
Yes

Start from the root and expand the tree until all the codewords are reached.
H(X)=H(%, 3,88 1 15) =2,5219
BL)=d+3+1+3+h+h=28

Yes, since H(X) < E[L] < H(X) + 1.

34



4.3. (a) According to Kraft’s inequality we get
21422427040 42 = G gt gty = 5 <
The code evidently exist and one example is 0,10, 110 1110 11110.

() 2724272423423 4+27 442442542 5= <1
One example is 00,01,100,101,1100, 1101, 11100, 11101.

(© 2724272422423 42 442440244025 =5 51
The code doesn’t exist!

(d 272423423423 4274425425425 =3 <1
The set 00,010,011,100,1010,10110,10111, 11000 contains the codewords.

44.

[

For a tree with one leaf (i.e. only the root) the statement is true.

ii Assume that the statement is true for a tree with n — 1 leaves, i.e. n — 1 leaves gives n — 2
inner nodes. In a tree with n leaves consider two siblings. Their parent node is an inner node
in the tree with n leaves, but it can also be viewed as a leaf in a tree with n — 1 leaves. Thus,
by expanding one leaf in a tree with 1 — 1 leaves there is one new inner new and one extra
leaf, and the resulting tree has n leaves and # — 2 4 1 = n — 1 inner nodes.

4.5. Let the ith codeword length be /; = log - ek The average codeword length becomes

ZP Jlog ZP Xi (logq( )+10gp(xz) log p(x))

xz

(x;)
_Zp X log : Zp )log p(x;) = D(pllq) + Lp

xl
where L, is the optimal codeword length.

The mutual information is

I(X;Y) = D(p(x,)llp(x)p(y))

This can be interpreted as follows. Consider two parallel sequences xand y. Let Ly = E,, ) [log ﬁ]

and Ly = E,,[log ﬁ} be the average codeword lengths when encoded separately. This should
be compared with the case when the sequences are vied as one sequence of pairs of symbols, en-
coded with the joint codeword length Ly, = E,(, ) [log o, y)] Consider the sum of the sum of the
individual codeword lengths to get

Ly+Ly,= ;p(x) logp(lx) + ;;ﬂ(y) logp(ly)

1 1
= %P(x/y) log o T gp(x/y) log o)

= (0] 71 O 71?( ()
= Lp(oy)log ey = Dploy)log agir + Dl y)log s

= D(P(x/y)HP(x)P(]/)) + Lyy = Loy + [(X;Y)

This shows that the mutual information is the gain, in bits per symbol, we can make from consid-
ering pairs of symbols instead of assuming they are independent.
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4.6.

4.7.

4.8.

For example, if x and y are binary sequences where x; = y;, it is enough to encode one of the
sequences. Then X and Y are equally distributed, p(x) = p(y), and we get

I(X; prylgp() ZP x|y)p logp(ﬂ(yy))@(y)

XY
1
— lo L
= LrWlog oy =Ly

where, in the second last equality, we used that p(x|y) = 1if x = y and p(x|y) = 0if x # y. The
above derivation tells that we can gain the same amount of bits that is needed to encode sequence
Y.

Begin with the two least probable nodes and move towards the root of the tree in order to find
the optimal code (Huffman code). One such code is 11,101, 100, 01, 001, 000 where the codeword
11 corresponds to the random variable x; and 000 corresponds to x¢. Now use the path length
lemma to obtain E(L) =1+0,6+0,4+0,2+ 0,4 = 2,6. This is clearly less than 2,8 so the code
in Problem 4.2 is not optimal!

The optimal code is a Huffman code and one such example is 01,11,10,001,0001, 00001, 00000
where the codeword 01 corresponds to the random variable x; and 00000 corresponds to x7.

For the given code the probabilities and lengths of codewords is given by

x | plx) Lix) x| plx) Lx)
000 | 27/125 1 100 [ 18/125 3
001 | 18/125 3 101 | 12/125 5
010 | 18/125 3 110 | 12/125 5
011 | 12/125 5 111 | 8/125 5

Calculating the average codeword length gives E[L] & 3.27. Since it is more than the uncoded case
the code is obviously not optimal. An optimal code can be constructed as a Huffman code. A tree
is given below (labeled with the numerator of the probabilities):

000 (27)

001 (18)

36 010 (18)

011 (12)

125 100 (18)
101 (12)

110 (12)

38
20 111 (8)

The code table becomes

b Yu x Yu
000 | 00 100 | 110
001 | 100 101 | 011
010 | 101 110 | 1110
011 | 010 111 | 1111




The average codeword length becomes E[Ly| ~ 2.94.

49. (a) Independent of how many nodes we start with, it will eventually come down to the case
when there are four nodes left {x1, xp, x3, x4}, in which the nodes may consist of sub-trees.
Assume then that x1, with the highest probability has p; > % and length ¢; > 2. Then the tree
will be as in Figure 11(a). To form this tree first nodes x3 and x4 are merged in one subtree.
Then the nodes x; and x; are merged. This second step can only be done if p; < p3 + pa.
If this is not true the subtree x3x4 will merge with x; and ¢; will not be 2. Thus, with the
requirement that p; > % we get p3 + pg > %, and p, > p3 > % Then calculating the sum of
the probabilities we get

pitptpatpa>ititi=1

Since the sum is strictly more than 1 it is a contradiction, and we conclude that ¢; < 2, which
gives the result.

In the beginning it was assumed four nodes but the actual requirement to show the contra-
diction comes in when there are three nodes, so the proof is valid for n > 2.

(b) Assume a Huffman tree consisting of three nodes {x1, x, x3}, where p; < % and /1 = 1, see
Figure 11(b). From the problem formulation p; > p > p3, and we conclude that also py < %
and p3 < 1. The sum of te probabilities then becomes

pAptp<iztiztz=1

Since the sum is strictly less than 1 it is a contradiction, and we conclude that ¢; > 1.

p1+p p1
p1
p2
p3 P2
3+ P p, P2+ P35 ps
(a) (a)

Figure 11: Huffman trees for Problem 4.9.

4.10. In the following tree the Huffman code of the English alphabet letters are constructed, and in the
table below it is summarised as a code (reading the tree with 0 up and 1 down along the branches).
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E(130)
A | 1101 F | 00110 K | 00000010 P | 00100 U | 00101
B | 010000 G | 000010 L | 11001 Q | 00000011 V | 010001
C | 00111 H | 11000 M | 01001 R | 1011 W | 000001
D | 0101 I 1001 N | 1010 S | 0001 X | 00000001
E | 111 J | 000000001 O | 1000 T | 011 Y | 000011
Z | 000000000

The average codeword length becomes (from the path length lemma)

E[L] _ 1000+424+240+128+65+30+14+8+3+6+35+112+54+58+184+91+47+22+576+303+148+155+273+143+70
- 1000

~ 4.189bit/letter

If all letters would have the same length it would require [log26| ~ 5bit/letter. The entropy of
the letters is

H({55, .-, 1o05) = 4.162bit/letter

From the derivation we see that the Huffman code in this case is very close to the optimum com-
pression, and that by using the code we gain approximately 0.8 bit per encoded letter compared
to the case with equal length codewords.

4.11. (a) For the binary case an optimal code is given by a binary tree of depth 1, i.e.
X|0 1
Y0 1

which gives average length L; = 1.



(b)

For vectors of length 2, 3 and 4 the Huffman codes and average length per symbol is given by

X, P Y X3 P Y Xy P Y
00 0.01 111 000 0.001 11111 0000 0.0001 1111111111
01 0.09 110 001 0.009 11110 0001 0.0009 1111111110
10 0.09 10 010 0.009 11101 0010 0.0009 111111110
11 081 0 011 0.081 110 0011 0.0081 1111110
100 0.009 11100 0100 0.0009 111111101
%Lzz%:Ob 101 0.081 101 0101 0.0081 111110
110 0.081 100 0110 0.0081 1111011
111 0729 0 0111 0.0729 110
1000 0.0009 111111100
%L?) _ @ = 0.5297 1001 0.0081 1111010
1010 0.0081 1111001
1011 0.0729 101
1100 0.0081 1111000
1101  0.0729 100
1110 0.0729 1110
1111 0.6561 0O
TLy = 1202 = 0.4925

The entropy is H(X) = h(0.1) = 0.469. Since the variables in the vectors are i.i.d. this is the
optimal average length per symbol. In the above it is seen that already with a vector of length
4 the length is not so far away from this optima.

In order to minimize the expected number of tastings we should start by tasting the one with
the highest probability and then continue with same reasoning. The expected number of tast-

ings becomes:

8 6 4 2 2 1
155 + 255 + 355 +455 +555 + 555 2,39

The optimal solution is now a Huffman code. The codeword lengths are 2,2, 2, 3, 4, 4 (verify!).
The expected number of tastings is ~ 2,35 (path length lemma). Here we should start with
the mixture of the first and the second wine.
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[Chapter 5 ]

5.1. The decoding procedure can be viewed in the following table. The colon in the B-buffer denotes
the stop of the encoded letters for that codeword.

S-buffer B-buffer Codeword
[IF IF =] | [ T:HEN T] 2,1,7)
[ IF = T] | [H:EN THE] (0,0,H)
[IF = TH] | [E:N THEN] (0,0,E)
[F = THE] | [N: THEN ] (0,0,N)
[ = THEN] [ THEN TH:] (5,7,H)
[THEN TH] | [EN = EL] (5,3,=)
[ THEN =] | [ E:LSE E] (2,1,E)
[HEN = E] | [L:SE ELS] (0,0,L)
[EN = EL] | [S:E ELSE] (0,0,5)
[N = ELS] | [E :ELSE ] (3,1,)
[= ELSE ] [ELSE ELS:] (5,7,5)
[LSE ELS] | [E = IF ] (5,2,=)
[ ELSE =] | [ I:F ] (2,1,1)
[LSE = I] [F:; ] (0,0,F)
[SE = IF] | [;: 1 (0,0,;)

There are 15 codewords. In the uncoded text there are 45 letters, which corresponds to 360 bits. In
the coded sequence we first have the buffer of 7 letters, which gives 56 bits. Then, each codeword
requires 3 + 3 + 8 = 14 bits. With 15 codewords we get 7 - 8 + 15(3 + 3 + 8) = 266 bits. The

compression rate becomes R = % = 0.7389.

5.2. The decoding is done in the following table.

Index Codeword Dictionary (text)

1: (0,t) t

2: (0,i) i

3: (0,m) m

4: (0,o) o

5: (1,h) th

6: (0,e) e

7: (4,1) ot

8: (0,h) h

9: (2,n) in
10: (7,w) _tw
11: (9,.) in.
12: (1,4 ti
13: (0,n) n
14: (0,s) s
15: (3,0) mi
16: (5,.) th.

Hence, the text is “tim the thin twin tinsmith.”.

5.3. The decoding procedure can be viewed in the following table. The colon in the binary representa-
tion of the codeword shows where the index stops and the character code begins. This separator
is not necessary in the final code string.
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Index | Codeword | Dictionary | Binary

1 0,0 (1] :01001001

2 (0,F) [F] 0:01000110

3 ©,) [ ] 00:00100000

4 (L,F) [IF] 01:01000110

5 (3=) [ =] 011:00111101

6 3T [ T] 011:01010100

7 (0,H) [H] 000:01001000

8 (0,E) (E] 000:01000101

9 (O,N) [N] 0000:01001110
10 (6,H) [ TH] 0110:01001000
11 (8,N) [EN] 1000:01001110
12 (10,E) [ THE] 1010:01000101
13 ©,) [N ] 1001:00100000
14 0,=) (=] 0000:00111101
15 (3,E) [ E] 0011:01000101
16 (VA D) (L] 0000:01001100
17 0,5 [S] 00000:01010011
18 8)) (E ] 01000:00100000
19 8L) [EL] 01000:01001100
20 (17,E) [SE] 10001:01000101
21 (15,L) [ EL] 01111:01001100
22 (20,) [SE ] 10100:00100000
23 (14,) (=] 01110:00100000
24 4,) [IF; ] 00100:00111011

In the uncoded text there are 45 letters, which corresponds to 360 bits. In the coded sequence there
areintotal 14+2-2+4-3+48-4+8-5 = 89 bits for the indexes and 24 - 8 = 192 bits for the

characters of the codewords. In total the code sequence is 89 4 192 = 281 bits. The compression

rate becomes R = % = 0.7806.

54. (a)
S-buffer B-buffer | Codeword
[Nat the ba] [t s:] (8,2,9)
[ the bat s] | [w:at] (0,0,w)
[the bat sw] [at a:] | (5,3,4)
[bat swat a] | [t M:] (3,2,M)
[ swat at M] [att:] (4,2,
[at at Matt] [ t:h] (5,1,1)
[ at Matt t] | [h:e ] (0,0,h)
[at Matt th] | [e: g] | (0,0,e)
[t Matt the] [ g:n] 41,8)
[Matt the g] [n:at] (0,0n)
[att the gn] [at:] (10,1,1)

Text: 264 bits, Code: 234 bits, Rate:0.886364
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S-buffer B-buffer | Codeword
[Nat the bal [t :s] 0,8,2)
[t the bat ] | [s:wa] (1,5)

[ the bat s] | [w:at] (L,w)
[the bat sw] [at :] (0,5,3)
[ bat swat ] [at :] (0,3,3)
[t swat at ] [M:at] (1,M)
[ swat at M] | [at:t] 04,2)
[wat at Mat] | [t :t] 0,5,2)
[t at Matt ] [t:he] 0,2,1)
[ at Matt t] [h:e ] (1,h)
[at Matt th] [e: gl | (e
[t Matt the] [ :gn] 0,4,1)
[ Matt the ] | [g:nal (Lg)
[Matt the g] | [n:at] (In)
[att the gn] [at:] (0,10,2)

Text: 264 bits, Code: 199 bits, Rate:0.7538

Index | Codeword | Dictionary | Binary

1 (O,N) [N] :01001110

2 (0,a) [a] 0:01100001

3 (49) [t] 00:01110100

4 ©,) [ ] 00:00100000

5 (3,h) (th] 011:01101000

6 (0,e) le] 000:01100101

7 (4,b) [ b] 100:01100010

8 2,1 [at] 010:01110100

9 (4,5) [ s] 0100:01110011
10 O,w) [w] 0000:01110111
11 8,) [at ] 1000:00100000
12 (11,M) [at M] 1011:01001101
13 8,1 [att] 1000:01110100
14 (4,t) [ t] 0100:01110100
15 (0,h) [h] 0000:01101000
16 (6,) e ] 0110:00100000
17 0,8) (9] 00000:01100111
18 (On) [n] 00000:01101110
19 2,1 - 00010:01110100

Text: 264 bits, Code: 216 bits, Rate:0.8182
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Index | Codeword | Dictionary | Binary
32 [ ]

77 [(M]

78 [N]

97 [a]

98 [b]

101 le]

103 (9]

104 (h]

110 [n]

115 [s]

116 (t]

119 [w]

256 78 [Na] 01001110
257 97 [at] 001100001
258 116 [t ] 001110100
259 32 [ t] 000100000
260 116 [th] 001110100
261 104 [he] 001101000
262 101 e ] 001100101
263 32 [ b] 000100000
264 98 [ba] 001100010
265 257 [at ] 100000001
266 32 [ s] 000100000
267 115 [sw] 001110011
268 119 [wa] 001110111
269 265 [at a] 100001001
270 265 [at M] 100001001
271 77 [Ma] 001001101
272 257 [att] 100000001
273 258 [t t] 100000010
274 260 [the] 100000100
275 262 e g] 100000110
276 103 [gn] 001100111
277 110 [na] 001101110
278 257 - 100000001

Text: 264 bits, Code: 206 bits, Rate:0.7803

5.5.

5.6. Encoding
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57.

step | lexicon | prefix | new symbol codeword
(pointer,new symbol) | binary

0 |O %) T (0,T") ,01010100
1 | T @ H (0,/H) 0,01001000
2 |H @ E (0,/E") 00,01000101
3 |E @ o 0, 00,00100000
4 |- @ F (0,/F) 000,01000110
5 | F @ R (0,/R") 000,01010010
6 | R % I 0,7) 000,01001001
7 |1 E N (3/N’) 011,01001110
8 | EN @ D (0,/D) 0000,01000100
9 | D o I 4,7) 0100,01001001
10 | I @ N (0,/N") 0000,01001110
11 | N o N (4N 0100,01001110
12 | N E E (3/E) 0011,01000101
13 | EE D o 9,2) 1001,00100000
14 | Do I S (7,8 0111,01010011
15 | IS o T 4,/T) 0100,01010100
16 | _T H E (2/E) 00010,01000101
17 | HE = F 4/F) 00100,01000110
18 | _F R I 6,7) 00110,01001001
19 | RI EN D (8,/D’) 01000,01000100
20 | END I N (10,N") 01010,01001110
21 | _IN D E (9/E) 01001,01000101
22 | DE E D (3/D") 00011,01000100

The length of the code sequence is 268 bits. Assume that the source alphabet is ASCII, then the
source sequence is of length 312 bits.

There are only ten different symbols in the sequence, therefore we can use a 10 letter alphabet,
{TH,E,-ER,LN,D,S}. In that case we get 39 - 4 = 156 bits as the source sequence.

Let X describe the source, i.e. Px(0) = pand Px(0) =g=1—p.

(@)

(b)

Since nq might not be an integer we round it to [ng]. Then we say that a sequence of length n
with a share of 1s equal to g has [ng] 1s. There are ([;q]) such sequences.

To represent the sequences in (a) we need |log ([;q])J bits (we use the lower integer limit | |

to achieve an integer number). Hence, in total we need 1 |log ([yfq])J bits/source bit.
(c) Use that (}) = ﬁlk)' and n! ~ v27n(%)" in the following derivation (approximating ngq
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and np as integers),

1 n 1 n! 1
- —— == I I !
. log (nq) . log nqinpl ~ n <logn. logng! —log np.)
R~ %(log \/27111(%)” —log \/2nnq(?)”q) —log \/27mp(%)"p>

1/1 1
= Z(Elog2n+Elogn+nlogn—nloge

- %IOgZTE - %lognq —nglogng + nqloge
— %logZH — %lognp —nplognp + nploge)

1
N (n logn — gqnlogqn — pnlog pn)

_ 1 (—qn logg —qplog P) = h(q) = h(p)

n

where ~ denotes approximations for large n and we used % logn — 0, n — co.

Notice, that this imply that for large n we get () = (1") = 2nh(3)

[Chapter 6

6.1. The definition of jointly typical sequences can be rewritten as
2—n(H(X,Y)+s) < p(x,y) < 2—n(H(X,Y)—s)

and

o—n(H(Y)+e) < P(]/) < o—n(H(Y)—¢)
Dividing these and using the chain rule concludes the proof.

6.2. A binary sequence x of length 100 with k 1s has the probability
49\ 100—k /1 \k  49100-k
P@) = (%) (56) ~ 5010

(a) The most likely sequence is clearly the all-zero sequence with probability

49+ 100
P(00...0) = (%) ~ 0.1326

(b) By definition a sequence x is e-typical if
y—n(H(X)+e) < P(x) < 7—n(H(X)—e)

or, equivalently,

—e < —%logP(x) —H(X)<e

Here,

1 1 1 49 49 49 49
— —log — =1 — —log49 =1+21 — —log7
50) 08 =5 og 50 = o8 9 +2log5 55 log

H(X) = h( —%log%—50
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and, for the all-zero sequence,

— L 1og P(00...0)) = ——~ 1o (@)wo = —log49 +1og50 = 1 + 2log5 — 2log 7
T U S T RN e 8 &
Thus, we get
1 49 1
—ElogP(x) — H(X)=1+2log5—2log7 —1—2log5 + £10g7 = —£10g7 < —€
and see that the all-zero sequence in not an e-typical sequence.
(c) Consider again the condition for e-typicality and derive
1 1 49100k 1 1 49 49
- log P(x) — H(X) = ﬁlogw 35 log% + ﬁlog%
100 — k 49 2—k
— - - —log7 = — log7
log 50 50 log7 — log 50 + 75 108 5 108

Hence, for e-typical sequences

50
-1<k-2<1

1<k<3

1 1
- < — < —log7
50log7_ log7 < 50 08

So, the number of e-typical sequences is

100 100 100
= 1667
(1) + (15) + (157) = 166750
which should be compared with the total number of sequences 2! ~ 1.2677 - 10%.

6.3. Consider a sequence of  cuts and let x = x1x3 ... x;; be the the outcome where x; is the part saved
in cut i. If in k of the cuts we save the long part and in n — k the short part, the length becomes

Ly = (%)k(%)(”’k) = %—i The probability for such a sequence is P(x) = (%)k(%)(”’k) = Z—ﬁ. On
the other hand we know that the most probable sequences are the typical, represented by the set

A¢(X). Hence, if we consider a typical sequence we know that the probability is bounded by

o—n(H(X)+e) < P(x) < 7—n(H(X)—e)

To the first order of the exponent (assume ¢ very small), this gives that P(x) = 27"H(X) where
H(X) = h(}). Combining the two expressions for the probability gives

3k — 22?1 . 2—71}1(%) 27’1(2—11(%))

or, equivalently,

_ 2—h(l) :n2+%log%+%log%+§log3 :n3

log 3 log 3 4

Going back to the remaining length we get

n-% -5

. 3/
and we conclude that, in average, we keep % of the length at each cut.
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6.4. (@) According to the data processing inequality we have that I(X;Y) > I(X;Y), where X — Y —
Y forms a Markov chain. Now if j(x) maximizes I(X;Y) we have that

=maxI(X;Y)=C

C = maxI(X;¥) > 1XY)px)=p(a) = 103G p(a)=pe) = 2

(b) The capacity is not decreased only if we have equality in the data processing inequality, that
is when X — Y — Y forms the Markov chain.

6.5. (a) Since X and Z independent H(Y|X) = H(Z|X) = H(Z) = log3. The capacity becomes

C=maxI(X;Y) =maxH(Y)—log3 =log1l —log3 = logE
p(x) p(x) 3

(b) This is achieved for uniform Y which by symmetry is achieved for uniform X, i.e. p(x;) =
1 .
q Vi
11

6.6. Assume that P(X =1) = pand P(X =0) =1 — p. Then

Then
I(X;Y) =H(Y) — HY|X) = h(ap) — ((1 = p)h(1) + ph(a)) = h(ap) — ph(a)

Differentiating with respect to p gives us the maximising p = # The capacity is
a(27@ +1)
C = h(ap) — ph(a) = --- = log(2"s +1) — @

6.7.

6.8. By assuming that P(X = 0) = mand P(X = 1) = 1 — 7 we get the following:

H(r(1=p—q)+ A =m)p, g+ 1 —7)q, (1 =m)(1—p—4q) +7p)

H(mw—2pn —qm+p,q,1—p—q—m+2pn+qmn)

n—2pn—qn+p l—p—q—n+2pn+qn
(1-q) 7 (1—q)

with equality if 7 = 1, where H(1,1) = 1.
(

H(Y)

:h<q>+<l—q>H( >Sh<q>+<l—q>

C =maxI(X;Y) = max(H(Y) — H(Y[X)) = h(q) + (1 —q) = H(p,q,1 = p —q)
p(x) p(x)

=(1-q) <1—H<1Ifq_q’1ﬁq)>

6.9. Assume that P(X =0) =1— Aand P(X =1) = A. Then

H(Y):H((1—A)+‘;,2)=H(1—A A) — (%)

H(Y|X) = P(X = 0)H(Y|X = 0) + P(X = )H(Y|X =1) = Ah(%) — A
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6.10.

6.11.

6.12.

6.13.

and we conclude

C= r;lg;({h(%) - A}

Differentiation with respect to A gives the optimal A = .

C =h(

N[,

)— A ~0,322

By cascading two BSCs we get the following probabilities:

( )=(1-p)+p?
P(Z=1X=0)=p(1—-p)+ (1 -p)p=2p(1-p)
P(Z=0|X=1)=2p(1-p)
P(Z=1X=1)=(1-p)®+p?

This channel can be seen as a new BSC with crossover probability € = 2p(1 — p). The capacity for
this channel becomes C =1 —h(e) =1 —h(2p(1 — p)).

P(Z=0X=0

(@) The channel is weakly symmetric, so we can directly state the capacity as
C=loga-H(L ] L0 =2-1=]

(b) By letting P(X = 0) = ¢ land P(X = 1) =
P(A) = 5, P(B) = , P(C) = } and P(D)
the following Huffman code.

% the probab1ht1es for the received symbols are

. An optimal compression code is given by

Y Z
~A 000
B 001
Cc o1
D 1

which gives the average length L = 1.917 bit. As a comparison the entropyis H({5, 1,1, &) =
1.825 bit.

The overall channel has the probabilities

P(Z=0[X=0)=(1-a)(1-p) P(Z=1X=1)=1-a)(1-p)
P(Z=AX=0)=(1—-a)p+ap=p P(Z=AX=0)=8
P(Z=1]X=0) =a(1-p) P(Z=0/X=1)=a(1-p)

Identifying with the channel model in Problem 6.8 with p = a(1 — ) and q = B, the capacity
follows from the solution.

Denote P(X = 0) = p. Then the joint probability and the probability for Y is given by

Y
P(X|Y) | 0 1
X 0 P 0
1 (1-pa (1=p)(1—a))
P(Y): p+(1-p (1-p)(1—a)
=1-(1-p)(1-a)
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The conditional and unconditional entropies of Y are then given by
HY|X) =H(Y[X=0)p+H(Y[X=1)(1-p) = (1 - p)h(a)
H(Y) =h((1-p)(1-a))
By using dxh( x) = log 1 === the derivative of the mutual information is

d d d

gy (XY) = HY) - H(Y|X) = @h((l —p)(1=a)) = (1 - p)h(a)
1-(1-p)A-a) _
—(1—a)log A-p—a) +h(a) =0
which gives
1 C
l1-p= 1+

(1—a)(1+21%)

Inserting to the mutual information gives

. o)
C= h( h(w) ) - liu;(vc)
(1+27%) 1427«

Here the value for « — 1 becomes a limit value
which can be found as C — 0. Then the capacity
can be plotted as a function of & as shown here to
the right.

6.14. (a) The mutual information between X and Y is

[(X;Y) = H(Y) — H(Y|X)
1
- ; H(Y|x=1)P(x =1i) = H(Y) — H(ag, &1, &2, &3, &g, 5)

So, what is left to optimize is H(Y'). From the probability table we see that p(y = j|x = 0) = «;
and p(y = jlx = 1) = a5_;. If we assume that the probability of X is given by p(x = 0) = p
and p(x = 1) =1—p, then the joint probability is given by p(y = j,x = 0) = pa; and
ply = j,x = 1) = (1 —p)as_;. Hence, we can write the probability for Y as p(y = j) =
paj+ (1 — p)as_; and the entropy as

5
H(Y) =} (paj+ (1= p)as_j) log(pa; + (1 = p)as_)
j=0
The corresponding derivative with respect to p is

5 5
aPH(Y) = ];)(06]' —a5_j) (log(P"‘j +(1=plasj) + ﬁ)

Then, setting p = % and splitting in two sums we get

9 2 1
apl ‘pz EO — 5 (21 7 Hloglej +as- )
+i s ) (5755 L log(a; + ))
= 2In2 OBV T
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In the second sum replace the summation variable with n = 5 — j, then

s} 2
apHm\p_—g ~ a5 ) (5715 +log(a +a5))

2

1
+ ) (a5—p — + log(as_, + ay)
Lo =) (73 )
Since (a5, — an) = —(ay — a5_,,) we get two identical sums with different sign,

) 2
31| = s ) (3115 +log(aj +a5))

2
*Z(“j*“ )(21 2+log(¢x]+tx5 ])> 0

and we have seen that p = % maximizes H(Y). (Here the maximum follows from the fact that
the entropy is a concave function.)

Then, for p = %, we get

> 1 1
H(Y) = — Z E(‘Xj + 0(5,]') log E(“j + 0(5,]‘)
=0

—.

Amm

Il
N\»—\ o

1 5

5 (0 +as5_;) Z i +as_j) log(aj +as_;)

] :

2

Z (an + as5_y) log(a, + w5_n))
n=0

5
(Z i +as_j)log(aj + a5 ;) +

|
MI\)

(aj +as_j)log(aj+as_j) =14 H(ag + a5, a1 + a4, a2 + a3)
0

j
Hence, the capacity is
Co =14 H(ao + a5, 01 + g, a2 + a3) + H(wo, a1, a2, 23, a4, 5)
The right hand inequality is straight forward since
Coe <I(X;Y)=H(X)-H(X|Y) <H(X) <log|X| =1

For the left hand inequality we first derive the capacity for the corresponding BSC. The error
probability is p = a3 + a4 + a5, hence,

Csc=1—h(p) =1—H(apg+ a1 + ap, a3 + ag + &5)
So, to show that Cggc < C¢ we should show that

C6 - CBSC =1 + H(“O + N5, &1 + g, + 0(3) + H(“O/ X1,0%, &3, K4, 0‘5)
— 14 H(ag+ a1 + an, a3 + ay + as)

is non-negative. For this we introduce a new pair of random variables A and B with the joint
distribution and marginal distributions according to

B
P(AB)|0O 1 2 Al P(A)
A 0|ay a1 ap 0| ag+a;+a
1|as5 ag a3 1 |az+ag+as
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Then we can identify in the capacity formula above

Cg — Cpsc = 1+H(B) —H(A,B)—1+H(A)
=H(A)+H(B)—H(A,B)=1(A;B) >0

which is the desired result. (The above inequality can also be obtained from the IT-inequality).

[Chapter 7 ]
71. (@ R=32
(b) Find the codewords for u; = (100), u; = (010) and u3 = (001) and form the generator matrix

(e)

—_ O =

1 0 0O
G=(0 1 01
0 011

List all codewords

1
1
0

u X u X

000 | 000000 100 | 100011
001 | 001110 101 | 101101
010 | 010101 110 | 110110
011 | 011011 111 | 111000

Then we get dpin = min,_o{wp(x)} =3
From part b we note that G = (I P). Since

(1 P) (119) —PeP=0

we get

_ =0
= O =
[ R -
O O =
o = O

H—(PTI)—(

= o o
N~— —

List the most probable error patterns

e s =eH!
000000 000
100000 011
010000 101
001000 110
000100 100
000010 010
000001 001
100100 111

where the last row is one of the weight two vectors that gives the syndrom (111).
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()  One (correctable) error An uncorrectable error

u =101 u =101
= x = 101101 = x = 101101

e = 010000 e = 001100
=y =xde=111101 =y = x @ e = 100001
=s=yH' =101 = s=yH' =010
= & = 010000 = & = 000010
= ix=yde=101101 = X =y ®eé=100011
=i =101 = it = 100

7.2. Consider the graphical interpretation of IF; and the two codewords x; and x;.

A received symbol that is at Hamming distance at most A from a codeword is corrected to that
codeword. This is indicated by a sphere with radius A around each codeword. Received symbols
that lies outside a sphere are detected to be erroneous. The distance from one codeword to the
sphere around another codeword is y 4 1, the number of detected errors, and the minimal distance
between two codewords must be at least v + 1+ A. Hence, dipin > A + 7+ 1.

7.3. (a) For the code to be linear the all-zero vector should be a codeword and the (position-wise)
addition of any two codewords should again be a codeword. Since the all-zero vector is a
codeword in B it is also a codeword in Bg. To show that the addition of two codewords is
again a codeword we need to show that the resulting vector has even weight. For this we
use the position-wise AND function to get the positions in which both codewords have ones.
Then if y,, y, € B the weight of their sum can be written as

wy(y; +y,) = wy(yy) + wy(y,) — 2w (y,&y,)

here we notice that the first two terms are known to be even and the third term is also even
since it contains the factor 2. Therefore the resulting vector is also even and we conclude that
the code is even.

For the case when an extra bit is added such that the codeword has even weight the code is
not linear since the all-zero vector is not a codeword.

(o) Avectory = (y1...Yynt1) is a codeword iff yH. = 0. This gives
1

T .
yHE = (y1-+ YnYni1) H ;
0 ... 01
= ((1-..yn)HT THly) =0

which gives the two conditions that (y; ...yyN) € B and that wy(y; ... y,4+1) = even.
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7.4.

7.5.
7.6.

(¢) Assume B has minimum distance d and Br minimum distance dg. If d is even then dg = d,
butif d odd then dg = d + 1.

d H=(1 111 1 1 1 1).

The error probability when transmitting one bit with energy Ej, over a channel with Gaussian noise
of level Ny/2is P, = Q(+/2E;/Np). A repetition code with N repetitions gives the energy E,/N
per transmitted bit, and thus the error probability P, y = Q(+/2E,/NyN). On the other hand, the
redundancy of the code gives that it requires at least i = [N /2] errors in the codeword for the

result to be erroneous. Since there are (ZY ) vectors with i errors, the total error probability becomes

N /N E,/N
Perror = Z W(Z)Q< 2 No )

i=[N/2

In MATLAB the Q-function can be derived from the erfc-function as

function Qfunc = Q(x)
Qfunc = 1/2*erfc(x/sqrt(2));

A plot of the results for N = 3,5, ..., 15 is shown in the figure below.

Repetition code efficiency. Rep: 1,3,5,...,15

- - -Uncoded, R=1/1
—R=1/3
—R=1/5
R=1/7
—R=1/9
R=1/11
R=1/13
——R=1/15

P(Error)

Eb/No

Note: The fact that the error probability actually gets worse by using the repetition code might
come as a surprise, especially since it is a standard example of a error correcting code. But, what
the code actually does is that it prolongs the transmission time for a signal, using the same energy,
and thus lowering the amplitude. The decoding of this long signal does not use the complete
signal, but rather split it into pieces and sum up the result. If instead the whole signal was used
the result should be roughly the same in all cases. This can be employed by using a soft decoding
algorithm instead of hard decision, bit by bit.

The free distance is the minimum weight of a non-zero path, starting and ending in the all-zero
state. A simple and brute force method to find it is to start in the zero state and give a non-
zero input. After this, follow all possible paths, counting the Hamming weight of the paths, until
the zero state has the minimum commutative metric. This can be done in a tree, by expanding
the minimum weight node until the zero state is minimum. It can also be done in a trellis by
expanding the paths on step at a time until the zero state has a minimum weight. Below the trellis
version of the algoritm is shown.
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The algorithm is stopped when there are no other state with less weight than the zero state. Then
it is seen that the free distance is dge, = 5. Notice that there are no branches diverging from the
zero path once it has remerged. Such branches cannot become less than the metric in the zero state
it emerges from.

In this case, the algorithm could have stopped already after the third step by noticing that the last
step in the path going back to the zero state will add weight 2. Hence, the path up to any other
state must be 2 less than the zero state at the same time instant, which is 5. There are publications
of more efficient algorithms talking these things into account.

The decoding is done in a trellis comparing the received sequence with all the possible sequences
of that length. The metric used in the following picture is the Hamming distance.

01 11 00 01 11 00 01 00 10

In the figure the red path is found by following the surviving branches from the end node to the
start node. This corresponds to the minimum distance path, or the maximum likelihood path. In
this case it is

91 = 00110101 11 00 00 00 00 = {11 = 0110000
So the answer is that the most likely transmitted information sequence is it; = 0110000.

It is worth noticing that there are 27 possible information sequences, so the decoding in the trellis
has compared 128 code sequences with the received sequence and sorted out the one with least
Hamming distance.

7.7. The encoder circuit for this generator matrix is

e

by
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7.8.
7.9.

7.10.

Following the same structure and methods as in Problem 7.6, the free distance is derived from the
following trellis.

0
m & = diree = 4
240\
[10[ap
Decoding is done as follows.
01 11 00 01 11 00 01 00 10

Hence, the most likely code sequence is & = 00 11 00 01 01 10 01 00 00 and the corresponding
information sequence is # = 0111100.

In Problem 7.6 the generator matrix
G(D)=(1+D+D?* 1+D?)

was specified. To show that they generate the same code, we should show that a codeword gener-
ated by one matrix also can be generated by the other. Their relation is Gs(D) = 1+%G(D).
First assume the code sequence v1 (D) is generated by Gs(D) from the information sequence u1 (D)

as v1(D) = u1(D)Gs(D) = ul(D)ﬁG(D). Thus, v1(D) is also generated by G(D) from the
u1(D)

T-p2- Similarly, if a code sequence v;(D) is generated gy G(D) from u(D),
then it is also generated by Gs(D) from (D) = (1 + D?)uy(D). That is, any codeword generated
by Gs(D) can also be generated by G(D), and vice versa, and the sets of codewords, i.e. the codes,
are equivalent.

(a)

sequence i1 (D) =

7 6 4 2 1 2
e b e e o Y SR e
x4+ x3 41 x4+ x341
remainder # 0, so no acceptance.
(b)
2048 x4+ 3 a2 41 6 5 W¥4+a2+1
=x"+x+ =
x4+ x3 41 x4+ x3+1

remainder # 0, so no acceptance.
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X0 x4 a24x4+1
xt+ a3 +1

remainder = 0, so acceptance.

:x6+x5+x4—|—x3+x2+x+1

7.11.
[Chapter 8
8.1. According to the definition of differential entropy (H(X) = — [ f(x)log f(x) dx) we get that:
(@)
/ f(x)log f(x b log < > dx
[b log (b - >} ~log (b —a)
(b) *
[ _rtog () ax
B _(x—p)? 1 (x—p)?
=t vt L

© 1 3 (x _ ]/1)2
— loo V27102
= log V2no /_oo 271(726 dx

202
loge [ & 1 _(x— 1)?
+ 20'2 /700(x V) 27'(0'26 20'2 dx
_1 2y loge o2 =
=5 log (27t07) + 5527 log (27ec?)

© H(X) = - /Ooof(x) log f(x)dx = — /OOO)\e_M log (/\e_)"‘) dx

- / Ae ™ (log A — Axloge) dx = —log A + /\loge/ xAe M dx
0 0

= —logA +loge = log%

d 00
D HE =~ [T I g (;Ae—w> dx

= /Oo (/\e)‘x log <g> + e loge(—)\x)) dx}
L/0

_ [ A *© —Ax _ %

= - _log (2> /\loge/o xAe dx} = log 3

8.2. First derive a from [ f(x,y)dxdy =1,

/ f(x,y)dxdy:oc2/0.ooe_xdx/oooe_ydy:ocz:>ac:1
0
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(@) The probability that both X and Y are limited by 4 is

P(X<4,Y<4) = 47 ei(XW)dxdy _ (/04 e*"dx)z _ ({—e*"ﬁ)z

— (1—e )’ =1-2e* 4078~ 09637

(b) Since f(x,y) = e~ (*+¥) = =%V = f(x)f(y), the variables X and Y are independent and
identically distributed., and they both have the same entropy

H(X) = — /O.oo e “loge—xdx = loge/ooo xe “dx =loge[—(1+ x)e *]5° = loge
The joint entropy is
H(X,Y) = H(X)+ H(Y) = 2H(X) = 2loge = log ¢?
(c) Since X and Y are independent H(X|Y) = H(X) = loge.

8.3. First get a from
/7f(x,y)dxdy = (oc /0002*"dx)2 = (zx{—%}:)z = (ﬁ)z =1l=a=1In2
0
(@) The probability is

4 4 2
P(X <4, <4) = // In? 2~ () dxdy = (mz/ 2-%dx)
0
0

_ (mz[_lrzl;]i)z —(1-2742 = % ~ 0.8

(b) Since X ad Y are i.i.d. the joint entropy is

H(X log(-%-)
(X,Y) =2H(X) = og(lnz) ~ 3.94
where
_ [eS) . x _ (¢S] . B
H(X) = /0 a2 % log a2 *dx /O ) (logzx x)dx

(o] —X 500
= oc/ x27*dx —loga = an[—%}

0 In“2 0
=L log(in2) = log - ~ 197
~ In2 & T %2 T
(c) Since X and Y are independent H(X|Y) = H(X) = log 5.

8.4. (a) AssignY = In X, which is N(u, o) distributed, then X = ¢. Then,
P(X <a) =P(e¥ <a) =P(Y <Ina)

_ =2

e 202 dy =

x=¢6 = y=Inx
dy:%dx

/lna 1
—c0 /27102
a 1 - (lnxfy)2

e 22 (x

Il
S—

xV2mo?

1 _(In x—p)?
which means fx(x) = Nl 202
X TTo”
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(b) The mean, second order moment and variance can be found as

_ (nx—p)? =lnx = x=¢¥
E[X] —/ 202 (dx = { Y ]
x~/2 dy = %dx
eY (y=p)?
= e 202 dy
—00 v/ 27102
0 —(u 72 2
By B e TR
—o0 \/ 27102
0 2 _ (nx—p)? =1 = oY
x y=Inx = x=e
EXZ:/ — e 22 dx:{ ]
[X] 0 xV2mo? dy = %dx
o 2y (y-p?
:/ 202 dy
—o0 27u72

0 1 _ =(ur2eH))?
— / e 202 62y+2¢72dy — 62y+202

V[X] = [XZ] _ E[X}z _ eZ;H—ZgZ - gZIH‘UZ _ eZ}H-UZ (egz B 1)

E
(¢) The entropy is derived by using the same change of variables, y = Inx,

/ 1n;7214> log (#57%)&(
xV2mo?
/ 3 22 log ( ;:Uze_w)dx
Slse ) \/27176_ (y;;)z - /j:o \/2;?3_ e log ( ijz e_%)dx
= % +H(Y) = ﬁ + %IOgZNEUZ

8.5. Consider
D()(x)) = [ () log -5t

- / (%) log h(x)dx + / F(x) log f(x)dx
= log2mec? — Hf(X)
where we used that — [ f(x) logh(x)dx = log2mec?.
8.6. (a) The sum of two normal variables is normal distributed with N(p1 + ua, \/m).

(b) According to Problem 8.1 the entropy becomes 3 log 27te(c? + 02).
8.7. The differential entropy for a uniformly distributed variable betweena and bis H(X) = log (b — a).

(@)
(b)

(X)=1log(2—1) =logl=0

H
H(X) = log (200 — 100) = log 100 ~ 6, 644

8.8. From the problem we have that P(X = 0) = p, P(X = 1) = 1 — pand that f(z) = 1,0 <z < g,
where a > 1. This gives that the conditional density for y becomes
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which gives the density for y as

P 0<y<1
fy) =) fyIX=x)P(X=x)=11, 1<y<a
* (1-p)i, a<y<a+1
(a) H(X) = h(p)
H(X|Y)=H(X|0<y<1)PO<y<1)
=0

=h(p)
+HXja<y<a+1)Pla<y<a-+1)

=0

21 1 a—1
= —h(p) [ log dy = h(p)™—
1
[(X;Y) = H(X) = H(X]Y) = _h(p)
(b) Lp p a1l 1 atl 1 —p 1—-p

H(Y):—/0 Elog;dy—/l Elog;d}/—/a — logia dy

— Proe? a1 ieel 1Py 1P

= alogu (a 1)aloga p log p

1
= Eh(p) +loga
H(X|Y) =) H(Y|X =x)P(X =x) =loga
X _\/_/
=loga

1(X;Y) = H(Y) ~ H(Y|X) = h(p)

1 1
= maxI(X;Y) = - forp = -.
(c) C m;x (X;Y) _forp=3

[Chapter 9 ]
9.1. The capacity of this additive white Gaussian noise channel with the output power constraint
E[Y?] < Pis
= I(X;Y) = H(Y)—-H(Y|X
oo e ) = i (00 ~ HOX)
= max (H(Y)—H(Z))
f(X):E[Y2)<P

Here the maximum differential entropy is achieved by a normal distribution and the power con-
straint on Y is satisfied if we choose the distribution of X as N(0, P — ¢). The capacity is

C= %log (2re(P— o +0)) — %log (2re(0)) = %log (27eP) — %log (27e0) = %log Py

(5
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9.3. (a) The received power is
Pz = |Hy[*Py = |Hy|*|Ha|*Px
and the received noise is Gaussian with variance
N = Ni[Hi[* + N

Hence, an equivalent channel model from X to Z has the attenuation H; H, and additive noise
with distribution n ~ N(0, /N1 |H;1|? + Np). That means the capacity becomes

|Hi1|?|Ha |*Px )

C=WI1 1
Og( * W(Ni|H1|?> + N>)

(b) From the problem we get the SNRs for the two channels

|Hy | Px Py

NR; = —
SNR; WN; WN;
_|HPPy Py
SNR; = WN,  WN,

Then the total SNR can be expressed as

|Hy > Px | H, |*Py
WN,WN;

W(N2 + Ny |Hy|?)

211712
W(N1|Hy|? 4+ N2)

by
WZN; Ny
|Hy |*Px |Hp|*Py

wN; WN, _ SNR;-SNRp

P Hi|?Py
Wilzll + |V\1/‘NZY SNR; + SNR;

Notice, that by considering the invers of the SNR, the noise to signal ratio, the derivations can
be considerably simplified,

1 W(N1|Hi]2+ Np) WN; WN, 1 1

SNR ~ |HLP2[Ha?Px  |HaPPPx | |Hi[?|HaPx ~ SNR; ' SNR,

which is equivalent to the desired result.

9.4. We can use the total power P; + P, + Ps + Py = 17 and for the four channels the noise power is
Ny =1, N, =4, N3 =9, N, = 16. Let B = P; + N; for the used channels. Since (16 — 1) +
(16 —4) + (16 — 9) > 17 we should not use channel four when reaching capacity. Similarly, since
(9—1) 4 (9 —4) < 17 we should use the rest of the three channels. These tests are marked as
dashed lines in the figure below. Hence, B = P; +1 = P, +4 = P; + 9, which leads to B =
1(P + P, + P3 + 14) = (17 + 14) = 3. The capacity becomes

3 3 31 31 31
w1 PN &1 B 1 35 1 3 1 3
C_;210g(1+Ni>_E{ZIOgNi_ZIOg 1 +210g 1 +2log )

= glog3l - glog?) —1~2.4689
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9.5. (a)

A
16 o o
B
P
9 l________ D R |
)
Ny
Py
N3
4
Ny
1
Nl »

Use the water filling algorithm to derive the capacity. When a sub-channel is deleted (P; = 0)
the total number of sub-channel is changed and the power distribution has to be recalculated.
We get the following recursion:
1. Iteration 1
B=B—-N;=$(;N;+P) =1417
P, = (6.17,2.17,0.17,4.17, —1.83,8.17)
Sub-channel 5 should not be used, Ps = 0.
2. Iteration 1
B=1(LissN;+P) =138
P, = B — N; = (5.80,1.80, —0.20,3.80,0,7.80)
Sub-channel 3 should not be used, P; = 0.
3. Iteration 1
B = 4(Yizs5N;+P)=1375
P; =B — N; =(5.75,1.75,0,3.75,0,7.75)
All remaining sub-channels can be used.

The capacities in the sub-channels are

1 P,
Ci=5 1og(1 + ﬁ) = (0.39,0.10,0,0.23,0,0.60)

and the total capacity C = }_; C; = 1.32 bit/transmission.

If the power is equally distributed over the sub-channels we get P; = 19/6 = 3.17. That gives
the capacities

C:Zi‘élog(l—kl?\]/f)

=0.24+0.17+0.15+ 0.20 + 0.13 4+ 0.31 = 1.19 bit/transmission

When using only one sub-channel the capacity is maximised if we take the one with least
noise, N = 6. This gives the capacity C = }log2(1 4+ 19/6) = 1.03 bit/transmission.
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[Chapter 10 ]

10.1. In the following figure the resulting distributions are depicted.

f(y)
1
[] « 1
[ . 2«
a—2 2
flylx=-1) flyIX =+1) flylx =-1) flyIX = +1)
, S S
o 1 A & 1 A
-1 +1 -1 +1

(@) For @ < 2 the left figure describes the received distribution. Since the density functions
f(y|X = 1) and f(y|X = —1) are non-overlapping, the transmitted value can directly be
determined from the received Y. Hence, I(X;Y) = 1.

The result can also be found from the following derivations:

HY|X =i "2 11 1d 1
(Yix=i)=- [ * ~log dx = loga
H(Y|X) = Z%me =1i) =loga
H(Y 2 "z 11 1d log 2 1+1
(Y)=— La/zﬂ 0g 5 dx =log2u =1+ loga
I(X;Y)=H(Y) — H(Y|X) =1b/tr
(b) For a > 2 there is an overlap between f(y|X = 1) and f(y|X = —1) as shown in the right

figure. Still, H(Y|X) = logua, but since the distribution of Y depends on the amount of the
overlap, we need to rederive the entropy,

-3 1 1 i1 1 +3 1 1
= _ — log —dx — Zlog —dx — ~ log —
H(Y) /_ . logzadx ./1_% . ogadx /_ i logzlxdx
1 1
= 25 log(2a)2 + " log(a)(a —2)
_2 +logwa
Thus, I(X;Y) = %b/tr.
Summarising, the mutual information becomes
1(X;Y) = min{1,1}, €>0
o

which is plotted below.
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12 b
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10.2. For a = 4 the mutual information is I(X;Y) = 2/4 = 1/2. We get the following density functions,
where also the intervals for hard decoding is shown.

v —1 A +1

The probability for overlap is P(A|X = i) = 1/2, and the resulting DMC channel is the binary
erasure channel. Hence, the capacity is
1 1

:1——:—
CseC 5=75

In most cases it is beneficially to use the the soft information, the value of the received symbol
instead of the hard decoding, since it should grant some extra information. E.g. in the case of
binary transmission and Gaussian noise it is a difference if the received symbol is 3 or 0.5. But in
the case here we have uniform noise. Then we get three intervals where for Y = —1 it is certain
that X = —1 and for Y = 1 it is certain that X = 1. When Y = A the two possible transmitted
alternatives are equally likely and we get no information at all. Since the information is either
complete or none, there is no difference between the two models.

As a comparison, for & > 2 the probability for the overlapped interval is P(A|X = i) = 222 =

o
1-— % Thus, the capacity for the BEC is Cppc = %, which is the same as for the continuous case.
10.3. The mutual information is I(X;Y) = H(Y) — H(Y|X) = H(Y) - H(X + Z|X) = H(Y) — H(Z),
where H(Z) = log (1 — (—1)) = log2. Since Y ranges from -3 to 3 with uniform weights p_,/2
for -3 <Y < =2, (p—2+p_1)/2for =2 < Y < —1 etc the maximum of H(Y) is obtained
for a uniform Y. This can be achieved if the distribution of X is (3,0, %,0, %) Now H(Y) =
log (3 —(—3)) = logé.
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We conclude that C = log6 — log2 = log 3.

10.4.

10.5.

10.6. —

[Chapter 11

11.1.

11.2.

11.3. Follows directly from Problem 11.2.

11.4.
11.5.
2
E[d(x,xq)] = ~ (7 —2)
[Chapter 12
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